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Formula sheets are located after page 4.

1. (30 points)

o S Re[Kye " T7,

< D

A current sheet Re[koe_jkz ]zTy is placed on the x =0 surface of a material with infinite magnetic

permeability (4 —> o) for x <0. Another infinite magnetic permeability material extends from

d<x<wo.
Free space with magnetic permeability £, extends over the region 0 <x <d .

The magnetic field (/) — magnetic scalar potential ( y ) relations for the planar layer below

for variables of the form
2(x,2) =Re[ F(x)e /]

fe _cothka  — 1|3
-k sinh kA
n 1
s - cothka || 37
H, sinh kA X
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where f(x,2) ==V y(x,2) = Re[(H (x)I, + H,(x)T,)e /]
There is no magnetic field dependence on y.

a) What are the boundary conditions on the magnetic field at the x =0, and x =d_ surfaces?
What are the values of the magnetic scalar potential y(x=0,) and y(x=d_)?
b) What are the complex amplitudes of the magnetic field H(x,z) at x=0, andat x =d_?

¢) What is the magnetic force per unit area (on a wave length 27 /k) F on the infinite
magnetic permeability layer that extends d < x <00 ?

2. (35 points)

A perfectly conducting incompressible liquid (o — ) with mass density p partially fills the
gap between parallel plate electrodes stressed by voltage V. The applied voltage lifts the fluid
interface between the parallel plate electrodes by a height £ where & <s. The upper electrode in

free space is at z =s. When the applied voltage is zero the fluid interface is located at z=0.
The region outside the liquid is free space with permittivity & , mass density of zero (p =0), and

atmospheric pressure P,. The gravitational acceleration is g =—gi. and surface tension effects
are negligible.

a) What is the electric field for & < z <s between the upper electrode at z = s and the perfectly
conducting fluid interface at z =& ?
b) What is the fluid pressure p(& ) just below the interface at z=¢& ?

¢) Find an expression that relates liquid rise & (& <) to voltage ¥, and other given parameters.

d) At what voltage is & = % ?
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3.

(35 points) \ g

0

v =V,i =V,[i cos@—i,sind]

|

An inviscid incompressible liquid with mass density p has uniform irrotational flow (Vxv =0).

The flow at » = oo is uniform and z directed

v =V,i =V,[i cos@—i,sind]

The flow is incident on a solid sphere of radius R. The inviscid liquid can flow along the sphere
so that v,(r = R, ) # 0 but cannot penetrate the surface so that v (r =R, )=0. Because the

irrotational flow has Vxv =0, a velocity scalar potential @ can be defined, v =—-V® . Because
the fluid is also incompressible, Vev =0, the velocity scalar potential for » > R obeys Laplace’s

equation, V’® =0 where ®(r,8) does not depend on angle ¢. The flow does not vary with
time and gravity effects are negligible.

a)
b)
c)
d)
e)
f)

Hin

What are the boundary conditions on the velocity scalar potential at » =R, and at » =00 ?
Solve for the velocity scalar potential ®(r,0).

Solve for the velocity field v(r,6) for » > R.

What is the magnitude of the velocity |\7(r, l9)| ?

If the pressure at » =R, and 6 =0 is F,, what is the pressureat r=R,, 0=7/27

What is the equation for the velocity streamlines?

t: I cosdo = In(sin @) + constant

sin @

R3
R X
I . S - lln[r2 (1 —R—3)] + constant
r
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g) For the velocity streamline that passes through the point x=0, y=y,, z =0 equivalent to

r=y,, 0= % , = % , for what value of y does the streamline pass through when x =0

and z=—w, equivalent to r =00, O =1, ¢:%? Find y when y, =R and when y, =2R.

Hint: y =7 sinésing¢
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6642 Formula Sheet #1

Cartesian Coordinates (z,y, 2) Cartesian Cylindrical _m._d}mlnm__
T = rcos g = rsin @ cos ¢
_of, af . af . ] == rsing = rsin @ sin ¢
ﬂ%la_a+m|w.€+w_u & - = = rcosf
dA. 84, BA. iz = cos iy — sin iy = sin# cos ¢ir + cos f cos pig
VA== 4 + = sin dig
ar dy Oz . _ . . . < g . T
iy = sin ¢, + cos iy = sin @ sin¢ir + cos 8 sin dig
. (8A:  dAy . {0Az  0A; . (0A,;, 0A; + cos i
VxA=ig|{—— ——— | +iy = o +i: | = — = s i
Sy Oz dz Ox oz Ay iz = iy = cos Pir — sinfig
aif 82y  B8°f
Vif=—=S+5+5
f dz? ¥ Oy? 822
Cylindrical Coordinates (7, ¢, z)
vi= af . " 19f, 4 af. Cylindrical Cartesian Spherical
- %_q ﬂ.&_s @..M_N r = V2 g2 = rsinf
10 184, 0A, ¢ = tan 1% = ¢
v b”ﬂw?{»ﬁv B z = z = rcosf
T ix = cos Piy + sin iy = sin fir + cos Big
D4, OA 84, BHA. 1|3 (rA A, i = — sin ¢iy s @i = i
VxA=ir e, sv.‘.me = + iz~ lﬁﬂ +) - ! i - x_ze..+oom&€ _ L
r O¢ Oz az or r ar ¢ 1z = iz = cos B, — sin iy
18 / 8f 1 8%f 02f
Vif = e [r—= R T
! ™ O Aﬁ @,v + 2 9¢2 | 922
Spherical Coordinates (7,8, ¢)
; ; Spherical Cartesian Cylindrical
8 18 1 a8
d.wﬂi.mmﬂ+||mmm+ : .|ﬂ§, T = Va2 +y? + 22 = VT4 22
or r 88 rsinf ¢ _ i z _ 1 2
0 = cos —— = cos .
1 o 1 B(sin0Ay) 1 844 wityite Vrite
VA= S 50iA,) T remg 88 T sng 69 9 - o g = ¢
1y ir = sinfcos¢ir +sinfsingi, = sin8i, + cos 0,
A A | 1 d(sinfA,) OAg + cos i
A i rsind o8 N O¢ ig = cosfcosgiy +cosfsingiy = cos Pl —sin i,
—sinfi.
i 11 04 80y L 17004 24 iy = — sin gix + cos Gy = iy
é r |sing d¢ ar 4 r ar 50 Geometric relations between coordinates and unit vectors for Cartesian, cylindrical,

18 af 1 8. 1 &
Pop— @ Y 2 B gV N n S
! 2 Or Aﬁ mq.v._.%mmwsmmm hi; _wmv+ﬁwm.5mm®$w

and spherical coordinate systems.

Page 5 of 9



6642 Formula Sheet #1

Vector Identities

(AxB)-C=A-(BxC)=(CxA)-B
Ax(BxC)=B(A -C)-C(A-B)

V- (VxA)=0

U x (V=0

V{fg) = fVg+gVFf .

V(A -B)=(A -V)B+(B-V)A+Ax (VxB)+Bx(V x A)
V. (fAY=fV A+(A-V)f

V- (AxB)=B-(VxA)—-A (VxB)
Vx(AxB)=A(V - B)—B(V-A)+(B-V)A—{A-V)B
VX (fA)=VfxA+fVXxA
Hﬂxwa>nﬂb.qv>|wﬂ>.3

Vx(VxA)=V(V.-A)— VA

Integral Theorems

Line Integral of a Gradient
b
[ vi-a=0- 1@

Divergence Theorem:

\d..mr.ﬁ\ﬂxx.?.&m
Vv S

Corollaries

\_\ﬂx_ﬁ\ﬂm.ﬁmm

\4x>&xut A x dS
v 5

Stokes’ Theorem:

.&.P.Q-H\AQXPV.Qm
L s
Corollary

m\&u\\mﬂxam

Maxwell’s Equations

Integral Differential Boundary Conditions
Faraday’s Law
$E dl=-< [ B.d8 VxE=-28 nx(E,—E])}=0

Ampere’s Law with Maxwell’s Displacement Current Correction
fH-dl=[J;-dS+ L [(D-dS VxH=J;+22 nx(H;-H)=K;
Gauss’s Law

%. Un—mub\b&ﬁ:\ d.U”.DN S.AUNIUHv”QN
ﬁw.awuo vV.B=0 n-(Bz—B1)=0
Conservation of Charge

Fodp-dS+ L [ prdv =0 VI +% -0 n@-)+%i-o
Usual Linear Constitutive Laws

D =«¢E

B=uH

J¢ = o(E + v x B) = ¢E'[Ohm’s law for moving media with velocity v]

Physical Constants

Constant Symbol Value units
Speed of light in vacuum c 2.9979 x 108 22 3 x 10*  m/sec
Elementary electron charge e 1.602 x 10719 coul
Electron rest mass Me 9.11 x 10-3¢ kg
Electron charge to mass ratio = 1.76 x 1011 coul/kg
Proton rest mass my 1.67 x 10~27 kg

" Boltzmann constant k 1.38 x 10-28 joule/°K
Gravitation constant G 6.67 x 1011 nt-m?/ (kg)?
Acceleration of gravity g 9.807 m/(sec)?
Permittivity of free space €0 8.854 x 10712 =~ H%m\ao farad/m
Permeability of free space Mo dm % 1077 henry/m
Planck’s constant h 6.6256 x 10734 joule-sec
Impedance of free space o = ,\w 376.73 =~ 120w ohms
Avogadro’s number N 6.023 x 1023 atoms/mole
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Courtesy of MIT Press. Used with permission.
Appendix A in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,

1981. ISBN: 9780262131650.
Page 7 of 9



2 2 2 @ 34
a (13 1 3 >.n 2 m&m, 3 >n i 5 mbﬂ 2 m:rm >®non 2 =
T At S-St i VA -— -3 T3 T I 5|
Brar or Ty 2 gy g 552 I'F r“ r r“sind
2 2 3 3A
o2 clafie e 23 Mty | 2% T tcom %._w@
A EAE T V)T LT T T e e " S TR TR TP DL
2 2
1oa [ %\ 1 FA L FAL, 2 Ay 2 ¥ pe0s8 Mgls
il S e e s T e i +q>5|m N.TN erw 5 5% | T
¥ dr er r" 238 9z £ r“sin"0 ¥ sinf r sin’ 8
+ e T T B e ’ %fWWfl&lW-m@-m%Iﬁ
u,N r dr r 3 z 3z r T r or r 388 r sinb 3 T T T
oA, C, dA A C.A A o o >. cotf
e o " 5,8 S I A 9 My Gy B m r
Ge¥a Hu« +A0H 3 = r 38 * nN dz % r Hm +An~. T + ﬂ.lmw] * r sinf % * B
A C, dA dA 34 C, 9A Cc SA C A m b nOn
4 —z ., 8 = —Z|7 ¢, 8 _b . 6 b, ¢r
ta +Ann ar b r 0 F mu oz HN + ,,nn ar + r 98 t T sind ad e +
N
3A A A -]
T x +T WM +T \ﬁ T |im>u +T w|m>m +.f., + |m> T i +T w|m>m+»|w/ I TR 3 S 6T 9%
xx\3x yy\dy zz\dz rr\ ar Bo\T 99 gy P rr\ar a6\T 28 T ¢4\ T sind 3¢ T T
GEW RS A 34 34, BA 84 9A. A\ . 34 WA
3 . 8 1
S_“qu + T == + T N'W.Almu.vWI:d + T 1 Lo ] +T |m|+WIn||+H ||@w.+||.I|M||a
xy\dy ax ) 3r °r r 38 Bz\r 88 3z ré\ ar r 38 T T\ or r sind 3¢ T
34 m.P 84 BA, 3A A
S b = g B 174 1 8 _ cotd
i yz\oz * m% e T +.Hm9 T3 T T sin® 3 T >ﬂ
3T 3T, aT 3T 3 T -
S O 13 13 1 ra): 13 2 LBy sl b o _ :
ax T 3y 5z T Tee? T3 Te ~ ¥ Toe Y EZ ik L2 9 G Ty * T2 98 Ty sin )t T 2 K R i ...AW wM
Tl ek
Tox, My Py Mog T er 13 2 13 1 el Tee cotd . Y2
, 211 L. 08 S ik g L 2 @i ) +—— 2 (T, sinf) + — = . T, )i
v N5 T oy e )y HE T8 Y FE et Tz e %wn? re) ¥ Toi6 35 (e ° Teid % 'r T o) te
BT 3T 3T 3T aT 3T
ZX zy 2z |7 19 1 _""=z8 zz |t L 2 2 + L 8¢ 1 r |7
& 3x + By il 3z HN g r T..H_Nﬂv * r 96 ! 3z v._.m Hm ar (x Hﬁu r 38 r sin 8¢ 1

Appendix A in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,
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Massachusetts Institute of Technology
Department of Electrical Engineering and Computer Science
6.642 FORMULA SHEET

1. DIFFERENTIAL OPERATORS IN CYLINDRICAL AND SPHERICAL COORDINATES

Ifr, ¢, and z are circular | cylindrical coordinates | and i,, iy, and i, are unit vectors in the directions
of increasing values of the corresponding coordinates,
LoU 18U

au
VI = gradll = §— 5o 5,22
U=gra ! or 2(1’1" d¢ " 0z

- > 10(rA;) 1044 OA,
. = A = —_——_— MMM = S
Vi sl =sa r  or + r O¢ i 0z

S (104, 84\ .. (0A. BA\ . [10(rAs) 104,
VxA-curlA—"L?.(ragb 82>+%(52_6T)+12(T e 204

10/ 8U 1 0°U  0%U
U =di dU === [rZ= —_— g N
VU =dwgraad r or (r 8r) T2 O¢h? = 022

If r, 6, and ¢ are [spherical coordinates‘ and i, iy, and i, are unit vectors in the directions of
increasing values of the corresponding coordinates,
ou 10U

. . . 1 oU
VU =gradU =450 +ios o0 +iera 555

- = 10(r?A,) 1 3(Agsind) 1 04,
v A =sfipd = =
v i r2  Or + rsinf o6 * vanp ¢

o . 1 O(Agsinf) 1 04, . 1 04, 10(rdy) . (10(rdy) 10A.
VXA_CWIA_%(TSiHG o6 rsinf d¢ ¥ H rsind 8¢ r Or Tl r ar v o6

18 (,0U 1 9 8u 12U
2 g _ 1o ,0U . L
VAU =divgredU = — = (T Br) + 25me 8 (Smga@) T ZanZo D2

2. SOLUTIONS OF LAPLACE’S EQUATIONS

A. Rectangular coordinates, two dimensions (independent of z):

® = e* (A; sinky + Ag cos ky) + e~ (B, sin ky + Bs cos ky)
(or replace e** and e=%® by sinh kz and cosh kz).

® =Axy+ Bz + Cy+ D;(k=0)

B. Cylindrical coordinates, two dimensions (independent of z):

¢ =r" (Arsinng + Az cosng) +r~" (B sinng + Bs cos ng)

R
‘i’:ln?(A1¢+A2)+Bl¢+BQ;(ﬂ:O)

C. Spherical coordinates, two dimensions (independent of ¢):

@:Arcosﬁ+§2cosﬂ+g+D
r r
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