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Prof. Markus Zahn MIT OpenCourseWare

Problem 1
A

A

Figure 1: Two superposed fluids surround and wet a cylindrical rod of radius R.

Two superposed fluids surround and wet a cylindrical rod of radius R. The interfacial surface tension is
~ and fluid/rod contact angle is #. The lower fluid has mass density p;, and the upper fluid has mass density
pa wWhere p, > p,. The vertical displacement of the fluid interface £(r) is a function of the radial position
r rising to a height h at the rod surface at » = R. Thus the fluid/rod interface at » = R has the interface
height h and contact angle relationships

c(r=R)=h, & = ot (0)

) ar
r=
We assume that there is no variation with the angle ¢ and that the maximum interfacial displayment h is
small enough that a linear analysis for £ (r) can be assumed. Gravity is g = —gi..

Question: Far from the cylinder (r >> R) the fluid interface is at z = 0. For r = oo what is
the difference in pressures just below and just above the interface,
AP (r=00,2=0)=PF,(r=00,2=0_) — P, (r =00,2=04)?

Solution:

Interfacial Force Balance at r = 0o, z = 0:

Py(r=00,2=0_)=P, (r=00,2=04)

AP (r=00,z2=0)=PF,(r=00,2=0_)— P, (r=00,2=04)=0



Final Exam: 2008 6.642, Fall 2008

B

Question: Defining the function F (r,z) = z — £(r), the interface between the two fluids is lo-
cated where I (r,z) = 0. To linear terms in ¢ (r) what is the unit interfacial normal 77

Solution:

F(rz)=2-¢(r)
OF. 19F.  OF-

__vyr _ o e T 9s et

= = 72 =t artr

VEH prey=o0 OF\* L (LoF ° L (9F ?
or r 0¢ 0z

C

uestion: e surface tension force per unit area is given by T, = —y (V e 1) 7. at is 7,7
Questi Th f: tension f it is gi by T. v What is 7,7
Solution:
2l —\ = 1o(rn, 10n M, | —
T,= =y (Vemm=— [r Gred 4 320 1 o
nr:—%,n¢:0,nzzl
_ A _
Ty = 4+ [1‘9(8?)] (7 - 53

D

Question: Using Bernoulli’s law and interfacial force balance the governing linear equation for
interfacial shape ¢ (1) can be written in the form

A(r) LD 4 B (r) LD 4 O (r g (r) =0

r2

What are A (r),B(r) and C (r)?

Solution:
Py (r,z=¢€-(r)) + ppg€ (r) = Py (r = 00,2 =0_)
Py (r,z2 =& (1)) + pag€ (r) = Py (r = 00,2 = 04)
Py(rz=€ (1) — Pa(r =& () — 7V em =0
()

~g(m—pa) €0+ L0 g
d?¢ (r dé (r — pa) & (r
d§r(2)+% fdi)_g(pb 5)5():0
7“2 dQ;T(QT) 4 rdgdir) _ g (pb’y_ pa)T_Zg (’I“) =0

d*¢ (r) d€(r)  g(py—pa) o,
A(T‘)W—FB(T) i 5 r°¢(r)=0

A(r) =12, B(r) = r,C (r (r) = —Mr% (r)
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E
Question: Taking {(r=R) =h and £ (r = o0) = 0, solve for £ (r).

Solution:
&(r) = Cily (ar) + C2Ko (ar) ,a = w
E(r=00)=0=C1=0

_ _ _ _ h
g(T—R)—CgKo(aR)—h:>CQ— Ko(aR)

AL (pp — pa)r>

Question: How is h related to the contact angle 07

Solution:

K, < 9 (py— pa)r>
ot = —p ] 9LPe = Pa) v
r=R Tk ( 9(po — pa)R>
r=R

y
K, < [ g (p —pa)R>
h— cot § v
\/g(pb—pa)K \/g(pb—pa)R
v ! v

g
dr
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Problem 2

Figure 2: Two superposed and perfectly electrically insulating fluids are contained between parallel plate
walls at y = +d carrying surface currents +Kgi,.

Two superposed and perfectly electrically insulating fluids are contained between vertical plane walls
at y = +d. The fluid interface has surface tension v and the identical wall contact angles at y = +d are
f. The lower fluid is a ferrofluid with mass density p, and magnetic permeability p and the upper fluid is
non-magnetic with mass density p, and magnetic permeability po with p, > p,. The vertical displacement
of the fluid interface £ (y) is a function of position y rising to a height h at y = £d. Thus the fluid/wall
interface at y = +d has the interface height h and contact angle relationships

s
dy

y=d dy

The vertical plane walls at y = £d are perfectly conducting and carry oppositely directed surface currents
K((y=d)=-K(y=—-d) = Koyi,

We assume that there is no variation with the z coordinate and that the maximum interfacial displace-
ment A is small enough that a linear analysis for £ (y) can be assumed. Gravity is § = —gi,.

A

Question: The magnetic field is assumed to be spatially uniform in both fluids given by

- H, (upperfluid)
H =
Hy, (lower fluid)
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What are H, and H;, (magnitude and direction)?

E()lutign:
H,=H,=—-Koi,

B

Question: Defining the function F (x,y) = = — {(y), the interface between the two fluids is
located where F (z,y) = 0. To linear terms in £ (y) what is the interfacial normal 7?7

Solution:
F(z,y)=2—¢&(y)
n=VF=i, — (%g

C

Question: The surface tension force per unit area is given by T, = —v (V e7)7n. What is 7,7
Solution:

7= (Vemn=—m (- 25 ) =24

D

Question: Using Bernoulli’s law within each region find the difference in the pressures just
below and above the interface at any position ¢ (y),

Ap(y) = Py (£~ (y)) — Pa (§+ (y))

in terms of given parameters and the pressures just below and just above the interface at y =0
Ap(y=0)=PFy(x=0_,y=0)— P, (x =04,y =0)

Note: It is not yet possible to find the pressure difference Ap(y = 0). You will be able to find
this in part(f).

Solution:

Py (y) + ppgé = Py (x =0_,y =0)
= Ap(y) =Py (y) — Pa(y) = Ap(y=0) — g (pp — pa) €
Pa(y)+pag§:Pa(x:0+ay:O)

E

Question: Using the result of part (D) and interfacial force balance including the magnetic
surface force the governing linear equation for ¢ (y) can be written in the form

2
djy(zy) —Al(y)=-B

What are A and B?

2
Solution: ﬂ@—&@H@ﬁ7wﬂ%wb0
~—————

Ap(y)
Take i =z = n, = 1,ny=—g—§,nz =0
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Tijn; = Typeny + Twny + T

7 2| oo (o —p) o
T.=% %—%—Hz = LR Teana]) =~ i3
Tw:uHH_o
A 25 ,LLOK27O
d? = p
vdyg—g(pb—pa)ﬁJrAp(y:O)Jr( 5 O)Ko=0
¢ (py— pa) (1 — po)

Sl Vo A Ap(y = NARAUY SN
e S NIRURE
— 1 _
4= 9lp pa)7B_{Ap(y_O)+(u “O)Kg]
, g g 2
d=§
> _A¢=-B
dy? ¢
F

Question: Taking ¢ (y =d) = £ (y = —d) = h and that £ (y = 0) = 0 solve for ¢ (y) in terms of given
parameters and Ap (y = 0).

B
§(y) = 1 + C cosh V/ Ay + Cy sinh vV Ay

E(y=4d) :hzg—l—ClcOSh\/Zd—&—Cgsinh\/Zd

Ely=—-d)=h= g + C cosh VAd — Cy sinh v Ad
Substract:
2Csinh VAd=0= Cy =0

B
B _Z
h=—+CjcoshVAd = C; = —2—
A ! ! cosh v Ad
B
B h—~ Vi
= — cosh
£(y) t— \f o Ay
G
Question: Solve for the pressure difference just below and just above the interface at y = 0,
Ap(y =0).
Solution:
b B
B A B
=0)=—7+ =0=h=—(1-coshVAd
W )= cosh vAd A ( )
Ah L/ p— uo) 2
= = — Ki+P(r=0_,y=0)—P,(x=0,,y=0
1 — cosh \/Zd v ( 2 0 b ( Y ) ( +:Y )
Ap(y=0)
K=o\ -2 Ahy
A 0)=PFP(z=0_,y=0 z=04,y=0 Ky— ———F—
plr=0) =Pyl =0y =0 Pu (o= 0y =0) = - (520 ) g - T
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H

Question: How is h related to the contact angle 07

Solution:
B
" ﬂ(h-/& B
— —cot@—sinhx/ﬁd—ﬂ(h—)tanhmd
dy|y—q cosh v/ Ad A
B 1 _ (1 — o) ;o
= | =0+ g
1 M Ahy 1= o\
=— |- 22—+ K,
VA{ ) coshvVAd — 1 2 0
B h
_cosh\/Zd—l
cot 0 = VAh (1—1> tanh v Ad
coshvVAd — 1
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Problem 3

Surface tension ¥

g—® 0

Figure 3: A point charge Q is located at the center of a perfectly insulating liquid spherical drop surrounded
by a perfectly conducting liquid of infinite extent.

A point charge @ is located at the center of a perfectly insulating liquid spherical drop with mass den-
sity p; with dielectric permittivity e. This drop is surrounded by a perfectly conducting liquid of mass
density py that extends to r = oco. The point charge @ is fixed to r = 0 and cannot move from this po-
sition. The fluid interface has surface tension . As the interface is radially perturbed by displacement

£(0,0,t) = Re [éPfﬁ (cos ) ej(‘”t_md))} all perturbation variables change as:
Fluid velocity:w (1,60, ¢,t) = Re [(, (r) i, + 99 (r) g + g (r) ip) P (cos ) ej(“’tfm“b)] 0<r<oo (both regions)
Pressure:p (1,0, ¢,t) = Re [p (r) P (cos §) e @t=m9)] 0<r<oo (both regions)

Electric field:e (r,0, ¢,t) = Re [(&, (r) i, + ég (r)ig + é (r) ip) P (cos0) e/t =m9)] 0 <r < R+¢ (inner droplet)

Electric potentialie = —V®, ® (1,0, ¢,t) = Re [‘i (r) P (cos0) ej(Wt*m¢)} 0<r<R+¢ (inner droplet)
A position just inside the interface at = (R + §) _ is labeled 1 and just outside the interface at r = (R + &)
is labeled 2.

A

Question: What is the equilibrium electric potential @ (r), and electric field E (r) = —V® within
the inner droplet for 0 < r < R.

Solution:

() = 12 B () =

:47rer2 O0<r<R

B

Question: What is the equilibrium jump in pressure across the spherical interface Ap (r = R) =
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pi(r=R_)—p2(r=Ry)?

2
Solution: Equ1hbr1um E(r=R) = — P — E’Y — T =0
2
€ € 2 Q 1
TT‘T = = — = = —
' j 2 (r=FR) (47TR2) 2¢e
r=R 2
’y 1
A i A
N A (47TR2

C

Question: What boundary condition must the total electric field satisfy at the »r = R + ¢
interface? Apply this boundary condition to determine the perturbation electric scalar po-
tential complex amplitude ® (r = R_) in terms of interfacial displacement complex amplitude &.

Solution:

nxE(r=R+¢{=0=

o doe 1ok B e
[zr— 7o Rsin93¢l¢:| X {(ET (r=R)+ = T_R§+er1> ir + ep1ig + €p1ig T:Rﬁ—O

_ E (r=R)0
(691+RE)§E (T:R)> o (e¢1+m£> -

1 99’ 199!
_ / I - _
C=TVE == R0 | _,
o 1 09!

€= T rsng 0¢

=R ~ " Rsing 0

r=R

by Q¢
P I e
T Rog4AmeRZ T R a0 -
(I)/(T:R):ZLWGRQ
by Q¢
L Er=Ro_ 1 8[(1)(’"_1%) 4776R2}_
T T Rsn® 06 Rsind 96 -
O (r=R) = 472;2
&)(TZR):AI%%%?

Question: What are the perturbation pressure complex amplitudes p; and p; at both sides of

the » = R + ¢ interface in terms of interfacial displacement complex amplitude é

p1 = jwpr [Fn (0, R) D1 + Gy, (R,0) Dy (r = 0)]
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Po = jwps |G, (ﬁ, 00) Uy (r = 00) + F, (00, R) D2
Drl - ﬁr2 - jwf

ARG

n[xv}: n -

T ]

G [z, }:g 2n+1 nl .
L )]

R R
FH[O,R}:—g,Fn[OO,R n+1

G, [R,0] =0,G,, [R,00] =0(n #£0,1)

R . S W3R »
p1 = jwpi1Fy, (0, R) (wa) S
2
. A pw R
P2 = jwpaFy, (00, R) (Jwé) = 3

E

Question: What is the radial component of the perturbation interfacial stress complex ampli-

tude T, due to surface tension in terms of interfacial displacement complex amplitude é?

Solution:

~ /y ~
Ty = —?(n— (n+2)¢
F

Question: What is the perturbation radial electric field complex amplitude é,. (r = R_) in terms

of & (r = R_)? Using the results of part (C) express é, (r = R_) in terms of ¢.

Solution: R
b Mg _ Q¢
S A AmeR?
G

Question: Find the dispersion relation. Is the spherical droplet stabilized or destabilized by
the electric field from the point charge Q7

Solution:

. . Y 2
Pr—p2 = 5 (n=1)(n+2)€ = Trjn; =0
Trjnj =Tpn, + Trong + T’r’d)nd); n, =1,n9 =

1 0¢ 1 o€

“Rag T " Rsinf 0¢

10



Final Exam: 2008

6.642, Fall 2008

Torlyopee = 5 |(Be(r= R+ +er(r =)’ = ¢ (r = R) = &3 (r = R)]
2

To(r=R+¢)=3 [Ef(r:R)+2Er(r:R) [‘Zi’“ §+er(r:R)”
r=R
T =Rt =B =) | Y| et =R)
dr R
_4 @ Q n_,
T AndR? [_ omeRBS Rq)l}
@ el 9,9,
T 8m2eR5° AnR3 AmeR2
@ n
_87T26R5€ [1 + 5}
Tr&ne‘T:RJ’_& = GET» (T‘ =R+ 5) €p (7‘ = R) <_;g§>

=0 (Second Order)

1 0
Trognol,—pre = €Br (r=R+ &) ey (r = R) <_Rsin9<9i>

=0 (Second Order)

~ 2/\
R TURR R I

5 1+ﬁ)=o

2

WR (24 L2 ) 2 m=1)(n+2)— % (1—&-2)

n n+l) R2 8m2eRD 2
Electric field destabilizes interface.

H

Question: If (G) is stabilizing, what is the lowest oscillation frequency? If (G) is destabilizing,
what is the lowest value of n that is unstable and what is the growth rate of the instability?

What value of Q will only have one unstable mode?

Solution:
1 First unstable mod 2 and 1 table if 27 5 @
n — 1Irst unstaple mode. N = an arger are stable 11 — = e—
& R?2 = 87m2eR5

|Q| < 47 [6’7R3} 1/2

11

(2) or Q? < 16vR372e
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