Numerical Marine Hydrodynamics
Summary

« Fundamentals of Digital Computing
« Error Analysis
* Roots of Non-linear Equations

« Systems of Linear Equations
— Gaussian Elimination
— lterative Methods
« Optimization, Curve Fitting
* Interpolation
— Numerical Integration
— Numerical Differentiation
e Ordinary Differential Equations
— Initial Value Problems
— Boundary Value Problems

» Partial Differential Equations
* Finite Element and Spectral Methods
« Boundary Integral — Panel Methods
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Digital Computer Models

Continuum Model

| Differential Equation

X L(p,w,z,t) =0 Differentiation
Integration

dx Difference Equation
L’fﬂﬂ(p?’ﬂﬂ} w’fﬂ’ﬂ} ‘T:’J’L) t’fﬂ) — 0

System of Equations

Discrete Model ﬁilﬂ_(wj) — B,
j=0

Y vVVvY VYV
=
I

Linear System of Equations

N-1

_ Solving linear
> Ajw; = B; J
i=0 equations

X X Eigenvalue Problems
Au=)us (A-)X)u=0

tn= tot+tmAt, m=0,1,...M —1 Non-trivial Solutions

z.= zo+NAz, n=01...N-1 det(A — AI) =0 Root finding

dw N Aw  dw N Aw
de — Az’ dt — At Accuracy and Stability => Convergence
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Error Analysis

ENGINEERING

Number Representation Addition and Subtraction
Absolute Error ) )
™ + T = mlbcl + meLz
1 Shift mantissa of largest number

—t
b €1 > €
Relative Error Result has exponent of largest number
_ ex—eq e el
|ﬁ’1,—m|be %b_t - lbl—t rEry= (mlimgb )b =mb
=9 Absolute Error
€< €+ 6
Relative Error
[m — m|

my E— “Z @)  Unbounded

Multiplication and Division

mo L B e
r X Tro = '."]!ﬁr,l’!]rlgbd—i_t2

E=|m—m| <

= |m|be — b—l

m=mlm2<1

0.1 x 0.1 = 0.01,
Relative Error
a < a1+ ap

Bounded
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Recursion
Heron's Device

ENGINEERING a:26;
n=10: MATLAB script
: 9=1;
Numerically evaluate square-root % Number of Digits ~ N€ron.m
dig=5;
sq(1)=g;
N/E'? s> 0 for i=2:n
o sq(1)= 0.5*radd(sq(i-1),ar/sq(i-1),dig);
Initial guess end
hold off
To ~ /s plot([0 n].[sart(a) sqrt(a)l, b")
hold on
Test plot(sq,"r")
5 s plot(a./sq,"r-.")
2 plot((sg-sqgrt(a))/sqrt(a),"g")
Tp<s = x9< Vs = T>/s Plot(cs
33%>s:>a:0> \/E:> f—0<\/§
Mean of guess and its reciprocal *
Ty =5 (330 + —)
2 o 200

Recursion Algorithm

1 s \
Tp+1 = 5 In + [L‘— 10} L
T K
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Spherical Bessel Functions

Generation by Recurrence Relations

ENGINEERING

Il%) - Forward Recurrence
T T

Forward Recurrence
. 2n+1 . .
jﬂ,+l($) — T,}n(aj) - jﬂ—].(m)
Forward Recurrence
2n+1. , ;
T]n(;g) ~ j”_l(:{;) Unstable
Backward Recurrence 3 - BeckuerdRecurence
. 2n+1 . . i .
j”_l(m) - Tjﬂ(m) — Jn+1 (:—E) 05%‘_‘ |
Miller’s algorithm e e
sin ast -
Nv(z)=1, 7 r) =0, jo(z)= |
-}N( ) ) ]N+1( ) ) jl]( ) T . Stable
N ~x+20

I i I L L i I i
0 1 2 3 4 5 3} 7 8 k] 10
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Error Propagation

Y= f(mla L2, .. .3}“)
Absolute Errors

€1,€2,-..6€y
€y — Ay~f '(X)AX
Function of one vari%ble - Ax :} %
y=f(z) §=f(z) '
General Error Propagation Formula .
Ay ~ iaf(xla”':mn)ﬁxi X %
i=1 823;-:
n D f(z1, .., Tn)

e < D

§=1

€

823,,;
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Error Propagation
Condition Number

v

y
X=x(1+a) y=yl+p
Problem Condition Number
Kp>1
Kp = % Problem ill-conditioned
| f(z) = f(=) / T—x Error cancellation example
/(@) ! y=f(z) = VaZ+1—z+200; z=100+4
_ @ -f@) | =
= X
T /() Kr = 10022 | Z 0510
o) Po= | 10 %50.005
=~ ["F(@ Well-conditioned problem
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Roots of Nonlinear Equations
General Method

Example: Cube root

% F(x) = x3 -a=0
% g(x) =X+ C*(x"3 - a) cube.m
a=2;
Non-linear Equation gfioé_
C:—O.i;
f(z)=0 sq(1)=g;
_ ) for 1=2:n
Goal: Converging series sq(i)= sq(i-1) + C*(sq(i-1)"3 -a);
Ty, T1,...- Ty — X, N — 00 ﬁg(:d off
Rewrite Problem Potd on 1L 72 #RASILLTED
(0] on
p— € p— € pIOt(Sq’.r.)
fle)=0& g(z°) =2 plot( (sq-a“(1./3.))/(a(1./3.)),"g")
Example grid on
glz)=z+c- f(x)
Iteration B R S R .|
Ty — g(mn—l) 7 T
-0.2:- /’ e

0.4
0
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Roots of Nonlinear Equations
General Method

y 70 d(x)l <1
Convergence Convergent
Mean-value Theorem
, . . r<E<af .
{3 € [z,2 | g(z) — g(z) = ¢'(§)(z — 2°)} g
r*<Eé<cx X
Convergence
9'(@)leer Sk < 1= Jg(x) — 2| < klz — 2 A d(z)| > 1
y
Divergent
/ X
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Systems of Linear Equations
Gaussian Elimination

Reduction Reduction
o Step k . Step n-1
ik - :i—% agll)ml a%)ga : : a%:,)mn = bgl)
A o i e pimktleen 0@ o afe = b
b§k+1) _ b(k)—m, b(k) 0 . -
0 0 h?(zﬂ\lm 1Tn-1 CIE:L lr).i,mn = bgl—_ll)
agll)ml ag_?"x? : - CI%BIL‘” — bgl) 0 . . w\ GEM)IBH - bgl)
oy e, = -
0 (k) B Back-Substitution
B tn = b /al)
0 . . . = .
. (n—1) (n, 1) (n—1)
0 (k+1) gy — pk+1) Lpn-1 = (bn 1 Ay — 1:n5‘5’n) /%-1;,,—1

k k k
e (5 )

Ty = (bgl) - %)mj) /a
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Systems of Linear Equations
Gaussian Elimination

Reduction Partial Pivoting by Columns
® Step k . ) ) , ,
miy. = " X X
(k+1) _* (k) . _ L s —9 ...
Ajj = Qi — Mygag;, j=k,oom v =2000 0 x .
b§k+1) _ bgk) _kagv) o
New Row k . 0ix|] x x x ~
| - X = { >
I %
Pivotal Elements New Row i . -0
1 2 n |
agl)a aéQ): R a’.i(’.r,ﬂ) . i X
0 - 0ix X
i # 0 - i - o

Required at each step!
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Systems of Linear Equations
Gaussian Elimination

Numerical Stability

« Partial Pivoting
— Equilibrate system of equations
— Pivoting by Columns
— Simple book-keeping
 Solution vector in original order
* Full Pivoting
— Does not require equilibration
— Pivoting by both row and columns

— More complex book-keeping
e Solution vector re-ordered

Partial Pivoting is simplest and most common
Neither method guarantees stability
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Systems of Linear Equations
Gaussian Elimination

How to Ensure Numerical Stability

« System of equations must be well conditioned

— Investigate condition number
» Tricky, because it requires matrix inversion (next class)

— Consistent with physics
« E.g. don’t couple domains that are physically uncoupled

— Consistent units
« E.g. don’'t mix meter and um in unknowns

— Dimensionless unknowns
« Normalize all unknowns consistently

* Equilibration and Partial Pivoting, or Full Pivoting
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Reduction
Step k Computation Count
B ] (% % x ) Reduction Step k
0 x A (n — k)(n — k+p) Operations
K —t X
0 x x x X ] x x x
. T ( Total Computation Count
n>1
ia Reduction
E e n—1 1 5 1 5
| N.=Yn—k)n—k+p)~_n +§n (p
0 0 x | XXX k=1 3
- i o y - Back Substitution
: n—1 1
— K | n-K v p Ny = (n—k)p~ 5”210
N k=1
n

Systems of Linear Equations

Gaussian Elimination
Multiple Right-hand Sides

Reduction for each right-hand side inefficient.

n>1= N,>N,

However, RHS may be result of iteration and unknown a priori
(e.g. Euler’'s method) -> LU Factorization
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The coefficient Matrix A is decomposed as

Systems of Linear Equations
LU Factorization

A=L.T

where L is a lower triangular matrix = L=[;] =

and U _ is an upper triangular matrix

Then the solution is performed in t

N
cl =
8]

— p Forward substitution

— g‘ Back substitution

—

How to determine L and U »

2.29

Up—1.n

u’ﬂﬂ
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Linear Systems of Equations
Error Analysis

Vector and Matrix Norm Perturbed Right-hand Side

AX=Db

]

A(X+6%)=b+

I%[|, = max [z

_ 5b
[&]],, = mex 3 fos
o i j=1

Subtract original equation

Properties _ -
f#oij >0 A(si:ﬂ)_
0% 1K éb
o] = e A loxil < & isel| | _
el < ] I [Bl =[] < [[&] i
|2+ B]| < |[&]+ |5
Relative Error MagmﬂTgET
lox[|
[x8] < ] || = I A )
Condition Number
&= <[] 1= K@ =[5 [&]
2.29 Numerical Marine Hydrodynamics

Lecture 24



Linear Systems of Equations
Iterative Methods

Sparse FuII bandwidth Systems Rewrite Equations
0 X X o X AxX=b < J;aijﬂ'}j:bi

X bi — Y apir; — X" aiix
0 X Uis U:}m: 1 j—]. O R | j—?r+]. X | ?J: 1 n
X O O 11 # 1 a?? 3 bl
X X o X
lterative, Recursive Methods
Jacobi’'s Method
k) (k)
bi— i ael =@ |
$§k+l): i j= 1 ij L i+1 Qij Ty ,3:1,...?'1
a‘?,?,
Gauss-Seidels’s Method
i—1 k+1) (k)
b: — ' % a; 3:( ”‘_ QT
$$k+1): i j=1 :-'j_j =i+1 114 ’z-zl" n
ai;
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Linear Systems of Equations
Iterative Methods

Convergence Jacobi’'s Method

slk+1) — —(k)
HX(}H_I) EH — 0 for £ — (L+U) +D b
<) —Bg® 4¢ k=0, < B=-(C+7)
Decompose Coefficient Matrix c=D b
A=D (f +I+ ﬁ) Convergence Analysis
with xtD = Bx® +c
D = diag a;; X = Bx+c
x) _x = B(xV -x)
= B-BE""-%
= { aij/:a:-'? , 12>
Uj 'Z. <j o =k+1 —(0) o
Note: NOT B =B (x"-x)
LU-factorization )
. _k+1 +1,, o
= Jastan, i< x4 — x| < [B°) |l - x] <|[B] " = - |
o 0 P> Sufficient Convergence Condition
? -
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Linear Systems of Equations
Iterative Methods

Sufficient Convergence Condition Stop Criterion for Iteration
B <1

Jacobi’'s Method

b’.-'j _aj y 2 % J —
o [ —x| < |B]|x* - x|+ |B]||x* - x|
(B = max 3 B
oo i i |aiil Ix® — x| < L= |
1-||B|

Sufficient Convergence Condition

T

| Z .|a',ij| < |@ii|
o Bl < /2= = -] <[ x|
Diagonal Dominance

Lecture 24
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Least Square Approximation

Linear Measurement Model Overdetermined System
n model parameters M measurements
/ n unknowns
Ax — b« M measurements m>n
i ] [ Least Square Solution
] X X X X X
( v ) Minimize Residual Norm
. . 4 . - _ T A —
m < { | _ r=Db— AX
X .
_ (wT\1/2
x| Ir[l, = (F°T)
N X X X X X
N J
Y
n
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Least Square Approximation

Theorem
if & (b-Ax)=0= YVl [p-Ax| < [p-Ay], i'F, = 5+ (X-5)A AR-7)
Proof =
- — 2
,=B-Ax] 505 (= Il + [Ax =9, > %5
r,=b— Ay S—qed —7

Symmetric n X n matrix. Non-
singular if columns of A are
linearly independent

2.29 Numerical Marine Hydrodynamics Lecture 24



Least Square Approximation
Parameter estimation

Example Measured Altitude Differences
Island Survey

hpa=1, hegp =2, hrc =3, hap=1, hpec =2, hac =1

1 0 0 1
0 1 0 \ 2
ZA
0 0 1 3
< zB ¢ —
-1 1 0 1
2C
0O -1 1/}" ’ 2
-1 0 1 1
Normal Equation

Points D, E, and F at sea level. Find altitude - 1 ¢ 5 - - -
of inland points A, B, and C. 3 -1 -1 <A -1 “A =g
As[ [L00-10-1]"[0101-10]"[001011]"] —1 3 —-11|4 2z (= 1 :><zg—£
b=[1 2312 1]";
C=A"*A 1 _ —
c=A"*b -1 -1 3 || 2 | 6 20 =3
% Least square solution .
Z=inv(C)*c Istsa.m Residual Vector
% Residual qg. 1 It
r=b-A*z r= —[—1, 1,0,2,3, —3]
rn=sqrt(r-*r) 4
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Numerical Interpolation
Lagrange Polynomials

A

p(@) = 3 Li(@)f(zx) = Y Li(z) fi
k=0 (0

1_.

n _
Li(xz) = lipx'
1=0

»
»

. | -
'O k#i k-3 k—Z\K—l kk+H+2 X

1 k=1

Difficult to program
Difficult to estimate errors
T T — T2 D .. .
I _ J lvisions are expensive
k(z) =

j=0,j#k Tk — L

Important for numerical integration
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Numerical Integration

Lagrange Interpolation
I= " f(@)de

(@)~ pla) = 3 Lue)f(w)
k=0

(. —z0) (2 — 2po1) (@ — Tps) -+ - (2 — 2)

Ll=) = (xh —x0) -+ (wh — 1) (T — Tpy1) -+ (T — 20) A
Equidistant Sampling f(x)
xp = xp+kh
r = xy+ sh

s(s—1)(s—=2)---(s—k+1)(s—k—=1)---(s—n)
(=00 -2 (-1 (k-

Liy(z) =

v

I = /:f(;r:)d:;: ~ /;:np(:;:)dzc = héof(:r:k) fDn Li(s)ds = nh éo_f(:sk)q’;

Integration Weight? (Cote’s Numbers)
Cp = foﬂ Li(s)ds

n

Properties

no__ n
Ck - n—k

Sop =1
k=0
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Numerical Integration

A
f(x)
=1 . n=1
! Trapezoidal Rule
k=0: Cy=[y&=lds=1-1/2=05
k=1: Cl =[3ds=1/2=05 -
2 1 1 1
[ f(@)dz ~ 1-(z1—) (gf(fb“o) + §f(f€1)) = 5(@1=z0) (f(wo)+ /(1)) { R
o)) [ | =
X
n=2 . Lo L1
Simpson’s Rule
k=0: CF =4 R ipids
=1 12(s2 — 35+ 2)ds f 4
IR N (x) n=2
e
k=1: CF =35} i=ds
=3 13(25 — s%)ds
=3[*-5 U S
- =3 | ‘
k=2: C} =C3=1} S A J 'X
L0 L1 L2
o 1 h
[, F@)dz = 2k (f(zo) +4f (1) + f(22) = 5 (£ (@o)+4F (21)+1 (22))
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Gaussian Quadrature

ENGINEERJ‘N{J

Trapezoidal Rule

fla) + f(b)
2

f(x)

I ~(b—a)

I ~cof(a)+cif(b)

Exact Integration of const and linear f
—(b—a)/2
cp+c = f_(b_am ldx

dx

—Cp + 1

X b—a b—a /’—(b—a)/2
= T
92 2 —(b—a)/2

(%)

v
~
1
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Numerical Interpolation
Triangular Families of Polynomials

Special form convenient

Ordered Polynimials _ _
for interpolation

p(x) = codo(x) + c1o1(z) + - - - + cnpn() do(z) = 1
where $1(z) = = — 20
$o(z) = ago ¢a2(z) = (z—mo)(z — 71)
¢1(z) = ayp+anz
¢1(x) = ay + anz + aga”

On(z) = (z—z0)(z —31) -+ (T — T01)
Coefficients
Pu(T) = auot+apm 4o + amz”  f(z0) = plz0) =
f(z1) =p(z1) = co+ ca(xr — x)
f(z2) = p(x2) = co+ cr(x2 — wp) + c2(22 — 20)

co, C1, --..Cy found by recursion
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Numerical Interpolation
Newton’s lteration Formula

= Standard triangular family of polynomials

Newton’'s Computational Scheme

f(z) = p(z)+r(x)

B -
(n+1) o J(ZTo)) 1

+‘}En + f)fl) (2= 20) - (2 =) f[zo, 21 |-_C£
Divided Differences 1 f(z1)S f[zo, x1, T2)S |_c_3_|
f(xo) = co = co =|f (o) of [z 1, 22X of [T0, 21, T2, 23]

zy f(x9)< 1, T9, T3]

f(r1) =co+c( ®1 —x0) = 1= f(fb“;) : i(fb"o) =| flzo, z1] f (12, 23]~
S z3 f(z3)-

f(@2) = cp +c1(z2 — x0) + c2(72 —

flaa)=f@) _ f@=f@0)  prp 00l Flzg, 2]

@= E—— =|f[zo, 1, z2]
¥2 TO% Ty — 0% _
4*”’///// A////
Cn = f[:BD: Lly---5 mn] - f[mla - {B»;J _ f[fBD, U mn_l}
Ip — I
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Numerical Interpolation
Newton’s lteration Formula

|
\ . 4 ¥ =
=4(z—1)+6(z—1)(z —2)+2(z — 1)(z — 2)(z — 3) px)=1+z+2*+22%z - 1) =1+2z — 2%+ 22°
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Numerical Interpolation
Equidistant Newton Interpolation

Eqwdlstant Sampling Divided Differences
Stepsize Implied

x; = xg+ ih

flzo, 1] = W (f fD):%‘ A fo :
T1, To| — flxo, & —3 3f — fi— =

flzo,z1, 2] = flar, 2]_f[ 0,1 ) fs=3h+3h=h
9 Ty fl
1
= 1. 2 hg(f 2f1+ fo) = wAQfD
f[$0a$1y$2y$3] = al. hg(.f3 3.f2+3.f1 fD) 3[1h3A3fD
Triangular Family of Polynomials ., _ LAst

Equidistant Sampling

f(x) = fﬁ+%( - )‘f‘?;hfgo(z—xg)(x—zl)_Q_
" fo (n+1)
+ i!h{l (& —2o)(@ —21) -+ (& — Zn1) + (n+ 1()1 (z —z0) - (z — zp)
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Numerical Differentiation

Second order

n—>2
flz)= f0+iﬁ]($$g)+§;hf;($$g)($$1)+f SEQ (z—zo)(z—21)(z—29)+" -
N 2 ,
flay= "0 Bl 2y B0 2y 40w
A
. , f(x
fl(zo) = /i 7 Jo _ %(fﬁ —2fi+ fo) + O(h7) ( ) n=2
2 -2fo—f2+2f1— fo 9
= o + O(RY)
= ;(gfwzfl ;fz)+0(h3) Forward Difference //]
— 1
[le) = %+ﬁ(‘f22fl+‘fo)+0(h2) [ ]/ | s
1 ) Y Y
= |57 fo) + O?) Central Difference ro h x1 h a9 X
Second Derivatives
=2 " _ Asz 1 :
n F(wo) = 5= + O(h) ={ 15 (fo = 21 + f2) + O(h) Forward Difference
n=3 Fl(ar) = hl—z( o= 2f1+ f2) + O(2) Central Difference
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Ordinary Differential Equations
Initial Value Problems

Euler's Method

Differential Equation

dy
a_f(m?y)?y[)_p

Example 5

f(z,y) =z (y=2"/2+p)

Discretization \

Ly — Hh 30\
Finite Difference (forward) )

@ ~ UYn+1 — Yn 5L
r=x, —
dﬂ'.: " h 10F
Recurrence — 3
] 1 1 1 1 1 1 1 1
1] 1 2 3 4 5 6 7 a8 9 10
Yn+l = Yn T hf(?’lh, yﬂ;z,)

euler.m
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Initial Value Problems
Runge-Kutta Methods

Initial Value Problem

! A
f— j_’j?
y = flz,y) y
y(zo) = Yo
T, = xo+nh

2"d Order Runge-Kutta /

Yn+l = Yn T+ (kl + k‘Q)
ki = hf(z,,yn) "
ko = hf(z,+ h,yn + k1)

4t Order Runge-Kutta

v

Predictor-corrector method

el = Un o+ %(h 2k + 2k + ka) Second-order RK methods
kv = hf(z,, yn) b=% a=%: Heun’s method
ky = hf(x,+ ’;*, Yn + &1) b=1,a=0: Midpoint method
ks = hf(za+5 20 Yn T ) b=2/3,a=1/3: Ralston’s Method
ki = hf(zn+ h,yn + ks)
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Boundary Value Problems
Finite Difference Methods

Forced Vibration of a String
Finite Difference

f(x,t)l
I I I I 1 I I I l dgy o Yi-1— 2yi + Yi+1
A T T T ] T T T T T A d$2 N —= h2
Xi l y(xt) . . .
’ Discrete Difference Equations
Harmonic excitation yio1+ ((kh)* = 2) yi — yi1 = f(z:)h?
f(x.1) = £(x) cos(eot) Matrix Form )
[ (kh)g _9 1 ) ) o 0 i f(:lfl)
Differential Equation 1 (kh)? =2 1
dg—y+ Ky = f () ' | ' X =19 f(zi)l?
dx? : 1 (kh)2—2 1 '
Boundary Conditions
= = 0 -1 (kh)2 -2
y(O) 0 ? y(L) 0 L ( ) d h f(!l?n)hg ,

Tridiagonal Matrix

kh < 1 Symmetric, positive definite: No pivoting needed
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Quasi-linear PDE

Aézz + Bqﬁzy + Céyy — F($; Y, ¢: ¢I: d’y)

A.B and C Constants

B?> - 4AC > 0 Hyperbolic
B? - 4AC = (0 Parabolic
B? —4AC < 0 Elliptic

Partial Differential Equations

y
¢/n)(x’y2)
¢(X1,Y] d(X5,Y)
FM(X.y,)
X,
Lecture 24

2.29 Numerical Marine Hydrodynamics



Partial Differential Equations
Hyperbolic PDE

Waves on a String
pu(z,t) = Tuz,(x,t), 0<z<L,0<t<o0

Initial Conditions

u(z,0) = f(z), 0<z<L
u(z,0) = g(x), 0<z<L

Boundary Conditions u¢,t) u(L,t)
u(0,£) = 0,,0<t< o0
u(L,t) = 0,,0<t< o0

Wave Solutions

) )
F(xz — c¢t) Forward propagating wave
- { (z — ct) propagating -

G(z + ct) Backward propagating wave u(x,0), u(x,0) X

\ 4

Typically Initial Value Problems in Time, Boundary Value Problems in Space
Time-Marching Solutions — Explicit Schemes Generally Stable
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Partial Differential Equations
Hyperbolic PDE

Dimensionless Wave Speed

t
ck A
“=%
wij—1 — 2 + i1 = C*(wim1; — 2uij + Uitr)
Explicit Finite Difference Scheme
Ui jt+1 = (2 — 202)2!.1;,3; -+ Cg(uiﬂ,j -+ u-g_]_,j) — U4 -1, 1= 2, o.on—1
Stability Requirement
c=% 1 uo,t) uL.y)
h j+1
'—E—‘ ]
J-1
NIEr ey ”
u(x,0), uy(x,0) X
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Ocean

ENGINEERING

L=10;

T=10; waveeq.m
c=1.5;

N=100;

h=L/N;

M=400;

k=T/M;

C=c*k/h

Lf=0.5; S
x=[0:h:L]’;

t=[0:k:T];

%fx=['exp(-0.5*(' num2str(L/2) '-x).~2/(' num2str(Lf) )."2)'];
%gx="0";

fx="exp(-0.5*(5-x)."2/0.5"2).*cos((x-5)*pi)';

gx="0";

f=inline(fx,'x’);

g=inline(gx,'x’);

n=length(x);

m=length(t);

u=zeros(n,m);

u(2:n-1,1)=f(x(2:n-1));

fori=2:n-1

u(i,2) = (1-C"2)*u(i,1) + k*g(x(i)) +C"2*(u(i-1,1)+u(i+1,1))/2;
end

for j=2:m-1
for i=2:n-1

u(i,j+1)=(2-2*C"2)*u(i,j) + Cr2*(u(i+1,j)+u(i-1,j)) - u(i,j-1);
end

end

2.29 Numerical Marine Hydrodynami

Waves on a String

fx = exp(-0.5%(5-x).%/0.57). *¢cos((x-5)*pi)

Waves on String

Waves on String
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Partial Differential Equations
Parabolic PDE

Heat Flow Equation
Insulation

Kz (z,t) = opus(z,t), 0 <z <L, 0<t<o00 \

Initial Condition
u(z,0) = f(z), 0<z< L

Boundary Conditions

U.( ) ) - €, <r<00 U(L,t):CZ X
u(L,t) = ¢ ,0<t <0
IVP in one dimension, BVP in the other
k Thermal conductivity Marching, Explicit or Implicit Schemes
o Specific heat
p Density

u Temperature
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Partial Differential Equations
Parabolic PDE

Dimensionless Flow Speed

t
czk A
T = h—2
Explicit Finite Difference Scheme
Wi a1 (= (L= 2r)us; + 7(wio1y + Uiva,))
Stability Requirement u0,)=g,(t) udL,H)=g,(t)
r<=0.5 I J+1
J
j-1
i-1 1 w1 ”
u(x,0) = f(x) X
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Ocean

ENGINEERING

L=1; T=0.2; c=1;
N=5; h=L/N;
M=10; k=T/M;
r=c”"2*k/h"2

heat fw.m

x=[0:h:L]";
t=[0:k:T];
TX="4%x-4%Xx . N2";
glx="0";
g2x="0";
f=inline(fx, "x");
gl=inline(glx, "t");
g2=inline(g2x,"t");
n=length(X);
m=length(t);
u=zeros(n,m);
u(2:n-1,1)=F(x(2:n-1));
u(l,1:m)=g1(t);
u(n,1:m)=g2(t);
for j=1:m-1
for i=2:n-1
u(i,J+1)=1-2*r)*u(i,j) + r*u(i+l,j)+u(i-1,j3));
end
end

figure(4)

mesh(t,x,u);

a=ylabel ("x");

set(a, "Fontsize",14);

a=xlabel ("t");

set(a, "Fontsize",14);

a=title(["Forward Euler - r =" num2str(r)]);
set(a, "Fontsize",16);

Heat Flow Equation
Explicit Finite Differences

us(z,t) = uge(2,t) , 0<z<1, 0<t<0.0

u(z,0) = f(z) = 4z — 42°

u(0,t) = g:(t)

0
u(l,t) = go(t) =0

Forward Euler - r =0.5
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Partial Differential Equations
Elliptic PDE

Laplace Equation

u(zi—1,y;) + ulzy, yim1) — dulzy, y;) + w(zir, y;) + w(zi, yj41)

2,
Viu = B2

=0
y

A

ui,j e u(mi,tj)
u(x,b) = f,(x)
Finite Difference Scheme

Uit1j + Uimry T Uij—1 + U1 — 4 ; =0

Boundary Conditions
u(z,y;) = wy;, 2<j<m-—1 u@,y)=9,(y)

u@,y)=g,(y)

j*1
Uz, Y;) = Up;, 2<j<m-—1 .—E—o j
-1
u(zi,y1) = up, 2<j<n—1 .
w(ziYn) = Uin, 2<j<n—1
) >
-1 1w
Global Solution Required u(x,0) = f,(x) X
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Elliptic PDEs
lterative Schemes

Finite Difference Scheme

Unt1,j + Un—1,; T Unj+1 + Unj—1 — dp;j =0

Liebman Iterative Scheme u(x,b) = f,(x)

k+1
gy

_ .k k
Upj = Uy T T4

Upi1j + Un—1; + Unjp1l + Unj1 — Uy

4

Tij =

SOR lterative Scheme u,y)=g,(y) u@,y)=g,(y)

= uf; wr; J+1
k k k k k ]
_ ufj +wun+1,j tUpg;t unﬁ,lj—i—l Uy oy — Ay j-1
uiﬂ,j + ui—l,j + ui,jﬂ + ui,j—l
4
- )
Optimal SOR Iy
e ! u(x,0) = f,x) x

"2k i [oos (23) +eon ()]

k+1
1,7

= (I-wuf;+w

v
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Remainder

al N K K K 2_+ T\ 2 1}
a;: COS1—XI COS ) — 11— - —
L-;:...- 2, G @Stg TSIy (i5) +(73) |
Inner product
™ ™ .o
(Rgmskixmmfay),mhy—l,&5,..
Analytical Integration

8 \2 (—1)tits)/21
= (5 G

ij(i% + j°)
i=(2) %

N ( 1) (i+7)/2—-1 —

il w
CcoS1—xCosjJ=Y

Galerkin Solution
i3 i ij(i% + j2) 2 2

=1,3,5...

Flow Rate

1 .1
/ / w(x, y)dzdy
—1J-1

Galerkin’s Method
Viscous Flow in Duct

x=[-1:h:1]"; .
y:E_lzh:ﬂ; duct_galerkin.m
n=length(x); m=length(y); u=zeros(n,m);
Nt=5;
for j=1:n
xx(=,3)=x; yyd,:)=y;
end
for i=1:2:Nt
for j=1:2:Nt
u=u+(8/pinN2)"2*
CDN(+3)/2-1) /7 (i*J* (1724 72))
*cos(I*pi/2*xx) . *cos(J*pi/2*yy);
end
end

8 3 N
SEICND v o
1=1,3,5

—1.2 2'+'3 )

2.29

Flow in Duct - Galerkin
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Finite Elements
2-dimensional Elements

/

il
g
y

AR
AN

1
Y
L0

AN

WA
SN
QAR Y

1 m=-1 2
Figure by MIT OCW.

‘ Bilinear shape function on a rectangular grid ‘

Figure by MIT OCW.
Quadratic Interpolation Functions

H (g B gr)(?} B ?}r)

Ny = 025(1—¢)(1—n) oz (&= &) — )

Ny = 0.25(1+¢)(1—n)

N3 = 025(1+¢§)(1+n) Ny = 0.25&8(1+ &&)mn(1 + min)

Ny, = 025(1+€)(1+n) N; = 05(1—=&)npm(l+nmn), &=0
Ni = 05(L—n?)&E(1+&€), m=0

Ng = 0.25(1 + &E&)(1+ nen) N = (1-€)(1-1)
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Two-Dimensional Finite Elements
Flow Iin Duct

Finite Element Solution

’”:iEN(x Y)

N; = 0.25(1 + &;€)(1 +n;m)

W > w
(@;Nk) + (@;Nk) = (—1,Ng)

Integration by Parts

8w 8w w1 1 Jw dN;
Y Ng= [ ZEN = | DN, - f bl
(E:?xZ’ §) = /1 x> L‘:?x k] _, J-1 0z dx

oW AT 9L Nk
8z2’ " F ] T\ 8z’ oz
Algebraic Equations

N ) 1 1
~ 8$ E:?x dy 9y -t
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Potential Flow
Boundary Integral Equations

Green’s Theorem

fs [G(Xaxo)aqz(zo) - ¢(XD)7SG§;XD)} dSy

= [ [6x) VG, x0) — G, %) V2(x0)] Vi

Green’s Function

Glx,xg) = + = L
YT V(i —20)> + (y — w0)? + (2 — 20)?
Homogeneous Solution

V3 =0

+ (x)

V2G((x,x%g) = —6(x — xo)
V Boundary Integral Equation

P(x) = fs [G(x,xo)% - ¢(Xu)@]

Discretized Integral Equation

dS— [, [G(x, %) V*6(x0)] dVi

Panel Methods
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