Systems of Linear Equations
- Cramer’s Rule

- Gaussian Elimination
Numerical implementation
Numerical stability: Partial Pivoting, Equilibration, Full Pivoting
Multiple right hand sides
Computation count
LU factorization

Error Analysis for Linear Systems
- Condition Number

Special Matrices

- Iterative Methods
Jacobi’s method
Gauss-Seidel iteration
Convergence
Successive Overrelaxation Method
Gradient Methods
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Linear Systems of Equations
[terative Methods

Spafée, -FuII-bandwidth Systems Rewrite Equations

_ n
0 X o X x=b & j_la;:jSCj:bi

X b =il g, 3 oo g
0 0 ajz'?é02>33,‘: : =179 2=t UJ,iIl,...ﬂ
X

Aj;

Iterative, Recursive Methods

Jacobi’'s Method
i—1 (k) n (k)
Aj;
Gauss-Seidels’s Method
i—1 (k+1) n (k)
O > = 7L b = T L7 MR
Aj;
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Linear Systems of Equations
[terative Methods

Convergence Jacobi’s Method
; = =\ _(1 , =1l
Hi(k’“) — KH — 0 for £k — R s (L +U) x¥ +D b
lteration — Matrix form lteration Matrix form
xt+) =Bx® +¢, k=0,... B = -(C+T)
Decompose Coefficient Matrix \ e =D b
A=D (f 3 ﬁ) Convergence Analysis
with x#+) = Bx® t+¢
ﬁz diag ;i X = BX+¢C
<) _% = B (i(k) _ i)
_ R.R (k1) _ <
=_ | dijlaii, i> = B-BE""-x%)
O) Z S ] —k+1
Note: NOT =B (x"-x)
LU-factorization
Ak _ =k+1|||_ . —k+1 i o
T _ ) Gilti, 1< I+ — x| < ‘B IO < <|B] " |= - =|
- 0 i > Sufficient Convergence Condition

2.29 Numerical Marin Hﬁ” | Lecture 8




Linear Systems of Equations
[terative Methods

Sufficient Convergence Condition Stop Criterion for Iteration

Hﬁ” 21 x¥ —x = B(x*Y -x) +Bx%
= -B(x" -x* )+ B (x" - x)
Jacobi’s Method
bz — _ai ) ' ] — —
a7 < - x| < [B] I - =] + [B] | - =]

= n |ag)|

HBH =max » —=

o i i |Gl
Sufficient Convergence Condition

1Bl
1 Hﬁ

& - < [x* ==

n

2 |aij| < @il

j=Lj#i

HﬁH <1/2= ||x® —x]| < |x® —x*-1)|

Diagonal Dominance

2.29
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Linear Systems of Equations
Tri-diagonal Systems

Forced Vibration of a String
Finite Difference

f(xﬁi d*y L Yi-1— 2yt yin
LA A s B e dz?| n?
Y L y(x,t) Discrete Difference Equations
2 2
Harmonic excitation Yior + (Kh)" = 2)y, + ¥,y = B f (%)
Matrix Form ( )
fe) = f) cos(e) R N L

2_
Differential Equation 1 (kh)" -2 1

d*y | s | o X=1 fz)h? |
ijky:f(g;) . 1 (kh)2—2 1
Boundary Conditions .
0 : : : -1 (kh)? -2 ‘
y(O) — O 3 y(L) — O B ( ) L f(xn)hz J

Tridiagonal Matrix

kh<1 or kh> \/3 Symmetric, positive definite: No pivoting needed
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Linear Systems of Equations
Tri-diagonal Systems

Finite Difference

dQ_?J L Yi-1— 2Yi + Yin
dz?| = 2

Discrete Difference Eauations

Vi + ((kh)’ =2)y, +y,,, = h* f(x,)

Matrix Form , \
" h2
(khP=2 1 - . .. 0 e
1 (kh)2 -2 1
- N
1 (kh)2-2 1 : AL
0 : : : .1 (kh)2 -2
' | fzn)h® |
Tridiagonal Matrix
2 : :
kh>2=h> p Diagonally Dominance
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2.29

n=99;

L=1.0;

h=L/ (n+1) ;
k=2*pi;
kh=k*h
x=[h:h:L-h]"';
a=zeros (n,n);
f=zeros(n,1);

o=1 *——— Off-diagonal values

a(l,1) =kh"2 -
a(l,2)=o;

2;

for i=2:n-1
a(i,i)=a(1,1);

i,i-1) = o;

i,1i41) o;

a(

a(
end
a(n,n)=a(l,1);
a(n,n-1)=o0;
% Hanning windowed load
nf=round ((n+1)/3);
nw=round ( (n+1)/6);
nw=min (min (nw,nf-1),n-nf) ;
nwl=nf-nw;
nw2=nf+nw;
f(nwl:nw2) = h*"2*hanning(nw2-nwl+1);
figure (1)
hold off
subplot(2,1,1);
% Exact solution
y=inv (a) *f;
subplot(2,1,2);

plot(x,f,'r");

plot(x,y,'b");

vib_ string.m

% Iterative solution using Jacobi and Gauss-Seidel

b=-a;
c=zeros (n,1);
for i=1:n

)=b(i,3)/a(i,1i);
f(i)/a(i,i);

nj=100;
xj=f;
xgs=£f;

figure (2)
nc=6
col=['r"
hold off
for j=1:nj

xj=b*xj+c;

xgs (l)=b(1l,2:n)*xgs(2:n)

for i=2:n-1

lg' lb' IC'

xgs(i)=b(i,1:1-1)*xgs(1l:1-1)

end

xgs(n)= b(n,l:n-1)*xgs(l:n-1)

cc=col (mod(j-1,nc)+1);
subplot(2,1,1);
subplot(2,1,2);
hold on

end

Numerical Marine Hydrodynamics

+ b(i,i+1:n) *xgs(i+1l:n)

plot(x,xj,cc);
plot (x,xgs,cc);
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2.29

ENGINEERING

% 10" Force Distribution x10”
12 T T T T T T T T T 1 T T T T T
1t a ol
0.8 - At 4
0.6 - E)
041 - Bk i
0.2 - -4+ 4
0 1 1 1 - L - L -5 1 1 L 1 1
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 09
String Displacement %10° Gauss-Seidel
30 T T T T T T T 1 T 2 1 1 T T 1
- — Off-diag. = 1
10+ .
of A
A0f 1 i
20 - T
=30 1 L Il 1 Il 1 Il 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1 03 1
X
Coefficient Matrix Not Strictly Diagonally Dominant
Numerical Marine Hydrodynamics Lecture 8

Exact Solution

O_

vib_ string.m
1.0, , k=2%*pi, h=.01, kh<2

lterative Solutions




vib_ string.m
0=1.0, , k=2%xpi*31, h=.01, kh<2

ENGINEERING

Exact Solution lterative Solutions
o Force Distribution Jacobi
1 ] -
0.8} ] -
0.6 ] 1
04 f i .
0.2t ] -
0 1 1 1 Il -3 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
% 1075 String Displacement " Gauss-Seidel
3 . . ' : . .
, — Off-diag. = 1 10} 1
5 HHIE .
NIV ITON T TTTEH  TTRNTTT I TR
| IR i L R
0 i I
-0} -
-1 1 1 1 1 -15 1 1 1 1
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
% %

Coefficient Matrix Not Strictly Diagonally Dominant
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vib_ string.m
0=1.0, k=2%pi*33, h=.01, kh> 2

ENGINEERING

Exact Solution Iterative Solutions
12X 107 Force Distribution 10X 0% ' . Jacobi
| ] ;
0.8} 1 5t 1
06} i
04} 4 0
0.2} i
u 1 1 I 1 -50 1
0 0.2 04 0.6 0.8 1 0.8 1
)5 X 10° String Displacement 4% 10°
—— Off-diag. = 1 | 3t |
. &l i
i A |
0 -
i 0.2 04 0s % ] g 52 04 06 08 1
% %

Coefficient Matrix Strictly Diagonally Dominant

2.29 Numerical Marine Hydrodynamics
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vib_ string.m
0=1.0, k=2%pi*50, h=.01, kh> 2

ENGINEERING

Exact Solution lterative Solutions

L 109 | Folrce Dlstnbu’ulon | o v

a 1 -
0.8} . ! 1
0.6 7 ot
04t .
0.2} . ! 1

0 L L . . =2 L L L L

0 0.2 0.4 0.6 0.3 1 0 0.2 0.4 0.6 0.8 i
o X 10°% String Displacement < 10% Gauss-Seidel
- - - - 15 . . .
— Off-diag. = 1 .
10 . 10 F P 4
4
5 i 5 , \ |
AN
0 0 c:,/___fff—‘“-
5 1 1 1 1 5 1 1 1 1
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
% %

Coefficient Matrix Strictly Diagonally Dominant
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2.29

0.8

0.6

0.4

0.2

Exact Solution

Force Distribution

vib_ string.m
o=0.5, k=2%pi, h=.01

x10
T T T T T T T T T
L 1 1 1 L L | 1
0 0.1 0.2 0.3 04 05 06 07 08 09
x10° String Displacement
T T T T T T T
1 1 1 | |
0.1 0.6 07 08 09

lterative Solutions

0.1 02 03 0.4 0.5 06 07 0.8 09 1

x10° Gauss-Seidel

T 1 T T T

0" . P -

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Coefficient Matrix Strictly Diagonally Dominant

Numerical Marine Hydrodynamics
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2.29

[terative Methods: General Principles

Major application: sparse matrixes, unstructured mesh

Key property: Self Correcting (avoids accumulations of
errors unlike Gauss methods)= More robust than direct

methods

Linear systems = Usually convergence independent of
initial guess

General Formula

Ax,=b
x.,=Bx +Cb 1=0,1,2,.....
Numerical convergence stop:
is<n_..
xi—xH”SE

’?_’?_1” <&, where r,=Ax,—b

Al <e
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Convergence of Jacobi and Gauss—Seidel

General criteria:

1. x,=Bx,+Cbh=Bx,+CAx,=(B,+CA)x, =B +CA=1
lim|B,B,_,....B,B,B,| =0

Special case of stationary iterations:

B =B, C,=C i=0,12,...

Theorem: above convergent for any guess if spectral

radius of “B” is smaller than one ( p(B)<1 ).
Def nition:
p(B)=max (A,
j=l..n

Note: ||B||<1 in any matrix norm = p(B) <1
but commonly use inf nity norm due to simplicity

|B]l. = max (2\1%\)

2.29 Numerical Marine Hydrodynamics

, where ‘),j‘ = eigenvalue(B,, )
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2.29

Convergence of Jacobi and Gauss—Seidel

Jacobi:
Dx+(L+U)x=b

x,, =—D"'(L+U)x,+ Db

Gauss—Seidel:
(D+L)x+Ux=0>b
x,, =—(D+ L)Y 'Ux,+(D+L)"'b

Both converge for diagonally dominant matrixes
Gauss-Seidel convergent for positive def hite matrix

Also Jacobi convergent for “A” if
- “A” symmetric and {D, D+L+U, D-L-U} are all positive def nite

Numerical Marine Hydrodynamics Lecture 8



Successive Over—relaxation (SOR) Method

Interpolate or extrapolate the Gauss—Seidel at each sub-
step:

k
i+1

+(1- a))xl.k . Wwhere X

: k
.1 Gauss — Seidel guess for x;

_ —k
— a)xi+1

X

Matrix format:

x,, =—(D+wL) {oU - (1-w)D}x, +w(D+wL)"'b
®w=1= SOR = Gauss — Seidel

For “A” symmetric and positive def nite:

Converges for any @ € (0,2)

Proper value of over—relaxation parameter (®w) leads to
fast convergence, but hard to f nd:

2.29 Numerical Marine Hydrodynamics
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Gradient Methods

Applicable to physically important matrixes: “symmetric
and positive def nite” ones

Construct the equivalent optimization problem

1
Q(x)= ExTAx —x'b

dQ(x)zAx—b
dx
dQ(x
%zOﬁxmzxe, where Ax,=b
x

Propose step rule

Xipg =X 7OV
Common methods

- Gauss-Seidel

- Steepest descent

- Conjugate gradient

2.29
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2.29

Steepest Descent Method

Move exactly in the negative direction of Gradient

dQ(x)
dx
r:residual, 1, = b— Ax,

= Ax—b=—(b—Ax)=—r

Step rule
T
il

T i
A

Q(x) reduces in each step, but not as effective as
conjugate gradient method

Numerical Marine Hydrodynamics
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Conjugate Gradient Method

A symmetric & positive definite:
. . . . T .
for i# j wesayv,,v, orthogonal with respect to A, if v, Av, =0

Proposed in 1952 so that directions v, are generated by
the orthogonalization of residuum vectors.

Algorithm

vo=rp=b-— Az
do
o =(afrs)/(a] A,
Tit1 = Ti + O
i1 =7 — a; Av;
B =—(v{ Arip)/(v] Av,)
Vit1 = Tit1 + Givi

until a stop criterion holds

2.29
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Conjugate Gradient Method

Accurate solution with “n” iterations, but decent
accuracy with much fewer number of iterations

Only matrix or vector product

Possible variations for nonsymmetric nonsingular
matrices:

- generalized minimal residual
- (stabilized) biconjugate gradients
- quasi-minimal residual,

2.29 ' ' |
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