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When a jet of fluid impinges on a horizontal plate, the fluid flows radially outward away
from the jet in a thin film. At a distance R; from the jet, the thickness of the film suddenly
increases. This phenomenon is known as a hydraulic jump. In general, the flow in the jump
region is turbulent.! Consider a jet with volume flux, @, and radius, a. The fluid in the jet
can be approximated as inviscid with density, p. The acceleration of gravity is —g. You
may assume the flow is axially symmetric. You may also assume a < H < R;.

The hydraulic jump can be divided into three regions as indicated in the figure: (1) the
upstream region, a < r < Rj, (2) the jump region r ~ R; and (3) the downstream region
r > R;. Follow the steps below to find an expression for the steady state jump radius, R;.

a.)[ 1 Using dimensional analysis, find a complete set of independent Pi groups forl!
this system.[]

Solution: The jump radius could depend on:[]

R] = (I)(p>Q7a7va)

However, the only parameter in this list that includes mass is p so there is no
way to eliminate [M] if p in included in a Pi group. Hence

R; =®(Q,a,H,g)

Whether we include H as a parameter depends on the far-field boundary con-
dition. In many hydraulic jump experiments, H can be tuned independently

LThis turbulence may be suppressed in sufficiently viscous fluids but here we will only consider the
turbulent case.



by placing a wall of height H at a radius much larger than the jump radius.
However H may also be determined by a balance of gravity and surface tension.
Since the far-field conditions were not specified, either answer is acceptable. L
may also be included as a possible paramter. p should not be included as the
flow is modeled as inviscid. The number of Pi groups = n — k (using the list
above) where n =5 and k = 2 ([L] and [T]). Thus
R; H a’g
I, = Iy = — I3 = —
1 p 2= 3 02
Note that II3 = a®g/Q? ~ ga/v? = 1/Fr, where Fr, is the Froude number
defined using a as a characteristic length scale.

b.)[] In the downstream region (3), the height of the free surface is a known constant,

H (i.e., the height of the free surface is NOT a function of ). Find an expression
for the average velocity in the downstream region.

Solution: By conservation of mass:

_ . Q
2w Hr

Q = 2mrHu.(r) = v.(r)

c.)[1 The upstream region (1) consists of a jet impinging on a horizontal plate. Derive

an expression for the height of the free surface in this region, h(r), and the
average radial velocity. Recall that you may assume a < R;.

Solution:

@

By conservation of mass:
Q = vima® = v27rh(r)

Following a streamline from point 1 to point 2 along the free surface, we can
apply Bernoulli (note that p = p, everywhere along the streamline).

1 1
Pa + 50@% + pgL = po + 5p05



= vy = 1/ + 2gL = \/Q?/(ma2)? + 2gL = constant = V.
The Froude number in terms of L, the distance of the jet source above the
plate, Fry, is given by v?/gL ~ Q?/a*gL. In the limit Fry > 1,
Va9

Ta?

(i.e. v1 = vg). Combining this with conservation of mass:

Q a’

- 2mrV - 2r

h(r)

d.)[] Now that you have obtained an expression for the height of the free surface and
the velocity on either side of the jump, derive an expression for R; in terms of
known parameters.

Solution:

r< Rj r > Rj
v(r) | Q/ma® | Q/2nHr
h(r) | a?/2r H

Drawing a control volume annulus with inner radius at R; — € and outer radius
Rj + € we can write down an expression for conservation of momentum?. (For
simplicity will take p, = 0.

ZLJ pvdV+/Jﬂpv(vvc)-ndA:/pandA/ pge, dV

The first term is zero since the system is in steady state. The pressure term is
also zero as the pressure at the surface is zero and, since the streamlines are
roughly straight entering and exiting the control volume, the pressure is ~ 0 in
the flow. We can also rewrite the last term using the Divergence Theorem:

fpv(v —vVv.) -ndA = —/ pgzndA
csll] cs
In the e, direction:

Q 2 2

1 1
— [2%12%(1% +0) = 3him, g2 (R; - e)]

2Note that we CANNOT match the velocities at the jump! Since the upstream and downstream heights
are different, by conservation of mass, the upstream and downstream velocities must be different.



Take the limit as € — O:

2
Q1 Q\° a? 2 a?
o0rRH —p (=% ) 2R~ = —pg | H2xR; — [ =) =R;
P <27rHRj T =P\ Sgp ) 2 Bigg = e (TR =\ o ) T

Define Fry = g%H, R = Rj/a,and A = a/H. After some algebra, the equation

above reduces to a quadratic in R and we can write the solution as:

1/2
- 2 \? 2Fry /
F’I“H ™

If Fr;, > 1and L/H > 1 then Fryg > 1. Hence

AFT’H
R = 1+
212

2\ 1/2
R ATH (T
27T2 FT‘H

Thus AD AF
rH
fimg o AR50

Or in dimensional form:[]
a2u QQ
R~ 2H o B~ 2m2ga? H?

To select the relevant solution, note that the first one implies that there is no

jump. Le. using the first solution, h(R;) = #?QH) = H hence there is no

jump (the transition from the upstream to the downstream region is smooth).
Thus, the jump solution is the second one.

e.)[] Convert your answer from part (d) into dimensionless form using your Pi groups
from part (a).

m = (2r?ndns) 7!



Q2. Adhesive Separation of Two Disks [20pts].

It is a matter of common experience that it can take a large force to separate two surfaces that are
joined by a thin layer of a viscous fluid which acts as an adhesive. Some insects such as aphids
are believed to exploit this fact by using thin adhesive-like liquid films on their feet to enable
them to walk inverted across the ceiling. In this question we consider the model problem of a
cylindrical disk (radius R) separated by a constant initial thickness Hy (<< R) with a thin
cylindrical film of a viscous incompressible Newtonian fluid (of viscosity 4 and density p) in the

gap.

. > R 1 The plates are to be separated by a
HO) Fluid z L r constant force Fj that is imposed on
~ | the lower plate as shown in the figure
V V V v V v v o opposite. We wish to solve for the
H separation profile H(¢) as a function
of time (where the overdot indicates a
Fo time derivative).

(a) The cylindrical fluid film shown has a free surface with a surface tension o. Use
dimensional analysis to provide a dimensionless constraint for conditions under which all
capillary effects (i.e. interfacial force contributions) are negligible in the subsequent
analysis.

If the additional force from surface tension is small compared to other forces in the problem then
we immediately see from inspection that we require OR/F < 1.

If you consider this from point of view of full dimensional analysis (NOT required) then we seek
to find a functional relationship of the form:

H :f(F()’,LL’pac,D,HO)

We thus find that we have n =7, k=3 and n-k = 4 dimensionless groups; choosing F (flow), u
(fluid, since we expect flow in thin gap to be viscously dominated) and R (geometry) we thus
find that for most general case:

AR _ (oR Hy phy
K F,~ R u?

the fourth group should be familiar from homework (see 7.18). If surface tension effects and
inertial effects are completely negligible then this expression simplifies to the following form:

HUR/Fy=¢,(Ho/R) .

(b) Let us consider the first instant in time (denoted# = 0™) after the constant force is applied to
the disk when the sample is cylindrical as shown. Write down the appropriate simplified
form of the Navier-Stokes equations (in cylindrical coordinates) together with the
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appropriate boundary conditions, and any dimensionless criteria which must be attained for
this simplification to be valid.

As usual for a locally-fully-developed and quasi-steady flow, we scale radial lengths with R,
axial (gap) scales with Hy , velocity with H (which needs to be found as part of the problem)
and time with 7. The radial component of the Navier-Stokes equation then simplifies to:

op 0%
0:—— L4
al” " ‘u aZZ

provided H/R <1, (pHR/,u)(H/R)2 <1, and H?/vr <1

where the characteristic scale for pressure in a lubrication flow is thus expected to be
D ~ u(H /H )(R2 / H 2) (i.e. a viscosity times a deformation rate times the (R/H )2 factor).
The appropriate boundary conditions on velocity are v, =0 at z =0, H and for the pressure we

expect p = pam atr =R.

(c¢) Find the resulting form of the radial velocity profile in terms of the (as yet unknown) radial
pressure gradient.

Integrating the velocity field twice and applying boundary conditions we obtain

2 2
vz(r,t)=H(t) (_a_p){ z z } @

2u or %_ H(t)?

Note that the directionality of v, is determined by the SIGN of the pressure gradient. If
dp/or >0 then the flow will be INwards (and vice-versa).

(d) Use conservation of mass to write down a kinematic condition that relates the volumetric
inflow through an annulus of radius » < R and the axial displacement rate H (¢) of the disk.

Use this result plus appropriate boundary conditions to find an equation for the pressure
profile across the sample. Is the pressure at the center of the disk greater than or less than
atmospheric?

9
The Navier-Stokes equation in the axial direction yields simply 0 = _8_p + pg so there are only
Z

hydrostatic variations axially and the pressure is only a function of . Applying a control volume
to a cylindrical column of fluid of radius r and height H(z) we obtain:

n |dA v Using these values we obtain:
H
—r dM )
Top surface e, | 2nrdr v, = He, d_cv +r2H + J.I:Uz (r)er].er Q2rrdz)=0(2.2)
t
0
Radial surface e | 271rdz v,(2)e,

Substituting 2.1 into 2.2 and integrating we obtain:
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H
rH:_H_Z(_a_P) : 2 (dpj 2.3)
u or )| 2H? 3H2 6,LL dr '

rearranging we find J. dp = J
p(r) "
conditions we finally obtain:

rdr and integrating radially and applying the boundary

3uH
P =po== R (2.4)

The pressure thus varies quadratically across the gap. It is minimum at the middle with a

maximum (gage) pressure drop of Ap = p(r =0)— p ., =— 3/1HR2 / H?. Ifwe compare this
with our original scaling estimate we find we were off by a factor of —3 only! Note that if we

change the SIGN of H so that we are squeezing the plates together then we get a large positive
pressure resisting the squeezing.

(e) Integrating this result for the (gauge) pressure across the plate we find that the net viscous
force exerted by the fluid on the lower plate (with outwards facing normaln = —e ) acts

axially upwards on the plate and is given by.

3 H(t
F, = .[ [P(r) = o |ndA J [p(r) - 170](—e)27rra,’r_—77[/,m4H((t))3

(2.5)

Z

Note that this is consistent with our original expectations from dimensional analysis also, which
indicated a functional form: uRH /Fy = (-2/3m)(H,/ R)3.

(f) Assuming that this expression remains valid for all future times and plate separations, we
can find an expression for the plate separation as a function of time. A force balance on the
plate gives

d*H

plate dl‘2

If we ignore the inertial mass of the plate and assume the forces are in quasi-steady equilibrium

then we find that the motion of the plate is given by

FO—FV:m

3unR* dH ' 2F " dn

Fp=tE T8 o J O4dt=J ke 2.6)

2H® dt 0 SUTR H, H

Integrating and evaluating we obtain
1 1 4 Fyt H 1

2" g2 04 o T =T (2.7)

H” Hy 3muR H, . 4FOHO

37r,uR4

The profile thus ‘blows up’ or shows a finite-time singularity at a critical
timet,. = 3muRr* / 4k H 3 . The equation (2.7) is sketched overleaf:

50
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H(t)

velocity H

\/

time t

(g) The time-dependent solution obtained in (f) must fail at some point. Use dimensional
analysis to provide an estimate for a characteristic time T for this constant force separation
in terms of the instantaneous position and velocity and thus provide a dimensionless
constraint for when your solution in (f) is valid.

The instantaneous velocity is H and the instantaneous position is H, the characteristic time scale
for the flow is thus7 ~ 1, /V, = H/H . You can either evaluate this directly or note from equation

372:/,LR4
2FRHS

substituting for 7 we thus obtain:

For the flow to be quasi-steady flow we require H 2 / VT K 1;

(2.6) thatﬁ. =7
H

54 5 \1/4
. 3nu”R or £< 3mu
2Fop
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