12.006J /18.353J

Problem set 9

READING: Strogatz, Chapter 10; Baker and Gollub, pp. 74-84; M.J. Feigenbaum, “Univer-
sal Behavior in Nonlinear Systems” (handout).

For this problem set you will need to save and modify iterate.m. Please read the comments
for instructions.

1. Consider the logistic map

Tnir = f(@n, 1) (1)
= dpx, (1 —z,) 0<xz,<1 (2)
(a) Let p and ¢ be the points in a 2-cycle; ie., p = f(q, ) and ¢ = f(p, n), with

p # q. Also let g(z, 1) = f(f(z,p), ). The 2-cycle is superstable when dg/dx =0
at either x = p or x = ¢. Show that superstability requires that either p = 1/2 or

qg=1/2.
(b) Find the value of p that yields a superstable 2-cycle.

(c) Let fi, be the value of u for which a 2"-cycle is superstable. Write an implicit but
exact formula for fi, in terms of the function f(z, ).

(d) Using Matlab and your formula from part lc, find p;, i =2,...,7.
(e) Evaluate (fig — fi5)/(jir — fig). What is the significance of this number?

2. Another one-dimensional map is given by
Tpt1 = xneu(l—mn)’ x> 07 2 > 0.

Unlike the logistic map, this map has the property that z,, is always positive provided
that the initial value is positive. Therefore in an ecological context it has the property
that the “population” x,, can never become extinct.

(a) Find the fixed point(s) and examine their stability.

(b) Create a rough map of the asymptotic values of x,, for varying pu.
(c¢) Find the first four values of p where period doubling occurs.
)

(d) Let p, be the value of u where a period doubling from period 2" to period 2"+
occurs. The Feigenbaum constant § may be estimated from the formula

§ = lim Hrntt = Hn
=0 Upy2 — Hn+1

Use the values of u,, obtained above to estimate 0. Is your estimate of § similar
to the value obtained from the logistic map (4.669...). Why or why not?



3. Consider the quartic map
Tnp1 = pl = (2, — 1)1, O<p<l1

Create a rough map of the asymptotic values of x,, for varying p. Find the first few
values of p,, and estimate ¢. Is your estimate of  similar to the value obtained from
the logistic map (4.669...). Why or why not?



