Boundary Value Problems
Finite Difference Methods

Boundary Conditions with Derivatives

1
y' —yr = g(z) |
J(@) = 0 N-1 N N+l

Central Difference /() = 0 Central Difference

Difference Equations y'(b) =0= yN“;hyN‘l +O(h?)
Yo = 0
Yn—-1— 2y'n, + Y1 — h2y'n,$'n, — h2g($n) , N = ]-: Yo = 0
Yn—1 — 2y'n, + Yn+1 — hgynmn — hgg(mn) , N = 1: 2; .N—-1
Backward Difference 2(yn—1—yn) — h*ynay = 0 o(h3)
y’(b) — 0= Yn —h?JN—1 + O(h) N
General Boundary Conditions
. Poy(b) + Py (b) = p2
yo = 0 Oo(h™) Finite Difference Representation
Yn—1 — Q?Jn + Yn+1 — thnan — hgg(mn) , = 1; 2; ..N—-1 Poyn + pl(yN_i_;; UN-1 = P2
YN YN = 'ﬂ\ O(h 2) Add extra point - N equations, N unknowns
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Numerical Marine Hydrodynamics

« Partial Differential Equations
— PDE Classification

— Hyperbolic PDEs
* Finite Difference Solutions

* Wave Equation
— D’Alambert’s Principle
— Method of Characteristics

— Parabolic PDEs
— Elliptical PDEs
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Partial Differential Equations

y
1 ¢/n)(x’y2)

Quasi-linear PDE

Aézz + Bqﬁzy + Céyy — F($; Y, ¢: ¢I: d’y)
A,B and C Constants H(X,,Y) H(X,Y)

B?> - 4AC > 0 Hyperbolic

B? —4AC = (0 Parabolic

B? —4AC < 0 Elliptic

d(X,y1)
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Partial Differential Equations
Hyperbolic PDE

Waves on a String
pu(z,t) = Tuz,(x,t), 0<z<L,0<t<o0

Initial Conditions

u(z,0) = f(z), 0<z<L
u(z,0) = g(x), 0<z<L

Boundary Conditions u¢,t) u(L,t)
u(0,£) = 0,,0<t< o0
u(L,t) = 0,,0<t< o0

Wave Solutions

) )
F(xz — c¢t) Forward propagating wave
- { (z — ct) propagating -

G(x + ct) Backward propagating wave u(x,0), uy(x,0) X

\ 4

Typically Initial Value Problems in Time, Boundary Value Problems in Space
Time-Marching Solutions — Explicit Schemes Generally Stable
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Partial Differential Equations
Parabolic PDE

Heat Flow Equation
Insulation

Kz (z,t) = opus(z,t), 0 <z <L, 0<t<o00 \

Initial Condition
u(z,0) = f(z), 0<z< L

Boundary Conditions

U.( ) ) - €, <r<00 U(L,t):CZ X
u(L,t) = ¢ ,0<t <0
IVP in one dimension, BVP in the other
k Thermal conductivity Marching, Explicit or Implicit Schemes
o Specific heat
p Density

u Temperature
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Partial Differential Equations

Elliptic PDE
A y
Potential Flow in a Duct u(x,1)

Laplace Equation
Uzz + Uyy = —Tp
Boundary Conditions 1Y) ucLy)
u(xi 0) — fl(m)
H(I: 1) — fg(m)
u(0,y) = fa(y) A :
u(l,y) = fa(y) u(x,0) X

BVP in both Dimensions
Global Finite Difference Solution
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Partial Differential Equations
Hyperbolic PDE

Wave Equation

pu(z,t) = Tu,,(z,t), 0 <z <L, 0<t<co

{
Discretization
h = L/n
k = T/m

z; = (i—Dh,i=2,...,n—1
t; = (J—1Dk j=1,...,m

Finite Difference Representations u(,t) u(L,t)
u(zi, tj-1) — 2u(wi, &) + u(zi, t11) '

uila,t) = = +O0(k?) E o
-1

u, (2, ) = u(wi—1,t;) — 2“(}?; tj) + u(zis1,t;) +o(r?)
L '
uy; = u(z;,t;) U(x,0), uy(x,0) X

Finite Difference Representations
Uij—1 — 2Uij + Uigr _ oUicny — Uiyt Uina

k? h?
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Dimensionless Wave Speed

ck

C =
h

2
Wij-1 = 2uig + ijr = O (wim1y — 2w + wit1;)

Explicit Finite Difference Scheme

i1 =|(2 = 2C%)ui; + C%(wigr; + wic1,) — Uiyt
Stability Requirement
ck
C=—<1
; <
2.29

Numerical Marine Hydrodynamics

i=2. .

n—1

u(@.t)

Partial Differential Equations
Hyperbolic PDE

u(L,t)

1+1

HH

J-1

i-1 1 %
u(x,0), uy(x,0)

v
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Partial Differential Equations
Hyperbolic PDE

Euler Starter

win = u(xi, k) =~ u(z;,0) + kue(z,0)k = f(z:) + kg(x;)
Second Derivative Known
Uz, (z,0) = f
From Wave Equation
w(20.0) — (s 0) — fon() — I ifg i o) u(,t) udL,t)
Taylor Expansion
uy(z, 0)k>
2
Higher Order Self Starter

=
QkQ
wip = u(zi, k)| = fi+kgi+ (;?(fi—l — fi + fix1) + O(RPE?) + O(K?) i-‘f%qﬁ =)

u(x,0), uy(x,0) X

u(z,k) = u(z,0) +uy(z,0) + +O(k%)

v

02
= (1 — 02) fi + kg,; i 7(fi+l + fi—l)
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Wave Equation
d’Alembert’s Solution

Wave Equation

pu(z,t) = Tu,,(z,t), 0 <z <L, 0<t<co “t
Solution
u(z,t) = Flze—a)+G(z+ect), 0<z< L
Periodicity
F(—z2) = —F(2)
f(z+2L) = F(z) u(,t) u(L,t)
G F
al VAN
G(—z2) = —-G(z) /A.
G(z+2L) = G(2)
Proof S
N !
Ue(z, ) = F'(z—ct) +G(a + ct) u(x,0), u,(x,0) X

ug(z,t) = EF'(z —ct)+ G (z+ )

- CQU,II(I, t)

2.29 Numerical Marine Hydrodynamics Lecture 17



Hyperbolic PDE
Method of Characteristics

Explicit Finite Difference Scheme t

2
Wij—1 — 2Ui; + Ui = O (Wimry — 2wy + Uit )

’U.-g,j_H_ = (2 — 202)211;,3; -+ Cg(ui+1,j -+ u,;_l,j) — ui,j_]_; 1= 2, A 1

- u(,t) u(L,t)
First 2 Rows known © G = j(-ll_-l
[ — u(xq;, 0) A\, \j/\ J
Ui = u(z, k) J-1
Characteristic Sampling
k=hlc=C=1 . >
u(x,0), uy(x,0) X

Exact Discrete Solution

Uiyl = Wig1y T Ui—15 — Ujj—1

2.29 Numerical Marine Hydrodynamics Lecture 17



Hyperbolic PDE
Method of Characteristics

Exact Discrete Solution

Uij1 = Uip1,; + Ui—1,5 — Ui 5-1 t
D’Alembert’s Solution 4
$i—Ctj = (1— l)h—c(_}—l)k
= (i—1)h—(G—1h
= (i—j)h
$i+Ctj = (1— 1)h‘|—C(_}—1)k
o . u@,t) u(L,t
— (i—-)h+ (-1 Q@ s - j(-lr-l)
= (i+j—2)h A /N ;
U ~ J
ws; = F((i — j)h) + G((i+ j — 2)h) J-1
Proof .
N -
i+l T Ui—1; — Ui —
g iy T u(x,0), u,(x,0) X

= F(i+1-j)h) +F((G—-1-35hn) - F((i - (G —1)h)
+G((i+1+7j—-2)h)+G((i—1+35—-2)h) - G((i+7—1—-2)h)
= F((i-(G+1))h)+G((+ G +1)=2)h)

U 541 .
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Ocean

Waves on a String

fx = exp(-0.5%(5-x).%/0.57). *¢cos((x-5)*pi)

ENGINEERING

L=10;

T=10; waveeq.m
c=1.5;

N=100;

h=L/N;

M=400;

k=T/M;

C=c*k/h

Lf=0.5; S
x=[0:h:L]’;

t=[0:k:T];

%fx=['exp(-0.5*(' num2str(L/2) '-x).~2/(' num2str(Lf) )."2)'];
%gx="0";

fx="exp(-0.5*(5-x)."2/0.5"2).*cos((x-5)*pi)';

gx="0";

f=inline(fx,'x’);

g=inline(gx,'x’);

n=length(x);

m=length(t);

u=zeros(n,m);

u(2:n-1,1)=f(x(2:n-1));

fori=2:n-1

u(i,2) = (1-C"2)*u(i,1) + k*g(x(i)) +C"2*(u(i-1,1)+u(i+1,1))/2;
end

for j=2:m-1
for i=2:n-1

u(i,j+1)=(2-2*C"2)*u(i,j) + Cr2*(u(i+1,j)+u(i-1,j)) - u(i,j-1);
end

end
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Waves on String
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