Numerical Marine Hydrodynamics

 Interpolation
— Lagrange interpolation
— Triangular families
— Newton’s iteration method
— Equidistant Interpolation
— Spline Interpolation
 Numerical Differentiation

 Numerical Integration
— Error of numerical integration
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2.29

Numerical Interpolation

Given: f(zo) = fo, f(z1)= fi,-.. f(zn) = fn

Find  f(z) for z € [z, z,)]

Purpose of numerical Interpolation

Compute intermediate values of a sampled function

Numerical differentiation — foundation for Finite
Difference and Finite Element methods

Numerical Integration
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Numerical Interpolation
Polynomial Interpolation

A
f(x) _ :
Polynomial Interpolation
®
! n n—1
F(z) =p(z) = apz” + a12" " -+ - ap—12 + ay,
I Coefficients: Linear System of Equations
I T >
_ n n—1
rog Iri1 T2 Ip X fl:' = GpTy + ayly =0 Qp-1T0 + ay
. fl — CLD.CCT—F(II:I}T_I---CL”_I,CBI + ay,
Interpolation
flz) ~ F(z)
flzi) = F(z;)
n n—1
f’n, = apr, + ayxr,, 1Ty + U
F(:B) Interpolation function
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Numerical Interpolation
Polynomial Interpolation

Examples

f(x) f(x)

-~
- -
- -
- —
I \\‘—T//

I 1

v

v

I 1 X I L1 9 X
Linear Interpolation Quadratic Interpolation
I — Iy 2
P(ﬂ:) :f[H—(fl— D)r&m p(m):agm + a1 + as
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Numerical Interpolation
Polynomial Interpolation

Taylor Series

_ _ - f(?)(ﬂf[)) 7 f{n+l)(£) n+1
f(z) =p(x)+r(z) = f(%)t; (i+ 1)1(33—3?0) +m($—$ )
Remainder
_ f{n+1)(€)

f(z) —p(z) m(ff — Xy
Requirement
f(n+1)(€) <1

lll-conditioned for large n

f(x) |

Polynomial is unique, but how do
> we calculate the coefficients?
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Numerical Interpolation
Lagrange Polynomials

A

p(@) = 3 Li(@)f(zx) = Y Li(z) fi
k=0 (0

1_.

n _
Li(xz) = lipx'
1=0

»
»

. | -
'O k#i k-3 k—Z\K-l kk+H+2 X

1 k=1

Difficult to program
Difficult to estimate errors
T T — T2 D .. .
I _ J lvisions are expensive
k(z) =

j=0,j£k Lk — L}

Important for numerical integration
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Numerical Interpolation
Triangular Families of Polynomials

Special form convenient

Ordered Polynimials _ _
for interpolation

p(x) = codo(x) + c1o1(z) + - - - + cnpn() do(z) = 1
where $1(z) = = — 20
$o(z) = ago ¢a2(z) = (z—mo)(z — 71)
¢1(z) = ayp+anz
¢1(x) = ag+ anz + agnz’

On(z) = (z—z0)(z —31) -+ (T — T01)
Coefficients
Pu(T) = auot+apm 4o + amz”  f(z0) = plz0) =
f(z1) =p(z1) = co+ ca(xr — x)
f(z2) = p(x2) = co+ cr(x2 — wp) + c2(22 — 20)

co, C1, --..Cy found by recursion
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Numerical Interpolation
Triangular Families of Polynomials

Polynomial Evaluation
Horner’'s Scheme

f(ff) ~ ngb[)(:r) + c101 (.’E) -

= o+ (z—z)(c1 + (z —z1)(ea + (z — z2)(- 7))
Remainder — Interpolation Error

B _ )
r(z) = f(z) — p(z) = W(ﬂf —xp) -+ (7 — zp)
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Numerical Interpolation
Newton’s lteration Formula

*Standard triangular family of polynomials

Newton’'s Computational Scheme

f(z) = p(z)+r(x)

B -
(n+1) Ty J(Zo)) 1

+‘}En + f)fl) (2= 20) - (2 =) f[zo, 21 |-_C£
Divided Differences z1 f(z1)3 flzo, 71, T2 |_c_3_|
f(xo) = co = co =|f (o) of [z 1, 22X of [T0, 21, T2, 23]

zy f(x9)< 1, T9, T3]

fle)=c+al z1 —z0) = a= f(fb";) : i(fﬂo) =| flzo, z1] of [22, 23]~
s z3 f(x3)-

f(@2) = cp +c1(z2 — x0) + c2(72 —

flaa)=f@) _ f@=f@0)  prp 00l Flzg, 2]

@= E—— =|f[zo, 1, z2]
¥2 TO% Ty — 0% _
4*”’///// A////
Cn = f[:BD: Lly---5 mn] - f[mla - {B»;J _ f[fBD, U mn_l}
Ip — I
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Numerical Interpolation
Newton’s lteration Formula

TEE TP PO TW -SSPy

rTyurouyriarnmics
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Numerical Interpolation
Equidistant Newton Interpolation

Eqwdlstant Sampling Divided Differences
Stepsize Implied
x; = xg+ ih

flzo,z1] = flon) = 7la) _ (f fo):% Afo

T — Tp

f[:El, :EQ] — _f[:l:[), .’El]

: f3—3f2+3f1—f0——

.f[:‘EDJ Zy, EQ} -

To — Ty 2f1
1
=1 2 hg(f 2fi+ fo) = wAQfD
1
f[$0,$1,$2,333] - ST hg(.f?t 3.f2+3.f1 fD) SIhSAng
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Numerical Interpolation
Newton’s lteration Formula

T— T ey |
— Exact

= Samples
—— Newton
Lagrange ||

function[a] = interp_test(n)

%n=2

h=1/n

xi=[0:h:1]

f=sgrt(1-xi.*xi) .* (1 - 2*xi +5*(Xi.*xi1));
WF=1-2*X1+5* (X1 . *X1)-4* (X1 . *Xi . *X1);

c=newton_coef(h,f)

m=101

x=[0:1/(m-1):1];

fx=sgrt(1-x.*x) .* (1 - 2*x +5*(X.*X));
W FX=1-2*X+5*(X.*X)-4*(X.*X.*X) ;

y=newton(x,Xxi,C);
hold off; b=plot(x,fx,"b"); set(b, "LineWidth",2);
hold on; b=plot(xi,f,".r") ; set(b, "MarkerSize",30);

b=plot(x,y,"g"); set(b, "LineWidth",2); e . . o . !
yl=lagrange(x,xi,f); by
b=plot(x,yl,*xm"); set(b,"Markersize~,5); 14| . I il
b=legend("Exact”, "Samples~, "Newton" , "Lagrange~) /y/
b=title(["n = ° num2str(n)]); set(b,"FontSize~",16); 2| /
function[y] = newton(x,Xi,c) function[c] = newton_coef(h,f) 0:\\‘ohhﬁ&_wd
% Computes Newton polynomial % Computes Newton Coefficients
% with coefficients c % for equidistant sampling h 6.
n=length(c)-1 n=length(f)-1
m=length(x) c=F; c_old=Ff; fac=1; 04t
y=c(n+1l)*ones(1,m); for i=1:n
for i=n-1:-1:0 fac=i*h; 02
cc=c(i+l); for j=i:n . _ .
xx=xi (i+1); c(+1)=(c_old(+1)-c_old(g))/fac; % 04 02 03 04 05 06 07 08
y=CcC+y.*(X-XX); end
end c_old=c;
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Numerical Interpolation
Splines

Linear Splines

A

/ X

Global Interpolation
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Local Interpolation

Cubic Splines f({B) = f(mn—l) + mn,—l(m - mn—l) y Tn-1 ST Ty

f(@ip1) — f(;)

fB',-:+1) — I

m; =
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Numerical Interpolation
Splines

Quadratic Splines

filx) = ax + bz + ¢, wig<z<a 3n coefficients

Continuity
a 177+ b ari e = f(ziog) N
) 2(n-1) conditions
a;z;_1+ bz +c¢; = f(ri-1)

End Conditions

azi+bizo+c1 = f(2o)
anmi + b'n,m'n, + Cn = f(.ﬁb’n)

Derivatives
f:(m) = 2a;,x + b,

2 conditions — 2n total

2(12_.:_123?:_1 + b’i—l = 2(1,,.:35’:_.:_1 + b,,. n-1 COI‘]ditiOﬂS - 3n'1 tO'[al

ay =0 1 condition — 3n total Non-Unique!
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filz) = aix® + bix* +ciz +d; , zi <z <

akrownNE

2.29

Numerical Interpolation
Splines

»

Quadratic Splines f(x) 4

4n unknowns

v

Continuity Conditions

Continuity — 2n-2 conditions

End conditions — 2 conditions

Continuous 15t derivatives — n-1 conditions
Continuous 2" derivatives — n-1 conditions
Second derivatives at end points — 2 conditions
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