Numerical Marine Hydrodynamics

« Partial Differential Equations
— PDE Classification
— Hyperbolic PDEs

— Parabolic PDEs
* Heat Equation
* Finite Difference Schemes

— Forward Marching (Euler)
— Crank-Nicholson

« Example — heat Equation
— Elliptical PDEs
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Partial Differential Equations

y
1 ¢/n)(x’y2)

Quasi-linear PDE

Aézz + Bqﬁzy + Céyy — F($; Y, ¢: ¢I: d’y)
A,B and C Constants H(X,,Y) H(X,Y)

B?> - 4AC > 0 Hyperbolic

B? —4AC = (0 Parabolic

B? —4AC < 0 Elliptic

d(X,y1)
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Partial Differential Equations
Parabolic PDE

Heat Flow Equation
Insulation

Kz (z,t) = opus(z,t), 0 <z <L, 0<t<o00 \

Initial Condition
u(z,0) = f(z), 0<z< L

Boundary Conditions

U.( ) ) - €, <r<00 U(L,t):CZ X
u(L,t) = ¢ ,0<t <0
IVP in one dimension, BVP in the other
k Thermal conductivity Marching, Explicit or Implicit Schemes
o Specific heat
p Density

u Temperature
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Partial Differential Equations
Parabolic PDE

Heat Flow Equation

_ 2 .
u(z,t) = cusz(2,t), 0 <z <L, 0<t <00 Insulation

pG
Initial Condition
u(z,0)= f(z), 0<z <L \
Xx=0
Boundary Conditions u(0,t) = g,(t) ¥ =L
u(0,t) = qi(t),0<t<T u(L,t)=g,(t) X

u(L,t) = ¢o(t), 0<t<T
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Partial Differential Equations
Parabolic PDE

Equidistant Sampling
h = L/n t
E = T/m

vQscretization

z; = (i=Dh,i1=2,...,n—1

t; = (J—-Dk j=1,...,m

Forward Finite Difference
?J.g(ﬁ t) — 'u(xi?tj"'l)_ u(a:i?tj) —|—O(k) U(O,t):gl(t)| U(L,t):gz(t)

k j+1
B! j

) - 4 Lt j-1
HII($,t) _ u(Ii—litJ) Qu(i;i tJ) + u(:131_|_1,tj) + O(hz)
ui,j = U(:E.htj) |-1 | I\M' >
u(x,0) = f(x) X

Finite Difference Equation
Ui j—1 — Ui 41 _ (32 Uj—1,5 — 22!.1-,3.- -+ Ujt1,q
k h2
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Partial Differential Equations
Parabolic PDE

Dimensionless Flow Speed

2k
= h—2

r

Explicit Finite Difference Scheme

Wiy |[= (1= 2r)ug; + (g + Uiga)

Stability Requirement u0,H)=g,(t) u(L,t)=g,(t)
r<=05 J+1
.—I—‘ j
j-1
i-1 1 Y ’
u(x,0) = f(x) X
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Heat Flow Equation
Explicit Finite Differences

ENGINEERING

us(z,t) = uge(2,t) , 0<z<1, 0<t<0.0
L=1; T=0.2; c=1;
N=5; h=L/N;

M=10; k=T/M; heat_fw.m i
r=c"2*k/h"2 u(z,0) = f(z) =4z — 4z

x=[0:h:L]";
t=[0:k:T];

FX="4%X-4*x . "N2";
gix='0§; X u(0,t) = gi(t)

g2x="0"; -
F=inline(fx, "x"); u(l,t) = go(t)
gl=inline(glx, "t");
g2=inline(g2x, "t"); Forward Euler - r =0.5
n=length(x); o
m=length(t);
u=zeros(n,m); e
u(2:n-1,1)=F(x(2:n-1)); P
u(l,1:m)=g1(t);
u(n,1:m)=g2(t);
for j=1:m-1
for i=2:n-1
u(i,J+1)=1-2*r)*u(i,j) + r*u(i+l,j)+u(i-1,j3));
end
end

0
0

figure(4)

mesh(t,x,u);

a=ylabel ("x");

set(a, "Fontsize",14);

a=xlabel ("t");

set(a, "Fontsize",14);

a=title(["Forward Euler - r =" num2str(r)]);
set(a, "Fontsize",16);
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Heat Flow Equation
Explicit Finite Differences

Ocean

L=1; T=0.333; c=1;

N=5; h=L/N;

M=10; K=T/M; heat fw _2.m i
r=c"2*k/h"2 u(z,0) = f(z) =4z — 4z

us(z,t) = uge(2,t) , 0<z<1, 0<t<0.0

x=[0:h:L]";
t=[0:k:T];

=" 4%x-4%x . A2 ;
g)1(x='o)'(; : u(0,2) = g(t)

g2x="0"; -
f=inline(fx, "x"); u(l,t) = ga(t)
gl=inline(glx, "t");
g2=inline(g2x,"t"); Forward Euler - r =0.8325
n=length(x); L
m=length(t); SR
u=zeros(n,m); e
u(2:n-1,1)=F(x(2:n-1)); fE e
u(1,1:m)=g1(t); T
u(n,1:m)=g2(t); I I
for j=1:m-1 '
for i=2:n-1
u(i,J+1)=1-2*r)*u(i,j) + r*u(i+l,j)+u(i-1,j3));
end
end

0
0

figure(4)

mesh(t,x,u);

a=ylabel ("x");

set(a, "Fontsize",14);

a=xlabel ("t");

set(a, "Fontsize",14);

a=title(["Forward Euler - r =" num2str(r)]);
set(a, "Fontsize",16);
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Parabolic PDE
Crank-Nicholson Scheme

Equidistant Sampling
h = L/n t
E = T/m

vQscretization

r; = (i=Dh,i=2,...,n—1
t; = (J—1k j=1,...,m

Mid-point Finite Differences

u, (x’f + g) - 2 —HED 4 o) u(0,5)=g, (t)

u(L,t)=g,(t)

J+1

— 4]
Finite Difference ECIUM/7
/

j

Uij4 — Wiy c:l Uiy g1 — 2541 + ui+1,j+1|+| Uio,; — 2Ui; + Uiy |

k 2h?
Crank-Nicholson Implicit Scheme i-1 1 L
2k u(x,0) = f(x)
r= h—2

Tty (24 20)u g — T = (2 - 20)ugy + r(uiey; + Uiy)
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Parabolic PDEs
Crank-Nicholson —r =1

ENGINEERING

® ® j+1

—Ui—1,j41 + AU i1 — Wi i1 = Wic1y + Ui

4 —1 U 51 915 T Us; + G141
-1 4 -1 0 U3 j+1 Up; + Uy ;
-1 4 -1 Uij+1 = WUi—1,5 T Uit1,5
0 -1 4 -1 Up—2,5+1 Up—3,j + Un—1,j
i -1 4 i Up—15+1 | Up—2,j + Gn,j T Gnjt+1 )

2.29 Numerical Marine Hydrodynamics Lecture 19



Heat Flow
Implicit Crank-Nic

Equation
holson Scheme

2.29

N=5; h=L/N;
M=10;
k=T/M;
r=c”2*k/h"2

heat_cn.m

x=[0:h:L]";
t=[0:k:T];
FX="4%X-4*x . "N2";
glx="0";
g2x="0";
f=inline(fx, "x");
gl=inline(glx,"t");
g2=inline(g2x,"t");
n=length(x); m=length(t); u=zeros(n,m);
u(2:n-1,1)=F(x(2:n-1));
u(l,1:m)=gl(t); u(n,1:m)=g2(t);
% set up Crank-Nicholson coef matrix
d=(2+2*r)*ones(n-2,1);
b=-r*ones(n-2,1);
c=b;
% LU factorization
[alf,bet]=1u_tri(d,b,c);
for j=1:m-1
rhs=r*(u(1:n-2,j)+u(3:n,j)) +(2-2*r)*u(2:n-1,j);
rhs(1) = rhs(1)+r*u(l,j+1);
rhs(n-2)=rhs(n-2)+r*u(n, j+1);
% Forward substitution
z=forw_tri(rhs,bet);
% Back substitution
y_b=back_tri(z,alf,c);
for i=2:n-1
u(i,j+1)=y_b(i-1);
end
end
Numerical Marine K

<z <1

- - 1

u(z,t) = uge(z,t) , 0 0<t<0.0

u(z,0) = f(z) = 4z — 42°

u(0,t)
u(1,t)

g1(t)

0
g:(t) =0

Crank-Nicholson - r =0.8325

dydrodynamics

Lecture 19



Heat Flow Equation
Implicit Crank-Nicholson Scheme

Ocean " ”

e — Initial Condition
N=10; h=L/N; . .
M=10; heat _ f(z) = sinwz + sin 37z
K=T/N; eat_cn_sin.m _ _
r=cr2*k/h"2 Analytical Solution
ﬁEgE% u(z,t) =€ "isinwr +e " 'sin3wx
fX:'Sin(pi*x)+sin(3*pi*x)'; CmnhNhhoSon-r=1
glx="0"; B
g2x="0";

f=inline(fx, "x");

gl=inline(glx,"t");

g2=inline(g2x,"t");

n=length(x); m=length(t); u=zeros(n,m);

u(2:n-1,1)=F(x(2:n-1));

u(l,1:m)=gl(t); u(n,1:m)=g2(t);

% set up Crank-Nicholson coef matrix

d=(2+2*r)*ones(n-2,1);

b=-r*ones(n-2,1);

c=b; 0D

% LU factorization

[alf,bet]=1u_tri(d,b,c);

for j=1:m-1 el e ‘
rhs=r*(u(1:n-2,j)+u(3:n,j)) +(2-2*r)*u(2:n-1,j); .
rhs(1) = rhs(1)+r*u(l,j+1); MmN
rhs(n-2)=rhs(n-2)+r*u(n, j+1);

% Forward substitution 0
z=forw_tri(rhs,bet);

% Back substitution :
y_b=back_tri(z,alf,c); I
for i=2:n-1 !

u(i,j+1)=y_b(i-1);

end

t
Crank-Nicholson Error, r =1

end
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