« Systems of Linear Equations
— Cramer’s Rule

— Gaussian Elimination
* Numerical implementation

Numerical stability

— Partial Pivoting

— Equilibration

— Full Pivoting
« Multiple right hand sides
« Computation count
» LU factorization

» Error Analysis for Linear Systems
— Condition Number

» Special Matrices
— lterative Methods
» Jacobi’'s method
» (Gauss-Seidel iteration
« Convergence
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Linear Systems of Equations
Tri-diagonal Systems

Forced Vibration of a String
Finite Difference

f(x,t)l
I I I I 1 I I I l dgy o Yi-1— 2yi + Yi+1
A 1 1 1 T 1 T T T T ‘ d$2 N — h2
Xi l y(xt) . . .
’ Discrete Difference Equations
Harmonic excitation yio1+ ((kh)* = 2) yi — yi1 = f(z:)h?
f(x.1) = £(x) cos(eot) Matrix Form )
[ (kh)g _9 1 ) ) o 0 i f(:lfl)
Differential Equation 1 (kh)? =2 1
dg—y+ Ky = f () ' | ' X =19 f(zi)l?
dx? : 1 (kh)2—2 1 '
Boundary Conditions
= = 0 -1 (kh)2 -2
y(O) 0 ? y(L) 0 L ( ) d h f(!l?n)hg ,

Tridiagonal Matrix

kh < 1 Symmetric, positive definite: No pivoting needed
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Linear Systems of Equations
Tri-diagonal Systems

ENGINEERING

General Tri-diagonal Systems

o 1 0]
J1
a G . . . . O ’82 ]'
b az o I —
Bi 1
X = | f? b
b a; c
0 * - T B’!’L 1_
O - - - * b’n, ap, -~ )
~fnd &1 C . . . . 0
LU Factorization
. g €2
A=LU
U =
Q; G
Ly = T
UXx = ¥ 0 a,
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Linear Systems of Equations

Tri-diagonal Systems

LU Factorization

2.29

1
Ba 1
Gi 1

0 ) ) T ,Bﬂ,

&1
Qg Co
;G

0

) Reduction
0
1 = aq
b
Br=——, ap=air— Brck-1, k=2,3,...n
k-1
Forward Substitution
] n=rh, ¥i=fi—0Byi1,1=23,...n
- Back Substitution
] :I:n:ﬁ, HIi:yi_Cimi_H,Z':n—l?...l
0 Oy a1
LU Factorization: 2*(n-1) operations
Forward substitution: n-1 operations
Back substitution: n-1 operations
Total: 4(n-1) ~ O(n) operations
a’ﬂf
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Linear Systems of Equations
Special Matrices

General, Banded Coefficient Matrix

. . N
1>1+0p
> ajj =0

1>7+4q

7

Banded Symmetric Matrix

aj; = aji, [t—7/<b

a;; = (Iji:[], |Z—j|>b

b is half-bandwidth

p super-diagonals
g sub-diagonals
w = p+g+1 bandwidth
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Linear Systems of Equations
Special Matrices

Banded Coefficient Matrix
Gaussian Elimination
No Pivoting

P
—

wl
Cl

mi; =0, 7>1%,1>j+¢q ui; =0,1>73, 7>1+p
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Linear Systems of Equations
Special Matrices

Banded Coefficient Matrix
Gaussian Elimination
With Pivoting

mij =0, 7>1,1>74+¢q
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Linear Systems of Equations
Special Matrices

Banded Coefficient Matrix

Compact Storage
Needed for

Pivoting only

Diagonal

|
n2 j-1 n(p+2qg+1)
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Linear Systems of Equations
Special Matrices

Sparse and Banded Coefficient Matrix
‘Skyline’ Systems

—
gL T e [N =
|

Pointers |1 |4

©

Skyline storage applicable when no pivoting is needed, e.g. for banded,
symmetric, and positive definite matrices: FEM and FD methods. Skyline
solvers are usually based on Choleski factorization
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Linear Systems of Equations
Special Matrices

Symmetric, Positive Definite Coefficient Matrix
No pivoting needed

—  —  —t—

Choleski Factorization
—
U = [mj]
where
E—1 _on1/2 A
My = (ark — Te=1 M) L
— !’lik_Z?:]] UITEInY: . k 1 ( — 41, . T
m = — , 1= k+ ?_”n“

T Complex Conjugate and Transpose
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Linear Systems of Equations
lterative Methods

Sparse FuII bandwidth Systems Rewrite Equations
0 X X o X AxX=b < J;aijﬂ'}j:bi

X bi — Y apir; — X" aiix
0 X Uis U:}m: 1 j—]. O R | j—?r+]. X | ?J: 1 n
X O O 11 # 1 a?? 3 bl
X X o X
lterative, Recursive Methods
Jacobi’'s Method
k) (k)
b — Sici e} — £ a .
$§k+l): i 1 ij L i+1 Qij Ty ,3:1,...?'1
aj;
Gauss-Seidels’s Method
i1 k+1) (k)
b: — ' % a; 3:( ”‘_ QT
$$k+1): i j=1 :-'j_j =i+1 114 ’z-zl" n
ai;
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lterative

Convergence

(k+1) _ EH — 0 for £ — o0

I

Iteration — Matrix form
<D =Bx® +e, k=0,...
Decompose Coefficient Matrix

A=D (f +1+ ﬁ)

with
D= diag a;;
T_ aiilaii, ©> 7
0, i < j
Note: NOT
LU-factorization
ﬁ _ aij/:a?? s 1 < j
0, P>

2.29 Numerical Marin

D

Linear Systems of Equations

Methods

Jacobi's Method
<) = — (L+0)x" +D 'b

lteration Matrix form
- (f + ﬁ)

Convergence Analysis

i(4fc+1) — ﬁf(k)—{—é
X = Bx+c¢c
x) _x = B(xV -x)
= B-BE""-%

B (¥ -x)

= — x| < [ B B [ - x|

x| <[5 [x0 - x| <[5
Sufficient Convergence Condition

[B] <

sture 7



Linear Systems of Equations
lterative Methods

Sufficient Convergence Condition Stop Criterion for Iteration

HﬁH <1 x¥ —x = B(x*Y -x) +Bx\¥

Jacobi’'s Method

bij = —— _

B x| < (B =)+ B -
_ n |G.?| _
Bl =max 3 e E

o T Xj};# @i [x® — x| < Bl Ix® — 51|

Sufficient Convergence Condition 11— HE‘
| i .|a',ij| < @i
=L HﬁH <1/2 = |x® —x|| < |[x® —x*Y)]|

Diagonal Dominance
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Linear Systems of Equations
Tri-diagonal Systems

Forced Vibration of a String
Finite Difference

f(x,t)l
I I I I 1 I I I l dgy o Yi-1— 2yi + Yi+1
A T T T ] T T T T T A d$2 N —= h2
Xi l y(xt) . . .
’ Discrete Difference Equations
Harmonic excitation yio1+ ((kh)* = 2) yi — yi1 = f(z:)h?
f(x.1) = £(x) cos(eot) Matrix Form )
[ (kh)g _9 1 ) ) o 0 i f(:lfl)
Differential Equation 1 (kh)? =2 1
dg—y+ Ky = f () ' | ' X =19 f(zi)l?
dx? : 1 (kh)2—2 1 '
Boundary Conditions
= = 0 -1 (kh)2 -2
y(O) 0 ? y(L) 0 L ( ) d h f(!l?n)hg ,

Tridiagonal Matrix

kh < 1 Symmetric, positive definite: No pivoting needed
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ENGINEERING

2.29

n=99;

L=1.0;
h=L/(n+1);
k=2*pi ;
kh=k*h
x=[h:h:L-h]";
a=zeros(n,n);
f=zeros(n,1);

o=1 +——— Off-diagonal values

a(1,1) =kh"™2 - 2;
a(1,2)=o;

for 1=2:n-1
a(i,i)=a(l,1);
a(i,i-1) = o;
a(i,i+l) = o;
end
a(n,n)=a(l1,1);
a(n,n-1)=0;
% Hanning windowed load
nf=round((n+1)/3);
nw=round((n+1)/6);
nw=min(min(nw,nf-1),n-nf);
nwl=nf-nw;
nw2=nf+nw;
f(nwl:nw2) = h”"2*hanning(nw2-nwl+1);

Ffigure(1)

hold off

subplot(2,1,1); plot(x,f,"r");
% Exact solution

y=inv(a)*f;

subplot(2,1,2); plot(x,y,"b");

vib_string.m

% lterative solution using Jacobi and Gauss-Seidel
b=-a;
c=zeros(n,1);
for 1=1:n
b(i,i1)=0;
for j=1:n
b(i,j)=b(i,j)/a(i,i);
c()=F(i)/a(i,i);
end
end

nj=100;
xj=F;
xgs=*F;

figure(2)
nc=6

hold off

for j=1:nj
Xj=b*xj+c;
xgs(1)=b(1,2:n)*xgs(2:n) + c(1);
for 1=2:n-1

xgs(i)=b(i,l:1-1)*xgs(1:i-1) + b(i,i+l:n)*xgs(i+1l:n) +c(i);

end
xgs(n)= b(n,1:n-1)*xgs(1:n-1) +c(n);
cc=col(mod(j-1,nc)+1);
subplot(2,1,1); plot(x,xj,cc); hold on;
subplot(2,1,2); plot(x,xgs,cc); hold on;
hold on

end
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2.29

vib_string.m
0=1.0

Exact Solution

Force Distribution 3

0.8

0.4

0.2

T T T T T T T 1

Iterative Solutions

30

0.1

L I L L - ! 5
03 0.4 05 06 0.7 048 09 1 0

String Displacement

10

01

T T T T T

o,
v
.u_
]
-

1

1 L

04 05 06

T

Gauss-Seidel
1 T

07

038

09 1

-

Coefficient Matrix Not Strictly Diagonally Dominant
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2.29

0.8

0.6

0.4

0.2

Exact Solution

Force Distribution

vib_string.m
0=0.5

x10 'st
0.‘1 0.‘2 0f3 0.‘4 05 0!6 0.‘7 0.‘8 0!9 1 '0
X 10° String Displacement < 10%
L B 18
0.‘1 . 0!6 0‘7 0.‘8 0!9 1 '0
X
Coefficient Matrix Strictly Diagonally Dominant

Iterative Solutions

Gauss-Seidel
T T T T T T T
\ R T
\ /
\ "~/
W
| 1 ) I | 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7
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