Numerical Marine Hydrodynamics

* Finite Element and Spectral Methods
— Galerkin Methods
— Computational Galerkin Methods

e Spectral Methods
* Finite Element Method

— Finite Element Methods
* Ordinary Differential Equation
« Partial Differential Equations
e Complex geometries
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Partial Differential Equations

y
A ¢m)(x’y2)
Quasi-linear PDE
Aézz + Bqﬁzy + Céyy — F($; Y, ¢: ¢I: d’y)
A,B and C Constants n(x, V) n)(x
¢(X1,Y] D(ﬁ,y) P(X,.Y)
B? —4AC > 0 Hyperbolic
B? —4AC = (0 Parabolic
B? —4AC < 0 Elliptic
FM(X.y,)
X,
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Galerkin’s Method

Differential Equation

u) = y
H = t Py

Boundary Conditions
S(u) =0

Test Function Solution

N
I =uo(z,y) + Y a;0(z, y)
j=1

d(X1.Y) D($, y) P(X,.Y)

Remainder

N
R(uo; ai,...dy, T, y) = L(ﬁ) = L(uo) + ZGJL(é(xi y))
j=1
Inner Product

(f,g)szpfgdxdy
Galerkin's Method FM(X,y1)
(R, 1) = 0

v

N

Z a;(L(¢;), o) = —(L(uo), or)

i=1
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Galerkin’s Method

Example
Differential Equation
dy
2 _u=0
dx Y
Boundary Conditions expt)
28 T T T T T T T T T
y=1, z=0 26} 1
) 24+ 7
Power Series ol ]
N _ |
7=1+> a;z’ 2 |
Boundary Condition L6l |
Alternative |
N _ 1
g=> a;z’
j=0

EID:]_
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Galerkin’s Method

Example
Ocean
N=3;
| seros(UNy.  €Xp_eq.m
Remainder for k=1:N
d(k)=1/k;
N . . for j=1:N
R= -1+ a;(jo’~" - 2’) m(k.J) = §/@+k-1)-1/G+0);
= en(_j end
Complete Test Function Set DI
for k=1:N
(R,z* ') =0, k=1,...N y=y+a(y*x. Ak
end
Algebraic Equations
Ma=d 28 exp.m
261
24+
dk = (]_, Ik_l) 22t
2_
. 1 RE!
-1 —1 J
my: = (Jr’™ —x;, T = — — — 15
Y ( J? ) _:f' _|_ k o 1 j _|_ k L
121
1D 0.1 0.2 0.3 0.4 D.I:S 0B 0.7 0.8 0.3
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Galerkin’s Method
Example

ENGINEERING

N=3;

d=zeros(N,1);

m=zeros(N,N);

for k=1:N
d(k)=1/k;
for j=1:N

N =23 m(k,3) = 3/A+k-1)-1/0+k);
— end

exp_eq.m

end

a=inv(m)*d;

y=ones(1,n);

for k=1:N
y=y+a(k)*x .~k

end

a’ = [1.0141,0.4225,0.2817);

7 =1+ 1.0141z + 0.4225z> + 0.2817z°
L, Error 2:4_
L 221
Ly =y = 7ll2 = | >_(y(ze) — §(e))* i
=1
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Galerkin’s method
Viscous Flow in Duct

Fluid Flow in Duct
ow ow ow 19p {8% w 82w}
— =v

1
ungUa_ijw%jLBaz_ 8$2+8y2+ 22 /\
d

op = const
- Oz _ -1 1
Poisson’s Equation X

Pw Ow _
azr: Ay
Test Functions

v

-1

N

~ ¥ K

T= > a;i; COS 1= €osj—y
. 7 2 2

Test functions satisfy boundary conditions

2.29 Numerical Marine Hydrodynamics Lecture 21



Galerkin’s Method
Viscous Flow in Duct

x=[-1:h:1]";

: y=[-1-h-1]: duct_galerkin.m
Remamder n=length(x); m=length(y); u=zeros(n,m);
Nt=5;
al N T K T\ 2 T\ 2 for j=1:n
R=- ( > > % COSE§$COSJ§y{(1§) + (35) } —1-‘ xx(2,3)=x; yyd,:)=Y;
\_«;:1,3,5... i=1,2,5... J end
Inner product for i=1:2:Nt
for j=1:2:Nt
T T Lo u=u+(8/pinN2)"2*
(R,coskzxcosf;’Qy) , 4,7 =1,3,5,... (YA +§)72-1)7 G *(i72+§~2))
. - * FEd '/2* _* FEg '/2* ;
Analytical Integration g COSUITRI/Z00 TeosUTRPI/ZEYY)
]\ 2 (_1)(i+j)/2—1 end
= (=) Her e

Galerkin Solution

N 8 2 N N ( 1) (i+7)/2-1 T T
W=(— —cosz T cosj=y
(“ ) i= 123:5 j=L23.5.. U (i + 5°) 2 2

Flow in Duct - Galerkin

T

Flow Rate

1 1
¢ = f f W(z,y)dzdy
-1 J-1

B 2(%) 123:5 Z 2+3)

1= . 7=1,3,5..
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Computational Galerkin Methods

ENGINEERING

Differential Equation
L(u) =10

Residuals
L@ = R
(@) = R;

5@ = R Boundary problem
/ « PDE satisfied exactly
2 _ 0 * Boundary Element Method
» Panel Method

Re = 0  Spectral Methods

R Rg#0
Global Test Fuvn
i(x,t) = uo(x,t) + > a;0(x,t

Time Marching
A(x,8) = uo(x,1) + 3 a;(H)6(x)

Weighted Residuals Mixed Problem
(Rywi(x))=0k=1,...N

Inner problem

« Boundary conditions satisfied exactly
 Finite Element Method

» Spectral Methods
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Method of Weighted Residuals

ENGINEERING

Inner Product

(L(u),w) =0
Discrete Form

N
(f: g) = Zfigi
i=1

v

Domain Method

1 in D,
Wi =
0 outside D | | | |

Collocation

v

wi(x) = 6(x — xz)

R(x;) =10

Least Squares
OR

Wy = —
aak

(R,R) = minimum -
Method of Moments -
wp(x)=2z", k=0,1,...,N =

Galerkin
wi(x) = or(x)

v
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Weighted Residuals

dy B
dr v=
N .
J=14> a2’
i=1
Least Squares Subdomain Method
(173 14 155 |Ja ] [1/2] (518 8/81 11/324 | [a | [1/3]
1/4 8/15 2/3 a | = | 2/3 3/18 20/81 69/324 || ay | =1 1/3
1/5 2/3 33/35 | | as 3/4 1/18 26/81 163/324 | | as 1/3
Galerkin Collocation
12 2/3 3/4 |a | 1] (1 0 0 |[a] [1]
1/6 5/12 11/20 ar, | = 1/2 0.5 0.75 0.625 a, | = | 1
1/12 3/10 13/30 | | as 1/3 01 2 as 1
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Methods of Weighted Residuals

Ocean

ENGINEERING

Comparison of coefficients for approximate
solution of dy/dx - y =10

Coefficient
Scheme
Least squares 1.0131 0.4255 0.2797
Galerkin 1.0141 0.4225 0.2817
Subdomain 1.0156 0.4219 0.2813
Collocation 1.0000 0.4286 0.2857
Taylor series 1.0000 0.5000 0.1667
Optimal L, , 1.0138 0.4264 0.2781

Figure by MIT OCW.

Comparison of approximate solutions of dy/dx - y =0

Lz Galerkin Subdomain Collocation
squares
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.2 1.2219 1.2220 1.2223 1.2194 1.2213 1.2220 1.2214
0.4 1.4912 1.4913 1.4917 1.4869 1.4907 1.4915 1.4918
0.6 1.8214 1.8214 1.8220 1.8160 1.8160 1.8219 1.8221
0.8 2.2260 2.2259 2.2265 2.2206 2.2053 2.2263 2.2255
1.0 2.7183 2.7183 2.7187 2.7143 2.6667 2.7183 2.7183
[| v-2ll 24 0.00105 0.00103 0.00127 0.0094 0.0512 0.00101
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2.29

Solution for Nodal Unknowns

u(z,y) =S wo;(z,y) 1 Dimension

N
u = Zﬂf@f'f(x, y)
=1
Ya=u i )
2 Dimensions
a— ‘-I-'_lll_ i : 141 n=1 J :.
n
D E=-1 IT‘ ezl

e
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Complex Boundaries
Isoparametric Elements

Isoparametric mapping at a boundary

Figure by MIT OCW.
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ENGINEERING Trial Function Solution

N
=1

Finite Elements

1-dimensional Elements

Interpolation Functions Trial Function Solution
N
N T — ml @ Element A Element B Element C ﬁ=j§ l]\lj(x)ﬁj
2 - -
Iy — T u Interpolation Functions
e Ny = X-X]
2= X2 - X1
L — I3
NQ — Ny — X - X3
L2 — L3 ) 2 x-x3
1.0
X-X2
Ny = L — I3 NG) M=,
L3 — Iz
X - X4
Ny = X3 - X4
L — Ty
NZ — - - Figure by MIT OCW.
J 7 L4
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Finite Elements
1-dimensional Elements

One-dimensional quadratic shape functions

Quadratic Interpolation Functions

Element A Element B

(z — z1)(z — zp) Lol

(IS — $1)($3 — $2) NX)

NSZ

N, = (z — z4)(z — z5) % ,;2 . T

($3 - $4)($3 - $5)

Figure by MIT OCW.

(z — z3)(z — z5)

(4 — z2)(24 — 75)

Na =

(z — 21)(z — 23)

(2 — z1)(z2 — 73)

Ng:
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Finite Elements
2-dimensional Elements

D N \
y | AN

~ _ LLARN]
— . .. ,/?‘1)7 (A(A‘
i=3%"%" Ny(z)a, £
p B 207

%
2000

_:I;;.»_ N

:

AR

RURAVRRS
AN

< ,ﬂm%v

200
77 AVAW

(\OF

I n=-1

Figure by MIT OCW.

‘ Bilinear shape function on a rectangular grid ‘

Figure by MIT OCW.

Quadratic Interpolation Functions

H (g B gr)(?} B ?}r)

Ny = 025(1—¢)(1—n) oz (&= &) — )

Ny = 0.25(1+¢)(1—n)

N3 = 025(1+¢§)(1+n) Ny = 0.25&8(1+ &&)mn(1 + min)

Ny, = 025(1+€)(1+n) N; = 05(1—=&)npm(l+nmn), &=0
Ny = 05(1—n")&E(L+&E), ni=0

Ne = 0.25(1 4 £&)(1 + 7en) N, = (1-€)(1 -7
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Finite Elements
2-dimensional Triangular Elements

ENGINEERING

Triangular Coordinates 3
L. — ay + bz +cy
to 2A;
., — %Ff boz + coy
T 24,

L3 - ]_—N]_—Ng

a1 = TalYs — Talya
b1 = ¥y —us

Cl = T3 — To

1 2
a; = T3t — 1Y
by = Y-y
Cr = T1— T3

Interpolation Functions

Ny = 14
Ny = Ly
N3 — L3
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Two-Dimensional Finite Elements
Flow in Duct

Finite Element Solution

’”:iEN(x Y)

N; = 0.25(1 + &;€)(1 +n;m)

W > w
(@;Nk) + (@;Nk) = (—1,Ng)

Integration by Parts

8w 8w w1 1 Jw dN;
B No= [ SEN= [ EEN - f el
(E:?xZ’ §) = /1 x> L‘:?x k] _, J-1 0z dx

oW AT 9L Nk
8z2’ " F ] T\ 8z’ oz
Algebraic Equations

N ON; 0N, oN; AN, Lo
dzd —-:—/ / | Nypdedy k=1,.. N
(/ / ox E:?x dy OJy ‘ y) s A

=1
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