Introduction to Numerical Analysis for Engineers
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— Heron’s formula
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— Newton-Raphson’s Method
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 Examples
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Roots of Nonlinear Equations

ENGINEERING a:2;
n=6; heron.m
f(z)=0 o2
% Number of Digits
—_ dig=5;
Example — Square root Sa1)=g:
or i=2:n
11'32 —a = 0 = I = \/E sq(i)= 0.5*radd(sq(i-1),as/sq(i-1),dig);
end
Heron'’s Principl ) ' value  ~
eron's cipie r[] Eé‘:n]f_'f sq°]
(0] (0]
z>0 plot ([0 n],[sart(a) sart(a)l,"b")
hold on
plot(sq,"r-")
9 a plot(a./sq,"r-.%)
" —a=0& 1 =— plot((sg-sqrt(a))/sqrt(a),*g")
xr grid on
Guess root
Ty > \/Gi = i%": \/Qi i value
(1
Zo < \/E And Ty > \/E 1.0000 2.0000
_ 2.0000 1.5000
Mean is better guess 3.0000  1.4167
40000 1.4143
f 5.0000 1.4143
I =@y + To )2 6.0000  1.4143

lteration Formula

Tp =@Tr-1+ )2

TE—1
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Roots of Nonlinear Equations
General Method

Example: Cube root

% F(x) = x3 -a=0
% g(x) =X+ C*(x"3 - a) cube.m
a=2;
Non-linear Equation Sfioé_
C:—O.i;
f(z)=0 sq(1)=g;
_ ) for 1=2:n
Goal: Converging series sq(i)= sq(i-1) + C*(sq(i-1)"3 -a);
Ty, T1,...- Ty — X, N — 00 ﬁg(:d off
Rewrite Problem E'?g([o I
(0] on
p— € p— € pIOt(Sq’.r.)
fle)=0& g(z°) =2 plot( (sq-a“(1./3.))/(a(1./3.)),"g")
Example grid on
glz)=z+c- f(x)
Iteration B R S R .|
Ty — g(mn—l) 7 T
-0.2:- /’ e
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Roots of Nonlinear Equations
Stop-criteria

ENGINEERIN

Unrealistic stop-criteria
Tl 7 T

Realistic stop-criteria

[op — x| < 0 S~ Machine

() — F( Accuracy Use combination of the two criteria
|f ) — flzp)| < o

f(x) f(x)
‘flat’ f(x) ‘steep’ f(x)
Lk—1
L-1
| > >
| > >
—ay 5 X x
L
Cannot require ‘\ Cannot require
o — | < O 5 |f(x) = flai)| < 6
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Roots of Nonlinear Equations
General Method

Convergence
Define K such that if
klx — x° zel
then

l9(z) — g(z°)| = |g(x) — 2| < K|z — 27
Convergence Criteria
Tp1 € 1= |z, — 2% =|9(x,_1) — 2| < k|zp1 — 2
Apply successively

v

|z — 2| < K"z — 2|

Convergence
xoel, k<1
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Roots of Nonlinear Equations
General Method

y g'(z)| <1
Convergence Convergent
Mean-value Theorem
, . . r<g<zf R
{F € [z,27 | g(z) — g(z) = ¢'(§) (z — 2°)} g
r*<Eé<cx X
Convergence
19'(@)laer Sk < 1= |g(e) — | < klz — 2 g (x)] > 1
Divergent
X
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ENGINEERING

Example: Cube root

2 —2=0, z¢=21
Rewrite
g(m):$+0($3—2)

d(z)=3Cz*+1

Convergence

ld(z)| <1 & —2<3Cz° <0
< -1/6 < C <0

1 1
C = _6 = Tp+l = g(mn) = Tp — 6(33?,, -2

Converges more rapidly for small |¢' ()]
g'(1.26) =3C - 1.26° + 1 =0 & C = —0.21

Roots of Nonlinear Equations
General Method

n=10;

g=1.0;

C=—0.31: cube.m
sq(1)=g;
for 1=2:n
sq(i)= sq(i-1) + C*(sq(i-1)"3 -a);
end
hold off

f=plot([0 n],[a~(1./3.) a~(1/3.)],"b")
set(f, "LineWidth",2);

hold on

f=plot(sq, "r")

set(f, "LineWidth",2);

f=plot( (sg-a™~(1./3.))/(a~(1-/3.)),"9")
set(f, "LineWidth",2);
legend("Exact”, " lteration®, "Error™);
f=title(["a = " num2str(a) *, C = ~
set(f, "FontSize~",16);

grid on

num2str(C)])

a=2C=-021

— Eact
— Reration .

08}
06+
04t

02+
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Roots of Nonlinear Equations
General Method

Converging, but how close?

Tpo1 — ¢ < |epo1 — zp| + |2, — 2°)
= |en1 — x| + |9(zn-1) — g(=°)|
= |zn-1— x| + |9’ (€)|2n-1 — 2
< ep—1 — xp| + klzp-1 — x|
=

|z — ¢ < i |y -1 — @ |

Absolute error
|z, — 2 < k|lzp—1 — 2| < ﬂmn—l — T

General Convergence Rule

LTp+1 = g(x'n,)

k
1—k

|20 — ] <

|$'n,—1 - m'n,l

ld(z)|<k<1, zel
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Roots of Nonlinear Equations
Newton-Raphson Method

Non-linear Equation

flz)=0& z = g(x)
Convergence Criteria

9 (z,)| <k <1= |z, — 2 < k|lz, 1 —z° f(x)
Fast Convergence — (s
g() =z +h(z)f(z), h(z)#0 f(n)
/— Ln+1 Ln tx
¢(29) = 14 h()f () + B () () oy
= 1+ h(z)f'(z) F(z)
1

gl(j’je) =0« h(m) = _f’(m)

Newton-Raphson Iteration

f(z,)

LTnt+1 = g(mn) = Ip — f’(fﬂn)
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ENGINEERING

Example — Square Root

zt=+vae flz)=2"—a=0
Newton-Raphson
2 —a 1 ( a

n
L4l —Tp — —S—— — = mfl+$_
n

2z, 2

Same as Heron’s formula

|

Roots of Nonlinear Equations
Newton-Raphson Method

a=26;
n=10;
g=1;

sgr.m
sq(1)=9;

for i=2:n

sq(i)= 0.5*(sq(i-1) + arssq(i-1));
end

hold off

plot([0 n],[sart(a) sqrt(a)],"b")
hold on

plot(sq, "r*)

plot(a./sq, "r-.%)
plot((sg-sqrt(a))/sqrt(a),"g")
grid on
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Roots of Nonlinear Equations
Newton-Raphson Method

a=10;
n=10; .
1 g=0.19; div.m
T = — sq(1)=g;
a for 1=2:n
Sg(i)=sq(i—1) - sq(i-1)*(a*sq(i-1) -1) ;
en
hold off
_ _ plot([0 n],[1/a 1/a],"b")
f(m)'_'am'__l'_'o hold on
plot(sq,"r-)
plot((sq-1/a)*a,"g")
grid on
.f;(ﬂj):::(] legend("Exact”, " lteration”, "Error");
) title(["x = 1/" num2str(a)])
Approximate Guess o
|$ — S_Cel 1 : : : ' :—Exa[ic!
r— << 1 08 — lteration
|z€| s
0.4 l
x ar — 1 i oL
f(x) = =z(azx — 1) ~ z(az — 1)
f’(ﬂ:) a 0.2 .
Newton-Raphson / -
Ln+l — Ln — Ip ((133” — 1) i

Lecture 7



Roots of Nonlinear Equations
Newton-Raphson Method

Convergence Speed

€n = Ty — x°
Taylor Expansion

. o1 .
g(zn) = () + eng () + 509" () -+
Second Order Expansion

X 1 .
g(z,) — g(z°) =~ 563,,9”(9:‘)

—

1
2 My e
€n+l. — Tn+l —Te = ifng (%)

Relative Error

2 2
n 1 :) ) Tl ) n .
St 220l (29) (El) = A(z") ( ‘ ) Quadratic Convergence

|$e| 2 |$e |$r:*|

General Convergence Rate

m
€nt1 = €

n AT Convergence Exponent
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Roots of Nonlinear Equations
Secant Method

ENGINEERING

1. In Newton-Raphson we have to evaluate 2 functions In (33) ) ﬁl(m)

2. fu (33) may not be given in closed, analytical form, i.e. it may be a
result of a numerical algorithm

Approximate Derivative fx) y = f(z)

f(a) = f(n) [ P

f(z,) ~ 222 n-l
Lp — Tp-1
I .f(mﬂ)

Secant Method Iteration

— - >

Tpnil = Tp — .f(mﬂ)(mﬂ - mn—l) — Toiy Tn Tnol X

" ! -f(mﬂ) T .f(mn—l)

Only 1 function call per iteration: fn,(i‘)
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Roots of Nonlinear Equations
Secant Method

ENGINEERING

Convergence Speed

Absolute Error

_ €
€pn = ITp — T

oot = Tag 2t = F(@€ + e)(z° + €-1) — f(2° + €n-1)(2° + €) e

f('xe + En) - f(xe + en—l)

Error Exponent

ey _m 1 t/m ey 1/m
Taylor Series — 2" order e =Alx)e = 1 = (AG”“) = B(«)e,/
E ~ le 6 w § §
n+l — 9 n—1¢n f’(ﬂfe) sl = C(me)eﬂen_l — D(ZJB)EHE}L/M _ D(:Be)enl+l/m
Relative Error . ,
€ntt | -1 & f'(@) o 1+ =mem=_(1+V5)~ 162
|| [ae] |ze| 2f"(x) m

Error improvement for each function call

Secant Method i1 = €0

Newton-Raphson ¢€,,, = 6}{5 ~ ey

Exponents called Efficiency Index
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Roots of Nonlinear Equations
Multiple Roots

p-order Root

f(z) = (z — 2 fi(z) , fi(z%) #0
Newton-Raphson
(zn — )" f1(2n)
P(wn — 2 i () + (@0 — 27 (3,)

Lpyl = Q(fﬂn) = Tp —

=>
R (et I G 1
pfi(@n) + (@0 — 2°) f'(24) fx)
Convergence

Tpt1 — $r3| S k|$n - $r| =~ |gl($r)| |$'n, - $6|

1
! e

gzt)=1-——
(z°) P

Slower convergence the higher the order of the root

v
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Roots of Nonlinear Equations
Bisection

F(ad) f(z3) <0 £(x) |

Less efficient than Newton-Raphson and
Secant methods, but often used to isolate
n+l  n+l n+l  n interval with root and obtain approximate
value. Then followed by N-R or Secant
method for accurate root.
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Roots of Nonlinear Equations
Bisection

Ocean

ENGINEERING

. % Root finding by bi-section
Algorlthm f=inline(" a*x -1","x","a"); bisect.m
a=2
figure(1); clf; hold on
x=[0 1.5]; eps=le-3;
0 0 err=max(abs(x(1)-x(2)),abs(f(x(1),a)-fF(x(2),a)));
f(ml)f(ng) <0 while (err>eps & F(x(1),a)*F(x(2),a) <= 0)
X0=x; x=[xo0(1) 0.5*(xo(1)+x0(2))1]1:
it ( T(x),a)*f(x(2),a) > 0)
n=n+l x=[0.5*(x0(1)+x0(2)) x0(2)]
y end

X
err=max(abs(x(1)-x(2)),abs(f(x(1),a)-fF(x(2),a)));
b=plot(x,f(x,a),".b"); set(b, "MarkerSize~,20);
grid on;

end
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