Numerical Marine Hydrodynamics

 Numerical Differentiation
— Newton Interpolation
— Finite Differences

» Ordinary Differential Equations

— Initial Value Problems
* Euler's Method
» Taylor Series Methods
— Error analysis
» Predictor-Corrector Methods
* Runge-Kutta Methods
 Stiff Differential Equations
* Multistep Methods
» Error Analysis and Error Modifiers

— Systems of differential equations

— Boundary Value Problems
* Shooting method
» Direct Finite Difference methods
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Initial Value Problem

dy
E — f(xa y)
Integrate

[y [ ey

L4l
Yir1 = Yi + L f(z,y)dx
Trapezoidal Rule

/::H—l f($, y)dz _ f(xa, ya-) + g(xi—kl: ya’—f—l)h + O(h?’)

Heun’s Corrector
f(xs,y:) + f(2i1, Yig)

Initial Value Problems
Error Analysis

Heun'’s non-Self-starter Predictor

Ii41
Yit1 = Yi—1 + Li_l f(z,y)dz
Mid-point Integration
Tigl
7 f(z,y)dz = 2hf (x;, y:)
Heun'’s non Self-Starter Predictor

Yir1 = Y1 + 2hf (x5, v5)
Mid-point Integration Error

1 e
Ep = ghsf (CP)

Yitr1 = Yi + 5 h + O(h3)
Trapezoidal Rule Error
1
E, = ——h3 " 3
Sh ()
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Initial Value Problems
Error Modifiers

Predictor
1 12
y($i+1) yz—l—l + 3h3 (“;P) \ h3y(3) (‘E) — _—(ya — yE)
Correctolr =ame Order/ Predictor5Error
y(zi1) = ¥ — 50 (6) Ep, = %(y%ﬂ ~ )
Subtract L Predicif)r Modifier
0=y — Yo — f_QhSy(S)(*f) 4

y?+1 — y?+1 - g(y:}l - y?)

m 0
Yit1 — Y1 _ 1 3 (3)
—h’y
Corrector Error

Replace by

E — y?—?ﬁl - y?+1
© 5
Corrector Modifier

y?—?’rl - y?[:]+1
5

i e
Yir1 & Yiy1 —
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Initial Value Problems
Higher Order Differential Equations

Differential Equation Convert to 15t Order System
y () = ftyy, ..y Y) ny T = 931?“) -
Ty =1y Th = T3 T2 (to) = n1
y(to) = v ) ;
’ T3 =1 _ Th = T4 z3(to) = y2
y(t) = wn
Initial
Conditions
Tn = y(n—l) ) L ‘T:;J, - f(t? ‘T]-: 3:2: . .an) an(tD) = Un-1
. Matrix form
y(ﬂr ]-) (t[}) — y’n,—]_ J B _ B
X =AX+g
T1
ayy - Qyy
)
x={ . t, A=
Ap1 - Qpp
m’ﬁ, ) )

Solved using e.g. Runge-Kutta (ode45)
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Sphere Motion in Fluid Flow
MATLAB Solutions

Ocean

ENGINEERING

Y%step size

h=1.0; sph_drag_2.m

% Euler®s method, forward finite difference

t=[0:h:10]; p

N=Iength(t); u

u_e:zgrog(ﬁ’l); Uiyl = Ui + (E) ) At: ?_L(O) =0

dx x_e=zeros(N,1); J !

—_ =0- T

S Tdt 2:283:8; Tiy1 = T+ (E)-At’ z(0)=0

[rho,Cd,m,r,v] = sph_param(); !

Ffac=rho*Cd*pi*r~2/(2*m);

for n=2:N
u_e(n)=u_e(n-1)+h*fac*(v*2-2*v*u_e(n-1)+u_e(n-1)"2);
x_e(n)=x_e(n-1)+h*u_e(n-1);

end

functi [f] dudt(t,u) % Runge Kutta

unction = au ,u UO:[O 0]-;

% u(l) = dudt.m [tt,u]=0de45(@dudt, t,ul);

<
X [
c

VvV Vv vV Vv Vv
(@R
~—

% u(2)
% F(2) dx/dt = u figure(l)

% (1) du/dt=rho*Cd*pi*r/(2m)*(v*2-2uv+u”2) hold off

[rho,Cd,m,r,v] = sph_param(); a=plot(t,u_e,"+b");
fac=rho*Cd*pi*r~2/(2*m); hold on
a=plot(tt,u(:,1),"-9g");
T(1)=fac™(v*2-2*u(1)+u(1)"2); a=plot(tt,abs(u(:,1)-u_e), +r);
f(2)=u(1); .
=f"; figure(2)

hold off

a=plot(t,x_e,"+b");

hold on

a=plot(tt,u(:,2),"-g");
a=plot(tt,abs(u(:,2)-x_e), "xr");

X
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Boundary Value Problems
Shooting Method

Differential Equation

y' = fz,y,y) 4
— y
y(a) = v Boundary
y(b) = y, ) Conditions

‘Shooting’ Method

A

y' = flz,y,y)
yla) = Yy, e — y(7i, )
y’(a) = v Initial value Problem

p™

Solve by Runge-Kutta
‘Shooting’ Iteration

yo — y(vi-1,b)
Y (i, ) — y(vi-1,0)

Yie1 = Yi-1 + (7 — Yi-1)
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Potential Flow between Plates

ENGINEERING 1

1 y u (1) DGf e ----------- ------------ ------------ ----------- ------------ ---------- -

> gk ............ ............ ............ .......... ............ ...........

U(O) =0 : 5 : : ; :
u(d)=0 S S T— ____________ _____._j S S

Flow between plates - Shooting Method

| T S e T S

03F -
*  Exact

0z bk Finite Differences
15t Shaot
> X 01 H 2nd Shat

U(O) lterations

D I
-0.8 -0.6 -0.4

v

Boundary Value Problem

1

(] 09k e ............................. ............................

gk L ............................ ............................

d o D? ............................ .......................... 4
y U(O) =0 ua ........................... 4

u(U) — uo U(l) = o] ROBf e ........................... ............................

Db .......................... Ry TP E TRy 4

03k e ............................ J

_— *  Exact :
u( ]_ ) — u 1 02k Finite Differences |0 % 0 ........................... 4

1st Shot :
Znd Shat . AT N RIRIEE 4

01r

lterations

0 L 4
-1 -0.8 0 04

2.29 Numerical Marine Hydrodynamics Lecture 16



Potential Flow between Plates
Shooting Method

ENGINEERING % Shooting method

niter=4

u2=zeros(niter,1); P late _flow.m
g=zeros(niter,1);

% first guess

A q(1)=0;
d-u u_0=[u0 q(1)];
_ — [X,u]=ode45(@dudy,x,u_0);
] _ 0 plot(u(:,1),x,'c");
dy‘ u2(L)=u(n, 1);
% second guess
_ a(2)=1;
u(0) = wug u_0={u0 ()]

[X,u]=oded5(@dudy,x,u_0);
plot(u(:,1),x,'m";

u(l) = wy 12(2)=u(n,1);

% iteration loop
for i=3:niter
a()=q(i-2) +(q(i-1)-q(i-2))*(u1-u2(i-2))/(u2(i-1)-u2(i-2));
u_0=[u0 q()I;

function [f] = dudy(y,u) beul=odedS(@dudy x,u_0):

% First order decomp for plate-flow problem plot(u(:,1),x,T);

% u(l) = u u2(i)=u(n,1);

U@ =4 ard on

0, — —

;; ]:8 - g:;gz - ?1 dUdy m h=legend('Exact','Finite Differences','1st Shot','2nd Shot','lterations','Location’,'SouthWest');
set(h,'Fontsize’,14);

f(1)=u(2); h=ylabel(y');

f(2)=-1; set(h,'Fontsize',14);

f=f h=xlabel('u;
set(h,'Fontsize',14);
h=title('Flow between plates - Shooting Method');
set(h,'Fontsize’,16);
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Boundary Value Problems
Direct Finite Difference Methods

Differential Equation

y' = flz,y,9)

y(a) = Yo Boundary A
y(b) = w Conditions y m
)
Discretization
h _ b j:fa
Ya
z,=a+nh, n=0,1...N

| 1 1 L1 1 1 >

Finite Differences a h b x
y*n, - y(mn)

Yn+1 — Yn—1
v = y(z) =7 2h +O(R)

T _2 n+ n—
i = o) = T O
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Ocean Boundary value Problem
Yy = flz,y,vy)
y(a) = v 9 1
y(b) = w 121
Finite Differences :
Yo = y(z,)
v, = o (zn) = M+O(h2) b2
" " 2h _ 1
n - 2 T n—
= o (a) = S o)
Substitute Finite Ditferences
Yn+1 — 2y‘ﬂ, + Yn—1 = th('rm Yn, %) ; = 1323 . N-l
Y = Ya [

Un = W
Difference Equations

2y +1y2 = Bf (ﬂil,yl; ygz—hyu) — Ya

Yn—1 — 2yn + Yn+1 = h'Qf (m‘m Yns %) , = 21 N =2

Yp — YnN-2
YnN—2 — 2Yn—1 = h2f (iUN—l,yN—l, T) — U

N-1 equations, N-1 unknowns _ .
2.29 Numerical Marine Hydrodynamics

Boundary Value Problems
Direct Finite Difference Methods

Matrix Equations

h
Y2

_h?

f(zla Y1, '1;227}?!1)

Yo—YN—2
I flen-1,ynv-1, 255

=il

=l

—Ya

)_ __yb_

Solve using standard linear system solver
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Forced Vibration of a String

f(x,t)l

Boundary Value Problems
Finite Difference Methods

Finite Difference

X l
Harmonic excitation

f(x,t) = f(x) cos(wt)

y(x,t)

Differential Equation
d2
Y+ Ky = f(x)

dz?
Boundary Conditions
y(0)=0, y(L)=0

2.29

Pyl yic1— 2yt yin
A dz2|, h2
Discrete Difference Equations
yi-1 + ((kh)? = 2) y; — yiy1 = f(z;)R?
Matrix Form
_ h2
(kR2-2 1 - - .0 fla)
1 (kh)> =2 1
i = A i h2
1 (kh)?-2 1 f=:)
0 : S 1 (kh)? -2 '
J h f(.’l?n)hg ,

Tridiagonal Matrix

kh < 1 Symmetric, positive definite: No pivoting needed
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Linear Systems of Equations
Tri-diagonal Systems

ENGINEERING

General Tri-diagonal Systems

o 1 0]
J1
a G . . . . O ’82 ]'
b az o I —
Bi 1
X = | f? b
b a; c
0 * - T B’!’L 1_
O - - - * b’n, ap, -~ )
~fnd &1 C . . . . 0
LU Factorization
. g €2
A=LU
U =
Q; G
Ly = T
UXx = ¥ 0 a,
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|

cl
I

Linear Systems of Equations

Tri-diagonal Systems

LU Factorization

2.29

1
Ba 1
Gi 1

0 ) ) T ,Bﬂ,

&1
Qg Co
;G

0

) Reduction
0
1 = aq
b
Br=——, ap=air— Brck-1, k=2,3,...n
k-1
Forward Substitution
] n=rh, ¥i=fi—0Byi1,1=23,...n
- Back Substitution
] :I:n:ﬁ, HIi:yi_Cimi_H,Z':n—l?...l
0 Oy a1
LU Factorization: 2*(n-1) operations
Forward substitution: n-1 operations
Back substitution: n-1 operations
Total: 4(n-1) ~ O(n) operations
a’ﬂf
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Potential Flow between Plates
Direct Finite Difference Method

Ocean

ENGINEERING X=[O:h:L]';
a(1,1) =-2;
N a(1,2)=1; plate_flow.m
y U(l) for 1=2:n-1
a(i,N=a(l,1);
— a(i,i-1) = 1;
a(i,i+l) = 1;
end
a(n,n) = a(l1,1);
a(n,n-1)=1;

f=-ones(n,1)*h"2;
%Boundary condition
a(l,1)=1e20;
R a(n,n)=1e20;
o f(1)=u0*1e20;
f(n)=ul*1e20;
% Tri-diagonal form
d=diag(a);
b=ones(n,1);
a c=b;
CidTL % LU factorization
[alf,bet]=1u_tri(d,b,c);
Ci i % Forward substitution
E} z=Forw_tri(f,bet);
% Back substitution

. y_b=back_tri(z,alf,c);
*u(D) — Up hold on
h=plot(y_b,x,"g");
set(h, "Linewidth",2);
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Potential Flow
Distributed Sources and Drains

Dimensionless Form

r D i
R = ia ‘;b — y U — u_
G rQ ToUp Uug
1< R<A4
Solution Interval
ro < 17 < 4rg (di ld)
. =+ —=— — aR
Potential ODE dR- RdR
d 1d
o) = wo
dr- rdr 70 I dP woro
— — =
de Un
do
Uy — —
dr
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Potential Flow
Distributed Sources and Drains

Example 15t order form
d> 1 d dd
——— | ®=09R - = U
(dR9 N RdR) dft
| | dU
Analytical Solution R = 9R - U/R
— R’ —24logR

o
U = 3R"—24/R

Boundary Conditions
O =1 atR =1
O=064—24logd atR =4
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ENGINEERING

2.29

n=50; rl=1; r2=4;

phil=1;

phi2=64_24*10gcay; SOU_flow.m

h=(r2-r1)/(n+l1);

r=[rl+h:h:r2-h]";

a=zeros(n,n);

f=9*r*h"2;

a(1,1) =- 2;

a(1,2)=1;

for i=2:n-1
a(i,i=a(l,1);
a(i,i-1) = 1;
a(i,i+l) = 1;

end

a(n,n) = a(l1,1);

a(n,n-1)=1;

% off-diagonal terms

for i=1:n-1

a(i,i+l)=a(i,i+1)+ 0.5*h/r(i);
a(i+l,i)=a(i+l,i)- 0.5*h/r(i+l);
end
% right hand side
f(1)=F(1)-phil+0.5*h*phil/r(1);
f(n)=F(n)-phi2-0.5*h*phi2/r(n);
d=diag(a);
for i=1:n-1
b(i+1)=a(i+1,i);
c(i)=a(i,i+l);
end
% LU factorization
[alf,bet]=1u_tri(d,b,c);
% Forward substitution
z=Forw_tri(Ff,bet);
% Back substitution
y_b=back_tri(z,alf,c);

Potential Flow

30

28k

o(R)

a0

40t

U(R)

Distributed Sources and Drains

#  Euact Solution

Finite Diference |......cco oo e, R

T T
#*  Exact Solution
Finite Difference

imerical Marine Hydrodynamics
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Boundary Value Problems
Finite Difference Methods

Boundary Conditions with Derivatives

1
y' —yr = g(z) |
J(@) = 0 N-1 N N+l

Central Difference /() = 0 Central Difference

Difference Equations y'(b) =0= yN“;hyN‘l +O(h?)
Yo = 0
Yn—-1— 2y'n, + Y1 — h2y'n,$'n, — h2g($n) , N = ]-: Yo = 0
Yn—1 — 2y'n, + Yn+1 — hgynmn — hgg(mn) , N = 1: 2; .N—-1
Backward Difference 2(yn—1—yn) — h*ynay = 0 o(h3)
y’(b) — 0= Yn —h?JN—1 + O(h) N
General Boundary Conditions
. Poy(b) + Py (b) = p2
yo = 0 Oo(h™) Finite Difference Representation
Yn—1 — Q?Jn + Yn+1 — thnan — hgg(mn) , = 1; 2; ..N—-1 Poyn + pl(yN_i_;; UN-1 = P2
YN YN = 'ﬂ\ O(h 2) Add extra point - N equations, N unknowns
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