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Numerical Interpolation
Newton’s lteration Formula

ENGINEERING

Sténdard triangular family of polynomials

Newton’'s Computational Scheme

f(z) = p(z)+r(x)
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Numerical Interpolation
Equidistant Newton Interpolation

Eqwdlstant Sampling Divided Differences
Stepsize Implied

zi = zo+ ih
flzo, @] = W U= fo):% Afo :
. o hosheshoie =G
= - 21 o malh - 24 o) = Ay
flooonnas] = g —3fs 48— o) = g

Triangular Family of Polynomials ., _ LA%
Equidistant Sampling

flz) = fO‘f‘%( _IU)+?Idhfgo(l'—xg)(z—zl)+...
" (nt1)(¢
+ i!h{?(x_$0)(x_:c1)"'($_x”‘1)+{n+1(§1)($_$0)"'(5€—56n)
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Numerical Differentiation

A n:1
Triangular Family of Polynomials f(x)
Equidistant Sampling
A A?
flz) = fo+ %(m —zg) + 2!hf20(:z: —zo)(x —z1)+ -
AP (n+1)f ¢ Pt
+ n‘h{? (&? — :Eg)(:.‘c - xl) e (x — xn_l) + {n T 1(;) (;;c — xo) ce (C.’C — xn) y//
First order , | >
n=1 - — X
rog h o1
A M
flo)=fot f(x S zo) + fQ(f)(x ~ @)z —a)
f@ =S omy = (- fo) o)
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Numerical Differentiation

Second order

n=2
flz)= f0+iﬁ]($$g)+§;hf;($$g)($$1)+f SEQ (z—zo)(z—21)(z—29)+" -
fl(z) = % + A;Lfo (z — z0) + A;f’ (z —z1) + O(h?)
A
- . f(x

fl(zo) = /i 7 fo %(fﬁ —2fi+ fo) + O(h7) ( ) n=2
_ 2fi—2fo—fo+2f1— fo 9
= o + O(h°)
= ;(ngJerl ;fg)+0(h3) Forward Difference /,]

’ﬁ'? . fli.fD i . 2 T N T

Fm) = ==+ 5 (fa=2fi+ fo) + O(K') SR S R
= %(fz—foHO(h?) Central Difference g N x1 M @ X

Second Derivatives

= l Asz 1 .
N=2 f'(w) = 3%+ 0(h) = -5(h—2fi+ f)+O(h)|  Forward Difference

n=3 Fl(ar) = hl—z( o= 2f1+ f2) + O(2) Central Difference
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Numerical Differentiation
Richardson Extrapolation

Ocean

ENGINEERING

‘Romberg’ Differentiation Algorithm

D(h) 4 A D4y oy —Dj g1
Dj =
! L |
| Order 2
|
i k=237=1
|
D | |
| | | D. . ~o 4D,; - Dy,
I | | » l:-‘ - 3
: I ! 'h
hy h, hy
k »
1: O(h?) 2: O(h?) 3: O(h?) 4: O(h®)
a. 0.172800 » 1.367467
1.068800—
b,. 0.172800 1.367467 — 1640533
1.068800 » 1.623467
1.484800—
c. . 0.172800 1.367467 1640533 —1.640533
J 1.068800 1623467 — 1640533
1.484800 » 1.639467
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Ordinary Differential Equations
Initial Value Problems

Differential Equation

Y (z) = f(z,y), z € [a,b] y
y(To) = o
Linear Differential Equation Yo

f(z,y) = —p(z)y +q(z)

Non-Linear Differential Equation

v

f(ﬁ:, y) non-linear iny

Linear differential equations can often be solved analytically

Non-linear equations require numerical solution
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Ordinary Differential Equations
Initial Value Problems

Euler's Method

Differential Equation

dy
a_f(m?y)?y[)_p

Example 5

f(z,y) =z (y=2"/2+p)

Discretization \

Ly — Hh 30\
Finite Difference (forward) )

@ ~ Yn+1 — Yn 5L
T=x, —
dz " h 10}
Recurrence — 3
] 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 ¥ a 9 10
Yn+l = Yn T hf(?’lh, yﬂ;z,)

euler.m
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Sphere Motion in Fluid Flow

Equation of Motion — 2"d Order Differential Equation
d’x dz\?
M——> =1/2pC, RQ(V——)
v I aiz — /%G dt

u

VYV v VYV Vv Vv
c
]
Q_‘Q_
~| X
oL =
=~ | =

d R
d?’ - p—gﬂR (V2 — 2uV + u?)

Euler's Method

d
Uir1l = %i((;)_ﬂt: u(0) =0
dz.
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Sphere Motion in Fluid Flow
MATLAB Solutions

Ocean

ENGINEERING

Y%step size

h=1.0; sph_drag 2.m
r________> % Euler®s method, forward finite difference
\% t=[0:h:10];
> X N=length(t);
N u_e=zeros(N,1); du
¢ x_e=zeros(N,1); Ui+l = Ui + (E) _ At, ?.L(O) =0
> Lj:_{;? u_e(1)=0; t
> x_e(1)=0; dz,
) [rho,Cd,m,r,v] = sph_pali+l = $i+(cﬂ)_ﬁlta z(0) =10
¢ fac=rho*Cd*pi*r~2/(2*m), i
> for n=2:N

u_e(n)=u_e(n-1)+h*fac*(v*2-2*v*u_e(n-1)+u_e(n-1)"2);
x_e(n)=x_e(n-1)+h*u_e(n-1);

end
. - [fl dudtCt. o % Runge Kutta
unction = dudt u _ ..
" ’ dudt.m u0=[0 01"
% u(l) = [tt,u]=0de45(@dudt,t,u0);
% u(2) = x
% f(1) = du/dt=rho*Cd*pi*r/(2m)*(v"2-2uv+u”2) hold off
[rho,Cd,m,r,v] = sph_param(Q); a=plot(t,u e, +b");
fac=rho*Cd*pi*r~2/(2*m); hold on
a=plot(tt,u(:,1),"-.9");
F(1)=fac*(v*2-2*u(1)+u(1)"2); a=plot(tt,abs(u(:,1)-u_e), " +r");
F(2)=u(1); .- B
=f"; figure(2)
hold off
a=plot(t,x e, "+b");
hold on

a=plot(tt,u(:,2),"-g");
a=plot(tt,abs(u(:,2)-x_e), "xr");

2.29 Numerical Marine Hydrodynamics Lecture 14



ENGINEERING

Sphere Motion in Fluid Flow

Error Propagation

E

10

V
5 X
>
> _ dx
> dt
>
N
7
Sphere in Flow - At =1
1 T T T T T T T T T
0.8 + 7 <
. + . » -
0.7 » 4
DB * -
@ -+  Eulers Method
é 04 #  Exact H
= - +  Ermar |
+
03 Error decreasing
02 * . with time 1
0.1 + 4 |
1 1 1 1 1 —f_ —!_ —?_ _'_
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Time (s)
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Sphere in Flow - A t =1

i T T T
+ Eulers Method
7 #*  Exact n
= Error
6 .
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— *
£y + 1
>< -
+
3 . i
, T Error Increasing
+ with time
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Initial Value Problems
Taylor Series Methods

ENGINEERING

Initial Value Problem Truncate series to k terms

h? h*
v = f(@,0), y(wo) = o ye=ylen) = ot by (wo) 5y (w0) + oy ® ()
Taylor Series B2 Rk
(z — z0)? vo=y(w2) = o+ hy'(m) + 5y (21) + -+ 7y (@)
y(@) =yo + (¢ —20)y (z0) + —5—¢" +-- _ ' :
Derivatives h? hk
Yn = y(:t:n) = Yp-1+ hy}(mn—l) + Ey”(mn—l) T+ gy(k) (mn—l)
y' = f(z,y) = (o) = f(zo.%0) N '
df (z, ) Choose Step Size h
yH: d:Lj = fx+fvy’:fx+fvf h—b_a
" d2f($, y) 2 2 . N .
y'= =05 = Jutfaft fef + byl et 1T Discretization
fra + 2fuy+ Fuf? + Fofy + £21 Z=atnh, n=01...N
. . Recursion Algorithm
Partial Derivatives T
y(mn+1) = Yn+1 = Yn + th(iBn, yn) + ﬁy (f)
fo= 9 . (k+ 1)t
’ Oz with
d h ! (k-1)
fy — Fy Tk(iﬂn, y'n,) - f(mnp yn) + if (;En; yn) + -/ Tf (m'n,; y'n,)
Local Error
hk+lf(k)(€ y(g)) hk+1y(k+1)(£)
o ? f— p . 1n h
g &+ 1) Gyl o TmSe<mt
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Initial Value Problems
Taylor Series Methods

ENGINEERING

General Taylor Series Method Example — Euler's Method

Ty, =a+nh, n=20,1,...N Y=y, y0)=1, y=¢"

hE+1 il
Y(@ni) = Ynsr = Yo+ ATi(on, ) + my( € y001) =yl = yo+ hf(ze ) =14 0.01-1=1.01

y(0.02) ~ y2 = y, + hf(z1,y1) = 1.01+0.01- 1.01 = 1.021

h ~ _= pr— - — 1

T, ) = 1) + o 7' ) - T, 00) y(0.03) = y3 = yo+ hf(z2,2) = 1.021 wmau

y(0.03) = 1.0305
B hk“f(k)(&,y(f)) B hk+ly(k+l)(€)

(k+1)! (k+1)!

Example

k=1

Euler's Method

)

, Tn<Exy+h

Error Analysis?

Yn+1 — Un + hf(mm yn)

h2
E = ﬁyﬁ(‘f)

2.29 Numerical Marine Hydrodynamics Lecture 14




Initial Value Problems
Taylor Series Methods
EITOI' Analysis Derivative Bounds

ENGINEERING |-ﬁl($ﬂ?yﬂ)| S L7 |y”(£’n)| S Y
Error Estimates and Convergence

h?
lens1] < (14 hL)|e, + =Y
v = fz,y), y(zo) =wo < ( ) 2

Euler's Method B2
EStImate Un+1 = Yn + hf(z'n,; yn) , = 07 1; et Myl = (1 + hL)nn + EY , Mo = 0

_ hY
ETL—$D+ﬂh Nn = E[(1+hL)IL_1J

€y, = y(mn) —Un

2 Error Bounds
EX&C'[ y(mn+1): Z—I(fﬂn) + hyt(mn) + Eyn(fﬂ) y Iy < fﬂ. < T+l
hY

ol S = — 1 hl)" —1
e, = E h‘(gn) |e | n 2L [( + ) ]
- 2 ! < hy[( hLyn 1]
o < ople)
C€n4l — y(mn+l)* Yn+1 = y(mn) +hy’($n) =+ ?y”(f‘ﬂ) —Yn— hf(:]:.m yﬂ) — g[ehl‘” _ ]_]
2L
(w( o v(on)) — o un)] + o -
Cpt1 = Y "En) - yﬂ) +hf(z,,y -'En)) — flzy, yn) + 79” gn) LY
" 2 e < Djemi o1 | O(h)

0 Tny Yn
f(il?*n.a y(mn.)) - f(mﬂ.; y'n,) - %(g(mn) - y*n.) = fy(ll?*n., yn)@ﬂ

h2
En+l = €p + hfy(.’ﬂ-m y‘ﬂ)eﬂ + Ey”(g’n)

hz
) |en+1| S |e'n,| + hlfy(w'n,y yn)e'n,| + ?ly”(gn)l
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Initial Value Problems
=0 Taylor Series Methods
) Error Analysis

Oceargxample — Euler's Method

v =y, y0)=1, z€[0,1]
Exact solution 26}

dyfdx = exp(x), y, =1

- — .Exac1 o
+  Euler, h=01

] 24
y=e"
22r

Derivative Bounds

fh=1=L=1 ol
6
y'(z)=e"=>Y =e 4
Error Bound x=nh=1
he N or 6z o3 o4 05 08 o7 o8 o5 1
|e”| S 2 (e 1) dy!dx=exp(x),y0=1
28 B R
— Exact

[
26/ t  Euler, h=0.05

h=0.1=|e,| <0.24

Euler's Method :
Uns1 = Y+ hf (2n,yn) = (1+ h)ys ;
yi1 = 2.5937 :
y(X1) = 2.71828
ey = 0.1246 < 0.24 ' o1 02 o3 o4 o5 08 07 o8 08 1
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