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ENGINEERING

2.29

« Fundamentals of Digital Computing

Introduction to Numerical Analysis for

Engineers

Digital Computer Models
Convergence, accuracy and stability
Number representation

Arithmetic operations

Recursion algorithms

* Error Analysis

— Error propagation — numerical stability

— Error estimation
— Error cancellation
— Condition numbers

Numerical Marine Hydrodynamics

Lecture 3



Error Propagation

Spherical Bessel Functions

i) - Backward Recurrence

Differential Equation
d? d i |
Solutions Jn(z) il o=
(@) yu(2) |
n  jo(z) Yn () R I S S B
U Slf;.?}’ o CO:ER'I i B ) ) ym[t;-FmidReuﬂTe:e )
1 sinx  cosx  cosx  sina .5
$2 T 332 M
yﬂ(m) 05k
n — 00 P =
; i O
Jn(z) =0 —
z — 0 o
n — o0 ;20 8 s 10

yn(z) = —00

r— 0 _ .
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Error Propagation

Spherical Bessel Functions

ENGINEERING

Forward Recurrence

, 2n+1 . .
jﬂ,+l($) — T.}ﬂ(:‘c) - jn—l(m)

Forward Recurrence
2n+1, .

T]n(x) =~ In—1 (37)

Il%) - Forward Recurrence
T T

Backward Recurrence 2
. 2Zn+ 1. .
jﬂ—]_(m) — T]n(m) — In+1 (.’L‘)
Miller's algorithm
, , _ sin as
n(e) =1, jxa(z) =0, jo(z) = —
N ~ x+20

i) - Backward Recurrence
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Error Propagation
Euler's Method

Differential Equation

%Zf(may)ay[):p

Example 50

f(z,y) =z (y=2"/2+p)
Discretization \

r, = nh |

Finite Difference (forward) 25
@ L Yn+tl — Yn 151
de' "= h T

Recurrence  — 5

Yn+1 — Yn + hf(ﬂh, y)
Central Finite Difference euler.m

dy ~ YUn+1 — Yn—1

dr' =™ 2h
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Error Analysis
Numerical Instability Example

Evaluate Integral Backward Recurrence
mn ]- y
1 x — . an
yn:/()m_{_5d$9n2032“.oo Yn—-1 50 5
Recurrence Relation
1
Un = E - 5%:,—1 Y10 =~ Y9 = Yg + 5'9'9 =0.1= Yo = 0.017
Proof

ys = 1/45 — yo/5 =0.019
1;[}”—{—53:”1 1$111$+5
z+5 :1:—/ z+5 Yyr = 1/40—3;3/520.021
3-digit Recurrence ye = 0.025

1 1
dz: = /D Tty [ —

n

Yn+dYn—1 = /D

w= [ mdjg) llog, (« + 5)]} = log, 6 — log, 5 = 0.182
yl = 1—5y)=1—10.910 ~ 0.0090

y2 = 0.5 — 5by; ~ 0.050

y3 = 0.333—5y,~0.083  >y2 !l y1 = 0.088

y4 = 0.25 — bys ~ —0.165 <0 yo = 0.182  Correct

Exercise: Make MATLAB script
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Error Propagation

Y= f(mla L2, .. .3}“)
Absolute Errors

€1,€2,-..6€y
€y — Ay~f '(X)AX
Function of one vari%ble - Ax :} %
y=f(z) §=f(z) '
General Error Propagation Formula .
Ay ~ iaf(xla”':mn)ﬁxi X %
i=1 823;-:
n D f(z1, .., Tn)

€& < X

§=1

€

823,,;
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Error Propagation

Example
Multiplication
Yy = I122
=> logy = logxz;+ logxs
=> la_y — l :>
y Oz L
=> a_y — E

2.29

Error Propagation Formula

‘/_\.y 22: Ax;
(7 R ) R 1
9
a, < D
i=1
e m
Yy==Ty Ty~ "I, "

T
ay < Z |mi|ai
i=1

Relative Errors Add for Multiplication

Numerical Marine Hydrodynamics
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Error Propagation
Expectation of Errors

Addition
y:$1+$2+“‘+$n

Truncation Standard Error

Ar; =z; —x; <0

E(Agzy) ~ % L 262
Error Expectation sd ) — — O i
E(/_\..sc,,,) = —b_t/Q
E(Ay) = —ﬂ,b_t/Q Y= +xT2+- "+ Ty
Rounding 5
E(Agy) ~ 3. & = /ne
E(AS}?) = 0 i=1
E(Ay) = —nE(Azx;))=0 Standard Error better measure

of expected errors

2.29 Numerical Marine Hydrodynamics Lecture 3



Error Propagation
Error Cancellation

Function of one variable

y=f(z)=vVaz2+1—2+200; z=100+4

Max. error

n=Vz:+1l =4
Z2:200—IB 62:4
Y=z 12

E(Ay) = 8

Stand. error E(Ay) = 4vV2=5.6

2.29

021 x 029

= :—]_
ox V2 +1 0z
d d
Ayz%&mqtd—fAm
x —1
(L 1) Az~ —A
(\/$2+1 ) R P T

Error cancellation

r=100+4=|Ay[ <4107*< 05107

Numerical Marine Hydrodynamics

y = 200.005 + 0.51073
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Error Propagation
Condition Number

v

y
X=x(1+a) y=yl+p
Problem Condition Number
Kp>1
Kp = % Problem ill-conditioned
| f(z) = f(=) / T—x Error cancellation example
/(@) ! y=f(z) = VaZ+1—z+200; z=100+4
_ @ -f@) | =
= X
T /() Kr = 10022 | Z 0510
o) Po= | 10 %50.005
=~ ["F(@ Well-conditioned problem
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Error Propagation
Condition Number

Problem Condition Number
y = Vai+1l—=zx K, is algorith condition number, which
may be much larger than the K, due

—_ J— . -2 . . .
z = 100 =y=05-10 to limited number representation.

, x 1

y = —1l~——=-10"1 _
22+ 1 ? Solution
—1-107%
Kp = IOUW =20 o ngher preCiSion

— — * Rewrite algorithm
4 Significant Digits

j = v0.1-105+1—0.1-10°

m| . .
— \/(01000 I Ooooq}l) .105 — 0.1 - 103 =0 Well-conditioned Algonthm
1
1 2 p—
|5|:y_y‘ gg 182 1 RCEIEY
1
_ Y= =05-10"2
T — 0.1-103+40.1-103
— < 1 1- r‘ 1 3
| " 5 0 0~
Algorithm Condition Number Bl ~0=Ky~0<1
Ky = |/8| ~ 2000
|as| | Marine Hydrodynamics Lecture 3




