Numerical Marine Hydrodynamics

 Numerical Differentiation
— Newton Interpolation
— Finite Differences

* Ordinary Differential Equations

— Initial Value Problems
 Euler's Method

» Taylor Series Methods
— Error analysis

» Predictor-Corrector Methods
* Runge-Kutta Methods
« Stiff Differential Equations
e Multistep Methods
— Systems of differential equations

— Boundary Value Problems
e Shooting method
» Direct Finite Difference methods
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Ordinary Differential Equations
Initial Value Problems

Euler's Method

Differential Equation

dy
a_f(m?y)?y[)_p

Example 5

f(z,y) =z (y=2"/2+p)

Discretization \

Ly — Hh 30\
Finite Difference (forward) )

@ ~ Yn+1 — Yn 5L
T=x, —
dz " h 10}
Recurrence — 3
] 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 ¥ a 9 10
Yn+l = Yn T hf(?’lh, yﬂ;z,)

euler.m
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Initial Value Problems
Predictor-Corrector methods

Initial Slope Estimate Heun’s Method
’9‘; — f(zh yi)
Predictor
Yir1 = Yi + f(zi,y:)h
Endpoint Derivative Estimate
y£+1 =y + f(@it1, Yig1)
Average Derivative Estimate

g,r _ y§ -+ y§+1 _ f(l"a'; yg-) + f(fci—i—l: y?ﬂ)

2 2
Corrector
f(zi,y) + f(Tit1, Uy
Yigl = Y; + ( ) 2( i le)h

lterative Heun

k
f(zi,ys) + f(zig1, y;
yltle g 4 G 2( 1 Yit)
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Initial Value Problems
Predictor-Corrector methods

Midpoint Method

Midpoint Estimate

h
Yit1/2 = Yi + f(fﬁa'a ya)g

Midpoint Derivative Estimate

y§+1/z = f(Zit1/2, Yir1/2)

Midpoint Recurrence \ Xi Xir1/2 Xjs1

Yit1 = Yi + f(xa'—kl/i: yi+1/2)h Yit1

Heun’s and Midpoint methods are superior to
Euler's method as they use an intermediate
estimate of the derivative. /

v

i Xi+1
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Ocean

ENGINEERING

Initial Value Problems
Predictor Corrector Methods

func="4*exp(-0.8*x)-0.5*y";
f=inline(func,'x','y");
y0=2;
%step size
h=0.5;
% Euler's method, forward finite difference
xt=[0:h:10];
N=length(xt);
yt=zeros(N,1);
yt(1)=y0;
for n=2:N
yt(n)=yt(n-1)+h*f(xt(n-1),yt(n-1));
end
hold off
a=plot(xt,yt,'r");
set(a,'Linewidth’,2)
% Heun's method
xt=[0:h:10];
N=length(xt);
yt=zeros(N,1);
yt(1)=y0;
for n=2:N
yt_0=yt(n-1)+h*f(xt(n-1),yt(n-1));
yt(n)=yt(n-1)+h*(f(xt(n-1),yt(n-1))+f(xt(n),yt_0))/2;
end
hold on
a=plot(xt,yt,'g");
set(a,'Linewidth’,2)
% Exact (ode45 Runge Kutta)
x=[0:0.1:10];
hold on
[xrk,yrk]=ode45(f,x,y0);
a=plot(xrk,yrk,'b");
set(a,'Linewidth',2)

pcm.m

a=title(['dy/dx = f(x,y) ="' func]);
set(a,'Fontsize',16);
a=xlabel('x");
set(a,'Fontsize',14);
a=ylabel('y";
set(a,'Fontsize',14);
a=legend('Euler’,'Heun’,'Exact');
set(a,'Fontsize',14);

35

25

15

0.5

dyfdx = f(x,y) = 4exp(-0.8"x)-0.5"y
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Initial Value Problems
Taylor Series Methods

ENGINEERING

Initial Value Problem Truncate series to k terms

h? h*
v = f(@,0), y(wo) = o ye=ylen) = ot by (wo) 5y (w0) + oy ® ()
Taylor Series B2 Rk
(z — z0)? vo=y(w2) = o+ hy'(m) + 5y (21) + -+ 7y (@)
y(@) =yo + (¢ —20)y (z0) + —5—¢" +-- _ ' :
Derivatives h? hk
Yn = y(:t:n) = Yp-1+ hy}(mn—l) + Ey”(mn—l) T+ gy(k) (mn—l)
y' = f(z,y) = (o) = f(zo.%0) N '
df (z, ) Choose Step Size h
yH: d:Lj = fx+fvy’:fx+fvf h—b_a
" d2f($, y) 2 2 . N .
y'= =05 = Jutfaft fef + byl et 1T Discretization
fra + 2fuy+ Fuf? + Fofy + £21 Z=atnh, n=01...N
. . Recursion Algorithm
Partial Derivatives T
y(mn+1) = Yn+1 = Yn + th(iBn, yn) + ﬁy (f)
fo= 9 . (k+ 1)t
’ Oz with
d h ! (k-1)
fy — Fy Tk(iﬂn, y'n,) - f(mnp yn) + if (;En; yn) + -/ Tf (m'n,; y'n,)
Local Error
hk+lf(k)(€ y(g)) hk+1y(k+1)(£)
o ? f— p . 1n h
g &+ 1) Gyl o TmSe<mt
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Initial Value Problems
Runge-Kutta Methods

Taylor Series Recursion

h2
y(xn+1) - y(mn) + hf(l’n, yn) + E(fw + .ffy)‘n, Substitute k2 in Runge Kutta
h’3 2 2 4
+€(ﬁmp + fo“; * _fyyf + f:::fy + .fyf)n + O(h ) Yn+l = Yn T (a + b) hf + bhg (Of.fx + /Bffﬁ)

- ' o2 2
Runge-Kutta Recursion +bh3(?fm B foy + ?fsz) +O(hY
Yn+1 = Yo+ aky + bk

Match 2"d order Taylor series
kl - h.f(mn:yn) a+b -1

by = hf(en+ahyu + Bk) ba = 1/2 p<=a=b=05, a=f=1
Match a,b,a, to match Taylor series as much as possibli b8 = 1/2
k
f — f(mn + th, Un + Bkl)

= f(m'n,; y'n,) + a’hfw + ,Bklfy
QZQ 2 2 ) A
+Tf~” + ahfky fuy + E.f fuy) +O(R7)
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Initial Value Problems
Runge-Kutta Methods

Initial Value Problem
y = flz,y) ‘

y(To) = Yo

on = otk Py
2"d Order Runge-Kutta / -

Yn+l = Yn T+ (kl + k‘Q)
ki = hf(z,,yn) "
ko = hf(z,+ h,yn + k1)

4t Order Runge-Kutta

v

Predictor-corrector method

el = Un o+ %(h 2k + 2k + ka) Second-order RK methods
kv = hf(z,, yn) b=% a=%: Heun’s method
ky = hf(x,+ ’;*, Yn + &1) b=1,a=0: Midpoint method
ks = hf(za+5 20 Yn T ) b=2/3,a=1/3: Ralston’s Method
ki = hf(zn+ h,yn + ks)
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Initial Value Problems
Runge-Kutta Methods

Qcean hz%(')oc;) 1*h:10] k
ENGINEERIL , X= -0.1*h: ; r m
Euler's Method y0=0;
y=0.5*x."2+y0;
T, = nh figure(1); hold off

a=plot(x,y,"b"); set(a, "Linewidth",2);
% Euler®s method, forward finite difference
d ] — xt=[0:h:10]; N=length(xt);
yly =z, yﬁj}———gﬁl yt=zeros(N,1); yt(1)=yO0;
dz h for n=2:N
L yt(n)=yt(n-1)+h*xt(n-1);

Recurrence / end
: hold on; a=plot(xt,yt,"xr"); set(a, "MarkerSize~,12);
Yn + hf(nh: ?Jn)

Yn+1 = % Runge Kutta

fxy="x"; f=inline(fxy,"x","y");
[xrk,yrk]=oded45(f,xt,y0);

4t QOrder Runge-Kutta # a=plot(xrk,yrk,".g"); set(a, MarkerSize",30);
a=title(["dy/dx = * fxy ", y. 0 = * num2str(y0)])
set(a, "FontSize*,16);

Yn+1 = Yn T+ (kl + 2ka + 2k3 + k‘4) b=legend("Exact®,["Euler, h=" num2str(h)],

"Runge-Kutta (Matlab)®); set(b,"FontSize",14);
kl — hf(mna y’n,)

dyfdx = x, Yo = 0

ky = hf(zu+ 50+ %) i S
- Runge-Kutta (Matlab) |

kS — (33 ; Yn T %)

k4 = (mn'+'h yn'+'k3)

Matlab ode45 automatically ensures convergence

Matlab inefficient for large problems —> Convergence Analysis
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Ocean

ENGINEERING

Stiff IVP

d—i’ — —1000y + 3000 — 2000¢
Fast decay
y =3 —0.998¢ 1% _ 2 002¢*

Slow decay

Fast term IVP
dy
dt

y(O) = Yo
Solution

y = yoe

—_— ———(13;

Explicit Euler
dy
dt |;
= y; —ay;h
= yi(1 —ah)
Stability Requirement
h<2/a

Yir1 = Yi+ h

2.29 Numerical Marine |

Ordinary Differential Equations
Stiff Systems

func="-1000*y + 3000 -2000*exp(-x)";

f=inline(func, "x","y");

y0=0;

Y%step size

h=0.001;

% Euler®s method, forward finite difference

xt=[0:h:10];

N=length(xt);

yt=zeros(N,1);

yt(1)=y0;

for n=2:N
yt(n)=yt(n-1)+h*f(xt(n-1),yt(n-1));

end

hold off

a=plot(xt,yt,"r");

set(a, "Linewidth",2)

stiff.m

dy/dx = f(x,y) = -1000* + 3000 -2000*exp(-x)

Euler
Heun

1 1 1 1 1 1 1 =
] s 1 15 2 248 3 358

B e e

ecture 15



Ordinary Differential Equations
Stiff Systems
Implicit Schemes

Implicit Euler
% Implicit Euler method
h=0.05; . .
Yir1 = Vi + d_y h xt=[0:h:10]; Stlff_lmp'm
s : dt | N=length(xt);
i+1
yt=zeros(N,1);
— C— aal yt(1)=y0;
= Y ayz—"lh for n=2:N
yt(n)=(yt(n-1)+ 3000*h - 2000*h*exp(-x(n)))/(1+1000*h);
— end
) hold on
_ Yi a=plot(xt,yt,"g");
Yit+1 1+ ah set(a, "Linewidth",2)
dy/dx = f(x,y) = -1000*y + 3000 -2000*exp(-X)
. 3 T T T ; T T T
Stiff IVP | implicit Euler - h =001 |

dy . —t
i —1000y + 3000 — 2000e
Explicit Euler

Yir1 = y; + (—1000y; + 3000 — QOOOB_it)h

Yi+1 = ¥i + (—1000y; 41 + 3000 — Qoooe—tm)h

Implicit Euler 05F
y; + 3000h — 2000 ti+1 | | | | | | . | |
Yiv1 — 1+ 1000A S 2 3 4 & & 7 8 9 10
+ X
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Ordinary Differential Equations
Multistep Schemes

A

Heun’s Predictor (Euler)

Yis1 = yi + f(xi, y:))h + O(R)
Heun’s Corrector
fzoys) + f(Tig1, Yig)

Yir1 = Yi + 5 h+ O(h?) :/
Central Finite Difference x:
dy _ Yir1 —Yi1 5 -1
= O(h~
dz on  Howm)

Heun’s Non-self-starting Predictor
y§+1 = yi_1 + f(zi, y;)2h + O(ha)
Heun’s Corrector

f(xi: ya) + f(xi-l-l: y?[,'j—f—l)

; h -+ O(h%)

Yirl = Y T
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Initial Value Problem

dy
E — f(xa y)
Integrate

[y [ ey

L4l
Yir1 = Yi + L f(z,y)dx
Trapezoidal Rule

/::H—l f($, y)dz _ f(xa, ya-) + g(xi—kl: ya’—f—l)h + O(h?’)

Heun’s Corrector
f(xs,y:) + f(2i1, Yig)

Initial Value Problems
Error Analysis

Heun’s non-Self-starter Predictor

Ii41
Yit1 = Yi—1 + Li_l f(z,y)dz
Mid-point Integration
Tigl
7 f(z,y)dz = 2hf (x;, y:)
Heun’s non Self-Starter Predictor

Yir1 = Y1 + 2hf (x5, v5)
Mid-point Integration Error

1 e
Ep = ghsf (CP)

Yitr1 = Yi + 5 h + O(h3)
Trapezoidal Rule Error
1
E, = ——h3 " 3
Sh ()
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Initial Value Problems
Error Modifiers

Predictor
1 12
y($i+1) yz—l—l + 3h3 (“;P) \ h3y(3) (‘E) — _—(ya — yE)
Correctolr =ame Order/ Predictor5Error
y(zi1) = ¥ — 50 (6) Ep, = %(y%ﬂ ~ )
Subtract L Predicif)r Modifier
0=y — Yo — f_QhSy(S)(*f) 4

y?+1 — y?+1 - g(y:}l - y?)

m 0
Yit1 — Y1 _ 1 3 (3)
—h’y
Corrector Error

Replace by

E — y?—?ﬁl - y?+1
© 5
Corrector Modifier

y?—?’rl - y?[:]+1
5

i e
Yir1 & Yiy1 —
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