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6.003: Signals and Systems 

CT Feedback and Control 

March 18, 2010 

Feedback and Control 

Feedback: simple, elegant, and robust framework for control. 
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We started with robotic driving. 

di = desiredFront 
do = distanceFront 

Feedback and Control 

Using feedback to enhance performance. 

Examples: 

•	 improve performance of an op amp circuit. 

•	 control position of a motor. 

•	 reduce sensitivity to unwanted parameter variation. 

•	 reduce distortions. 

•	 stabilize unstable systems 

− magnetic levitation 

− inverted pendulum 

Feedback and Control 

Reducing sensitivity to unwanted parameter variation. 

Example: power amplifier 

F0MP3 player 

power 
amplifier 

8 < F0 < 12 
speaker 

Changes in F0 (due to changes in temperature, for example) lead to 

undesired changes in sound level. 

Feedback and Control 

Feedback can be used to compensate for parameter variation. 
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H(s) =  
KF0 

1 +  βKF0 

If K is made large, so that βKF0 � 1, then 

H(s) ≈ 
1 
β 

independent of K or F0! 

Feedback and Control 

Feedback reduces the change in gain due to change in F0. 
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Check Yourself 

F0MP3 player K 

β 

+ 

power 
amplifier 

8 < F0 < 12 speaker 

X Y 

− 

Feedback greatly reduces sensitivity to variations in K or F0. 

lim 
K→∞ 

H(s) =  
KF0 

1 +  βKF0 
→ 

1 
β 

What about variations in β? Aren’t those important? 

Crossover Distortion 

Feedback can compensate for parameter variation even when the 

variation occurs rapidly. 

Example: using transistors to amplify power. 

MP3 player 

speaker 

+50V 

−50V 

Crossover Distortion Crossover Distortion 

This circuit introduces “crossover distortion.” Crossover distortion can have dramatic effects. 

For the upper transistor to conduct, Vi − Vo > VT . 

For the lower transistor to conduct, Vi − Vo < −VT . 

Example: crossover distortion when the input is Vi(t) =  B sin(ω0t). 

+50V Vo(t) 

+50V Vo 

Vi Vo t 
Vi Vo −VT 

Vi 
VT 

−50V 
−50V 

Crossover Distortion 

Feedback can reduce the effects of crossover distortion. 

MP3 player K+ 
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+50V 

−50V 

− 

Crossover Distortion 

As K increases, feedback reduces crossover distortion. 

+50V Vo(t) 
K = 4  

Vi + K Vo − t 

−50V 
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Crossover Distortion Feedback and Control 

+50V 
Using feedback to enhance performance. Demo 

• original 
Examples: • no feedback Vi + K Vo 
• improve performance of an op amp circuit. • K = 2  

− 

• control position of a motor. • K = 4  
• reduce sensitivity to unwanted parameter variation. • K = 8  −50V 
• reduce distortions. • K = 16  

• original • stabilize unstable systems 
Vo(t) 

− magnetic levitation 

− inverted pendulum 

t 

J.S. Bach, Sonata No. 1 in G minor Mvmt. IV. Presto 

Nathan Milstein, violin 

Control of Unstable Systems 

Feedback is useful for controlling unstable systems. 

Example: Magnetic levitation. 

i(t) = io 

y(t) 

Control of Unstable Systems 

Magnetic levitation is unstable. 

i(t) = io 

y(t) 

fm(t) 

Mg  

Equilibrium (y = 0): magnetic force fm(t) is equal to the weight Mg. 

Increase y → increased force → further increases y. 

Decrease y → decreased force → further decreases y. 

Positive feedback! 

Modeling Magnetic Levitation 

The magnet generates a force that depends on the distance y(t). 

i(t) = io 

y(t) 

fm(t) 

Mg  
fm(t) 

y(t) 

Mg  

i(t) = i0 

Modeling Magnetic Levitation 

The net force accelerates the mass. 

i(t) = io 

y(t) 

fm(t) 

Mg  

fm(t)− Mg  = f(t) =Ma  =Mÿ(t) 

magnet 1 
M A A y(t)y(t) 

f(t) 
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“Levitation” with a Spring 

Relation between force and distance for a spring is opposite in sign. 

Modeling Magnetic Levitation 

Over small distances, magnetic force grows ≈ linearly with distance. 

f(t) 

y(t) 

Mg  

i(t) = i0 

magnet 1 
M A A y(t)y(t) 

f(t) 

F = K x(t)− y(t) =Mÿ(t) 

x(t) 

y(t) 

f(t) 

Mg  
−K 

y(t) 

Modeling Magnetic Levitation 

Over small distances, magnetic force nearly proportional to distance. 

f(t) 

y(t) 

Mg  

i(t) = i0 

K 

f(t) ≈ Ky(t) 

K 1 
M A A y(t)y(t) 

f(t) 

Block Diagrams 

Block diagrams for magnetic levitation and spring/mass are similar. 

Spring and mass 

F = K x(t)− y(t) =Mÿ(t) 

− M 
+ A A 

ÿ(t) ẏ(t) 
x(t) 

K 
y(t) 

Magnetic levitation 

F = Ky(t) =Mÿ(t) 

+ M 
+ A A 

ÿ(t) ẏ(t) 
x(t) = 0  

K 
y(t) 

Check Yourself 

How do the poles of these two systems differ? 

Spring and mass 

F = K 
� 
x(t)− y(t) 

� 
=Mÿ(t) 

+ 
K 
M 

A Ax(t) y(t)
ẏ(t)ÿ(t) 

− 

Magnetic levitation 

F = Ky(t) =Mÿ(t) 

+ 
K 
M 

A Ax(t) = 0  y(t)
ẏ(t)ÿ(t) 

+ 

Magnetic Levitation is Unstable 

i(t) = io 

y(t) 

fm(t) 

Mg  

magnet 1 
M A A y(t)y(t) 

f(t) 
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Magnetic Levitation 

We can stabilize this system by adding an additional feedback loop 

to control i(t). 

f(t) 

Mg  

i(t) = 1.1i0 

i(t) = i0 

i(t) = 0.9i0 

y(t) 

Stabilizing Magnetic Levitation 

Stabilize magnetic levitation by controlling the magnet current. 

i(t) = io 

y(t) 

fm(t) 

Mg  

magnet 1 
M A A 

α 

y(t)y(t) 
f(t) 

i(t) 

Stabilizing Magnetic Levitation 

Stabilize magnetic levitation by controlling the magnet current. 

i(t) = io 

y(t) 

fm(t) 

Mg  

+ 1 
M A A y(t) 

fi(t) 

fo(t) 

−K2 

K 

Magnetic Levitation 

Increasing K2 moves poles toward the origin and then onto jω axis. 

+ K−K2 
M A Ax(t) y(t)

ẏ(t)ÿ(t) 

s-plane 

But the poles are still marginally stable. 

Magnetic Levitation 

Adding a zero makes the poles stable for sufficiently large K2. 

+ K−K2 
M (s + z0) A Ax(t) y(t)

ẏ(t)ÿ(t) 

s-plane 

Try it: Demo [designed by Prof. James Roberge]. 

Inverted Pendulum 

As a final example of stabilizing an unstable system, consider an 

inverted pendulum. 

d2x(t) 
mθ(t) dt2 

θ(t)mg 
l mg 

lx(t) 

lab frame cart frame 

(inertial) (non-inertial) 

2 d
2θ(t) d2x(t)

ml = mg l sin θ(t)− m l cos θ(t)���� dt2 ���� � �� � dt2 � �� � 
I force distance force distance 
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Check Yourself: Inverted Pendulum 

Lecture 13 

Inverted Pendulum 
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Where are the poles of this system? 

x(t) 

θ(t) 

mg 
l 

m 
d2x(t) 
dt2 

θ(t) 

mg 
l 

ml2 d
2θ(t) 
dt2 = mgl sin θ(t) − m 

d2x(t) 
dt2 l cos θ(t) 

March 18, 2010 

This unstable system can be stablized with feedback. 

d2x(t)
θ(t) m 

dt2 
mg θ(t) 
l 

mg 
x(t) l 

Try it. Demo. [originally designed by Marcel Gaudreau] 

Feedback and Control 

Using feedback to enhance performance. 

Examples: 

•	 improve performance of an op amp circuit. 

•	 control position of a motor. 

•	 reduce sensitivity to unwanted parameter variation. 

•	 reduce distortions. 

•	 stabilize unstable systems 

− magnetic levitation 

− inverted pendulum 



MIT OpenCourseWare
http://ocw.mit.edu 

6.003 Signals and Systems 
Spring 2010 

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms. 

http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


