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1. (33 points)

Surface tension y

L2 T e I

Two superposed fluids surround and wet a cylindrical rod of radius R . The interfacial surface tension is ¥
and fluid/rod contact angle is €. The lower fluid has mass density p, and the upper fluid has mass
density p, where p, > p,. The vertical displacement of the fluid interface () is a function of the

radial position I rising to a height h at the rod surface at r = R. Thus the fluid /rod interface at r = R
has the interface height h and contact angle relationships

&(r=R)=h, ((jj—f R =—cot(9).

We assume that there is no variation with the angle ¢ and that the maximum interfacial displacement h

is small enough that a linear analysis for £(r) can be assumed. Gravityis § = —gi_Z .

A) Far from the cylinder (r >> R) the fluid interfaceisat Z=0. For r =c0 what is the difference
in pressures just below and just above the interface,

AP(r=m,z=0)=R(r=0,z=0_)-PF,(r=x,z=0,)?



B)

)
D)

E)

F)

Defining the function F(r,z) =z —£(r), the interface between the two fluids is located where

F(r,z)=0. Tolinear termsin &(r) what is the unit interfacial normal 1 ?
The surface tension force per unit area is given by 'FS =—y(Ven)N. Whatis 'FS ?

Using Bernoulli’s law and interfacial force balance the governing linear equation for interfacial
shape &£(r) can be written in the form

ar 40 259) 82D s o(r ey -0
dr dr

What are A(r), B(r) and C(r,&)?
Taking £(r=R)=h and &(r =) =0, solve for &(r).

Hint: One form of Bessel’s equation is:

d? d
XZWXJFXd_i_(pZ +a’x?)y=0

with solution
y(X) =Cyl (ax) +C, K, (aX)
where | p is the modified Bessel function of first kind of order p and Kp is the modified Bessel

function of second kind of order p .

How is h related to the contact angle 67

dl (ax I (ax
Hints: 1. %:alpﬂ(ax)+%
dK , (ax) pK , (aX)
2. F:j—)(:_OCKpﬂ(ax)"'p—
B
dK, (ax
4 Ko (%) ):—aKl(ax)

dx



—» <

g=-9i,
Surface
tensl'on Y

2. (33 points)

R(y=d)=Ko,

Two superposed and perfectly electrically insulating fluids are contained between vertical plane walls at
y =+d . The fluid interface has surface tension y and the identical wall contact anglesat y =+d are 4.

The lower fluid is a ferrofluid with mass density o, and magnetic permeability zz and the upper fluid is
non-magnetic with mass density p, and magnetic permeability 14, with p, > p,. The vertical
displacement of the fluid interface £(Y) is a function of position Yy rising to a height h at y =+d .

Thus the fluid/wall interface at Yy =+ d has the interface height h and contact angle relationships

sly=d)=&(y=-d)=h

d¢
dx

_4s

= cot(#)
y=d dy

y=—d

The vertical plane walls at y =+d are perfectly conducting and carry oppositely directed surface currents

K(y=d)=-K(y=-d) =K,

We assume that there is no variation with the zZ coordinate and that the maximum interfacial

displacement h is small enough that a linear analysis for £(y) can be assumed. Gravityis J = —gi_X .



A)

B)

Q)
D)

E)

F)

G)

H)

The magnetic field is assumed to be spatially uniform in both fluids given by

_ Ha  (upper fluid)
H=< _
Hy  (lower fluid)

What are |:|a and Hb (magnitude and direction)?

Defining the function F (X, y) =X—£(Y), the interface between the two fluids is located where
F(x,y)=0. Tolinear termsin &(y) what is the interfacial normal i ?

The surface tension force per unit area is given by 'FS =—y(Ven)N . What s 'Fs ?

Using Bernoulli’s law within each region find the difference in the pressures just below and
above the interface at any position £(Y),

Ap(y) =R, (E_(Y) = Pa(&. ()

in terms of given parameters and the pressures just below and just above the interface at
y=0

Ap(y=0)=R,(x=0_,y=0)-P,(x=0,,y=0)

Note: It is not yet possible to find the pressure difference Ap(y =0). You will be able to find this
in part (f).

Using the result of part (D) and interfacial force balance including the magnetic surface force the
governing linear equation for £(y) can be written in the form

d*s(y)
dy’
Whatare A and B?
Taking £(y =d)=&(y =—-d) =h and that £(y =0) =0 solve for £(Y) in terms of given
parameters and Ap(y =0).

—-AS(y)=-B

Solve for the pressure difference just below and just above the interface at

y=0, Ap(y=0).

How is h related to the contact angle 6?



Surface tension y

3. (34 points)

A point charge Q is located at the center of a perfectly insulating liquid spherical drop with mass density
£, and with dielectric permittivity &. This drop is surrounded by a perfectly conducting liquid of mass
density p, that extendsto I = . The point charge Q is fixedto I = 0 and cannot move from this

position. The fluid interface has surface tension y . As the interface is radially perturbed by displacement

£(0,¢,1)= Re[é;an (cos@)ed (™™ a4l perturbation variables change as:

Fluid velocity: V(r, 6, é,t) = Re[(V, (1), +V, (N, +V,(NF,)P"(cos9)e ™) ] 0<r <o (both regions)
Pressure: p(r,0,4,t) = Re[p(r)P" (cos#)e! )] 0<r < (both regions)
Electric field: E(r, 6, 4,t) = Re[(€, (1T, +8&,(r)T, +&,(NT,)P" (cos0)e ™ ] o< r<Rr+¢ (inner droplet)

Electric potential: € = -V®, O(r,0,¢,t) = Re[(Cf)(r) P™(cos g)el(@-m)] 0<r<R+¢ (innerdroplet)

A position just inside the interface at r =(R+&£)_ is labeled 1 and just outside the interface at
r=(R+¢), islabeled 2.

A) What is the equilibrium electric potential ®(r), and electric field E(I’) =—V® within the inner

dropletfor 0O<r<R.
B) What is the equilibrium jump in pressure across the spherical interface

AP(r=R)=p(r=R)-p,(r=R.)?
C) What boundary condition must the total electric field satisfy at the r =R+ & interface? Apply
this boundary condition to determine the perturbation electric scalar potential complex amplitude

&)(r = R_) in terms of interfacial displacement complex amplitude 92



D)

E)

F)

G)

H)

What are the perturbation pressure complex amplitudes [31 and [32 at both sides of the

r =R+ ¢ interface in terms of interfacial displacement complex amplitude &.

Hint: Use transfer relations from Tables 7.9.1 and 2.16.3 from Continuum Electromechanics by J.R.
Melcher (attached). Take the perturbation velocity at r =c0 and r =0 to be zero.

What is the radial component of the perturbation interfacial stress complex amplitude T, due to

surface tension in terms of interfacial displacement complex amplitude &?

Hint: See surface tension Table 7.6.2 from Continuum Electromechanics by J.R. Melcher
(attached).

What is the perturbation radial electric field complex amplitude ér (r=R_) interms of

Ci)(r =R_)? Using the results of part (C) express € (r = R_) in terms of fA

Hint: Use transfer relations from Table 2.16.3 from Continuum Electromechanics by J.R. Melcher
(attached).

Find the dispersion relation. Is the spherical droplet stabilized or destabilized by the electric field
from the point charge Q?

If (G) is stabilizing, what is the lowest oscillation frequency? If (G) is destabilizing, what is the
lowest value of N that is unstable and what is the growth rate of the instability? What value of Q

will only have one unstable mode?



6. 642 Formula Sheet #1

Cartesian Coordinates (z,v, z) Cartesian Cylindrical .m‘ﬁ_mmﬁ.na__
x = rCos ¢ = rsinf cos ¢
_ af . af af. Y = rsing = rsin @ sin ¢
d%\ﬁ_aLfm‘w_eg_:mu_u u = z = reost
84, B8A AA, ix = cos pir — sin iy = sin @ cos @i, + cos @ cos Pig
v mu-w;1+m|@.+ = sin ¢ig
* ¥ 2 iy = sin gi, + cos iy = sin#sin @i, + cosf sin iy
Pt i mmcvi Am\; \%rv +i mm? mxnv +cos Big
=i @w. oz Y\ 8z Ox A\ Bz dy iz = iz = cos 01y — sinfig
mm .*. 8 f
o2y gt AR R S R
#= + 8y + 822
Cylindrical Coordinates (7, ¢, 2)
af. 18f, af . Cylindrical Cartesian Spherical
Y =t t g r . VaZ 1y = rsinf
i 1y _
10 1 % aA ¢ = tan = ¢
d.b\\Mﬁﬂlﬁv+|m|$+ 2 z = z ° = rcosf
rar + g ir = cos ¢iz + sin @iy = sin #i, + cos Biy
. 10A; %\»& . A, 0A, 1)@ Aﬂ\—ﬁv 24, mﬂ = — sin @iz + cos &mﬂ = mﬁ
Vsl =de hﬂ ap 9z v tip A 92  or v +§m T ar ag 1x = iz = cos fir — sinBiy
18 ( 8f 1 8%f 3f
Vif= ==+
f= ﬁQﬁA wﬁv.f 72 9¢2 ' 922
Spherical Coordinates (r, 8, ¢)
Spherical Cartesian Cylindrical
o 18 1 &
Q.-.Hi.ﬁr....ll.m—m.f : wl&.—& T = Val+y? + 22 = VT4 22
or r 48 rsinf 8¢ 0 — cos—1 =z _ cos—1 z
1 8 1 &(sinfAg) 1 944 umﬁ%tu Vritar
Q.LHME w>v+ s 38 A ma ¢ = cot b = ¢
r2d{riAr TEI% ok i = sinfcos iy +sin#singi, = sin fir + cos 0,
A= 1 d(sinbdy) BAg +cos i
VxA=i, cemd | o8 l@% ig = cosfcosdir +cosfsingiy = cos iy — sindi,
—sinfi.
1 1 84,  8(rdy) . a T;.L_mv 8Ar ig = — sin ¢y + cos ¢iy = iy
W _em sinfd d¢ T or " _@__m Tar ao Geometric qm_&:o_._v between coordinates and unit <mnﬁo} for Cartesian, cylindrical,
o2 f and spherical coordinate systems.

L 8f 1 a8 . af 1
Sp, o G of ing 2L
V= q.w ar Aq. Q,_vgwﬂmm_zmmm th v._. i

r2sin” @ %




£ 642 Formula Sheet #1

Vector Identities

(AxB)-C=A-(BxC)=(CxA) B
Ax(BxC)=B(A -C)-C(A-B)
V-(VxA)=0

T x(Vf)=0

V(fg)=fVg+gVf :

VIA-Bl=(A-V)B+{(B-VIA+Ax (VxB)Bx(VxA)

V- (fAY=fV-A+(A-V)f

V- (AxB)=B.(VxA)—A. (VxB)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A - (A -V)B
Vx(fA)=VfxA+fVxA

3x>wx>nﬂ>.qv>|wﬂ>.3
Vx(VxA)=T(V.A)-VIA

Integral Theorems

Line Integral of a Gradient

b
\ Vi-dl= ) - f(a)

Divergence Theorem:

\.Q.P&A\H.ﬂmr.&m
v S

Corollaries
VidV = ¢ fdS
v =
VXxAdV=—-¢ AxdS
v s

Stokes’ Theorem:

%P.&_H\Aﬂxbv.mm
L )
Corollary

‘Mw&H\\mﬂ%xam

Maxwell’s Equations

Tntegral Differential Boundary Conditions
Faraday’s Law
s 7 7
§E dl=-£ [ B.dS VxE=-22 nx(E,-E;)=0

Ampere’s Law with Maxwell’s Displacement Current Correction
§H-dl= [, J; .mw+%.__.m“_u.&m VxH=Js+ _w|_w n x (H2 —Hi) =Ky
Gauss’s Law

$,D-dS = [, ppdV V-D=pf n.(Dz - D)= oy
mw‘ﬂwuo vV-B=0 n-(Bz-B;)=0
Conservation of Charge

$s35-dS+ 2 [, ppdV =0 VI % -0 n@-I)+%=0
Usual Linear Constitutive Laws

D =¢E

B=ypH

Jr=c(E+vxB)= oE [Ohm’s law for moving media with velocity v]

Physical Constants

Constant Symbol Value units
Speed of light in vacuum c 2.9979 x 108 2 3 x 105 m/sec
Elementary electron charge e 1.602 x 10~19 coul
Electron rest mass e 9.11 x 10—31 kg
Electron charge to mass ratio 3%« 1.76 x 101! coul/kg
Proton rest mass mp 1.67 x 10727 kg

" Boltzmann constant k 1.38 x 10~28 joule/°K
Gravitation constant e 6.67 x 10~11 nt-m?/ (kg)?
Acceleration of gravity g 9.807 m/(sec)?
Permittivity of free space €0 8.854 x 10712 =~ Hw.omww farad/m
Permeability of free space Ho 4w x 1077 henry/m
Planck’s constant h 6.6256 x 10734 ) joule-gsec
Impedance of free space o = ,\w 376.73 =~ 120w ohms
Avogadro’s number N 6.023 x 1023 atoms/mole
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Courtesy of MIT Press. Used with permission.
Appendix A in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,
1981. ISBN: 9780262131650.
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3A C, oA C A C A C. A.cotl
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Courtesy of MIT Press. Used with permission.
Appendix A in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,

1981. ISBN: 9780262131650.



Massachusetts Institute of Technology

Department of Electrical Engineering and Computer Science
6.642 FORMULA SHEET

1. DIFFERENTIAL OPERATORS IN CYLINDRICAL AND SPHERICAL COORDINATES

If r, ¢, and z are circular | cylindrical coordinates | and i, iy, and i, are unit vectors in the directions
of increasing values of the corresponding coordinates,

Lou 19U | 8U
vU—gTGdU—Zr§+Z¢;8—¢+EZa

.o 1O(rA)) 104,  OA,
VA—deﬁT = +7‘8¢ e

V x A= curld =3, (1%—}:; = —6A¢) + g (BAT — %) + i, (18(7"/—1@ . BAT)
7

0z 0z ar r  Or r O¢

10 ( 8U 182U 89U
U =di dU === (== — = Z =
Vb =awgmdl T ar (1" 87") 2 92 + 522

If r, 0, and ¢ are ’spherical coordinates1 and i, ip, and ¢4 are unit vectors in the directions of
increasing values of the corresponding coordinates,

LU 19U 1 08U
VU =gradl =t-50 s ap +he a5

_ 16(7"2AT) 1 J(Agsinf) 1 04,
Ved=divd= e o remb 8 reiod 0o

o 5 1 9 (A¢ sin 9) 1 0Ag . 1 0A, 10 (TA¢) i 19 (TA()) 18A,
VXAicm"lA_%(rsinﬁ oo rsin® J¢ + b T T | o -

rsiné?(')‘_d;_'r or r  Or r o8

18 (,0U 1 9 ou 19U
2r7 _ _ 29 (.2 Lo — il

VU =divgradU i (r 61") +’J"28in936 (smﬂag) + 2 emZ 6 92

2. SOLUTIONS OF LAPLACE’S EQUATIONS

A. Rectangular coordinates, two dimensions (independent of z):

® = ¥® (A; sin ky + Ag cosky) + e~ (By sin ky + Bs cos ky)

(or replace ¢** and e=** by sinhkz and cosh k).

®=Azy+ Bz +Cy+ D;(k=0)

B. Cylindrical coordinates, two dimensions (independent of z):

¢ = 1" (A sinng + Ay cosng) + r~" (B; sinng + By cos ng)

R
@:In?(A1¢+A2)+Bl¢+Bz;(n:O)

C. Spherical coordinates, two dimensions (independent of ¢):

@:Arcos@+§2cosﬁ+g+D
r T

12



Table 2.16.1. Flux-potential -transfer relations for planar layer in terms of electric
potential and normal displacement (%,Dy). To obtain magnetic relatioms,
substitute (@,Dx,C) - (‘P‘Bx,u).

Planar layer
. . o]
= H T
\
-I ------------------ l """"""""""" = €Y E (.)
; ~B =1 i
H _ LD“. B coth(yd) ] _0 ]
"-"““-\::‘.ﬁ "I"..'é """ Z - - [y |
& D, Y & | =coth(yd) m%:ﬂ;; n:
¥ ¢
- -] (kyy + k:z) " EY- g e
® = Re ¥(x,t) e i =1 D
5 L@ | Lm coth(yA) 1 LD".
= 2 2
vV 4k

Courtesy of MIT Press. Used with permission.
Table 2.16.1 in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,
1981, p. 2.33. ISBN: 9780262131650.



Table 2.16.2. Flux-potential ralations for cylindrical annulus in terms of electric potential and
normal displacement (¢,D;). To obtain magnetic relations, substitute (@,Dr,s)-*(\f,nr,u).

ra— 3(:,;);3 (m0® + kz)

B3 £,(8,0) g (a,8) |3
=g (a)
e (8,0) £ (a,8) ||38
r LALE m'?
k=0, m=20

£,00y) = 30 g (xy) = A

k=0, m=1,2,¢°¢
a (O +
) =
(" - &7
2n 1
T - %
k40, m=0,1,2...*
JkH (Jkx)J] (3ky) = J_(§kx)H] (Jky))

gm(X.y) =

fn(x,y) =

(I, (Gk)E (§ky) = I (ky)H_(§kx)]

- — 2]
B Y) = R G0, (k) = I, (R, Gl

k[R (kx)T} (ky) - 1, (K] (ky) )
(1, 00K (ky) - I (ky)K (ix)]

f‘(xr,') -

= 1
8a07) = ST 00K, () = I, Gk, ()]

& Fa(B,0) G (a,B) | D]
o | ®)
Bl € 58
[ G (B,0) F_(a,B)||D;
k=0, m=0
No inverse

k=0, m=1,2,°-
X B ]
L1+ ")
m m m
(®"- 1
‘ 2 1
Cytx,y) = 3L
n B opX @ YR
(&) - O
k¢$0, m=0,1,2,--%
§ 1 WL (kB (3ky) - B (3kx)T (ky)]
Fal0?) = 3% T ORL G - I GI0HL (337

B (x,y) =

-2

S T (=) EM P LM T RO E P EME )]

r gy o 1 TTA00K0) - RONI,A9)])
¥ T K T 0 IE G) - 1 (K] (k)]

1
R ) M CH TR I M S T )

~a 30 kI, ()

g+0 D = ef (0,a)¢7; £,(0,a) = - —I:-(m (c)
- kK! (kB)

a+ e g - et (2,808 £ (w,8) = - ::+(“37 (@)

*®
See Prob. 2.17.2 for proof that Hp(fkx)Jg(jkx) = Jp(ikx)H'g(jkx) = - 2f(1kx) and Kg (kx) Iy (kx)

= Im(kx)Ky(kx) = 1/kx incorporated into gy and Gpy

2,35
Courtesy of MIT Press. Used with permission.

Sec. 2.16

Table 2.16.2 in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,

1981, p. 2.35. ISBN: 9780262131650.
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Table 2.16.3.

potential and normal displacement (%,Dg).

substitute (¢,Dr,e) + (¥,B_,1).

Flux-potential transfer relations for spherical shell in terms of electric

To obtain magnetic relations,

$ = Re 3{:,:)?:(:« 0)e~ ™

ar
m 2,m/2
’n = (1L -x ) _._-l.

P, =1, P =x, rz-%(axz-n
Py =3 Gx° - 30)

P, =3 (5 - 3022 + 3)

o P: P? P] cos md rg ?;' cos m P'; P: cos mf
0| 1 fcos@ + 3 (3 cos? 0-1) * 3 (5 cos®0 -3 cos 0) *
+ +
| 0 |sin © +H - |+ 3 8inBcos® t : : %ain& (€] m’e-n" : ; +
B - +
20| o |3 sta?s [o-+-H 15 51020 cos® R
3o o 0 15 sta’6 R
5% £ (8 P} o I ~a
; - | @) g, (a,B) @ ¢ 1 F,(B,0) G (a,B) |ID) -
la B (Bio) £ (a,8) |[3 ¥ ¢ o B0 F (a8 ||BE
(b + @) & 2 &+ L H™
£ (xay) = —2 _ - nlr P (x,y) = L2 L‘l - n+11 7y )
xS - vy " - DY
(2n+1) 2ol 1
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Courtesy of MIT Press. Used with permission.

Table 2.16.3 in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,

1981, p. 2.39. ISBN: 9780262131650.
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Table 7.6.2 in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,

Courtesy of MIT Press. Used with permission.
1981, p. 7.7. ISBN: 9780262131650.
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Table 7.9.1 in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press,
1981, p. 7.12. ISBN: 9780262131650.

Courtesy of MIT Press. Used with permission.





