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Preface

Mechanical engineering is one of the largest engineering disciplines that present
tangible solutions for whole humanity’s prosperity and the quality of life. Rapidly
increasing demands have been increasing its importance more and more. The many
areas within the scope of mechanical engineering include transportation, power
generation, energy conversion, machine design, manufacturing and automation, the
control of system. The purpose of the Mechanical Engineering book is to present to the
engineers in industrial areas and to the academic environments the state-of-to-art
information on the most important topics of modern mechanical engineering.

This Mechanical Engineering book is organized into the following five parts:

I Power Transmission Systems

I Manufacturing Processes and System Analysis

III Thermo-Fluid Systems

v Simulations and Computer Applications

\% New Approaches in Mechanical Engineering Education and Organization
Systems

The first part of this book starts with a collection of articles on the power transmission
systems. This section introduces modeling of transmission parameter, the performance
and simulation, and dynamics analysis of gearboxes. Section two collects articles about
the manufacturing processes and system analysis such as welding, plastic forming,
investigation of mechanical properties, and vibration analysis. The third section
presents the studies related to thermo-fluid science and it includes topics such as fuel
reforming, steam turbines used distributed power production, numerical modeling of
wet steam flow, collapse behavior of cavitation bubble, and visualization of cavitation
flow. The subsequent fourth part provides a platform to share knowledge about the
simulation and computer applications in mechanical engineering. Lastly, section five is
a collection of articles that investigate modern education methods and engineering
projects in mechanical engineering.

I would like to express my sincere appreciation to all of the authors for their
contributions. The successful completion of the book Mechanical Engineering has been
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the result of the cooperation of many people. I would like to thank the Publishing
Process Manager Ms. Leda Bace for her support during the publishing process, as well
as Mr. Metin Ertufan for inviting me to be the editor of this book.

Dr. Murat Gokgek PhD,

Faculty of Engineering

Department of Mechanical Engineering
Nigde University, Nigde,

Turkey
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Mechanical Transmissions Parameter Modelling

Isad Saric, Nedzad Repcic and Adil Muminovic
University of Sarajevo, Faculty of Mechanical Engineering,
Department of Mechanical Design,

Bosnia and Herzegovina

1. Introduction

In mechanical technique, transmission means appliance which is used as intermediary
mechanism between driving machine (e.g. of engine) and working (consumed) machine.
The role of transmission is transmitting of mechanical energy from main shaft of driving
machine to main shaft of working machine. The selection of transmission is limited by the
price of complete appliance, by working environment, by dimensions of the appliance,
technical regulations, etc. In mechanical engineering, so as in technique generally,
mechanical transmissions are broadly used. Mechanical transmissions are mechanisms
which are used for mechanical energy transmitting with the change of angle speed and
appropriate change of forces and rotary torques. According to the type of transmitting,
mechanical transmissions could be divided into: transmissions gear (sprocket pair), belt
transmissions (belt pulleys and belt), friction transmissions (friction wheels) and chain
transmissions (chain pulleys and chain). (Repcic & Muminovic, 2007)

In this chapter, the results of the research of three-dimensional (3D) geometric parameter
modelling of the two frequently used types of mechanical transmissions, transmissions gear
(different types of standard catalogue gears: spur gears, bevel gears and worms) and belt
transmissions (belt pulley with cylindrical external surface, or more exactly, with pulley
rim) using CATIA V5 software system (modules: Sketcher, Part Design, Generative Shape
Design, Wireframe and Surface Design and Assembly Design), is shown.

Modelling by computers are based on geometric and perspective transformation which is
not more detail examined in the chapter because of their large scope.

It is advisable to make the parameterisation of mechanical transmissions for the purpose of
automatization of its designing. Parameter modelling application makes possible the control
of created geometry of 3D model through parameters integrated in some relations
(formulas, parameter laws, tables and so on). All dimensions, or more precisely, geometric
changeable parameter of gear and belt pulley, can be expressed through few characteristic
fixed parameters (m, z, z1, z2 and N for the selected gear; d, By, d, and s for the selected belt
pulley). Geometry of 3D mechanical transmission model is changed by changes of these
parameters values. Designer could generate more designing solutions by mechanical
transmission parameterisation.

Because AutoCAD does not support parameter modelling, and command system, that it has,
does not make possible simple realization of changes on finished model, parameter



4 Mechanical Engineering

oriented software systems (CATIA V5, SolidWorks, Mechanical Desktop, and so on) which
used analytical expressions for variable connection through parameters are used. CATIA V5
(Computer-Aided Three-dimensional Interactive Application) is the product of the highest
technological level and represents standard in the scope of designing (Dassault Systemes,
IBM, 2011). Currently, it is the most modern integrated CAD/CAM/CAE software system
that can be find on the market for commercial use and scientific-research work. The biggest
and well-known world companies and their subcontractors use them. It is the most spread
in the car industry (Daimler Chrysler, VW, BMW, Audi, Renault, Peugeot, Citroen, etc.),
airplane industry (Airbus, Boeing, etc.), and production of machinery and industry of
consumer goods. The system has mathematical models and programs for graphical shapes
presentation, however users have no input about this process. As a solution, it is written
independently from operative computer system and it provides the possibility for program
module structuring and their adaptation to a user. In the ,heart” of the system is the
integrated associational data structure for parameter modelling, which enables the changes
on the model to be reflected through all related phases of the product development.
Therefore, time needed for manual models remodelling is saved. The system makes possible
all geometric objects parametering, including solids, surfaces, wireframe models and
constructive elements. (Karam & Kleismit, 2004; Saric et al., 2010) Whole model, or part of
model, can parameterise in the view of providing of more flexibility in the development of
new variants designing solutions. Intelligent elements interdependence is given to a part or
assembly by parameterising. The main characteristic of parameter modelling in CATIA V5
system is the great flexibility, because of the fact that parameters can be, but do not have to
be, defined in any moment. Not only changing of parameter value, but their erasing, adding
and reconnecting, too, are always possible. (Karam & Kleismit, 2004) Total Graphical User
Interface (GUI) programmed in C++ program is designed like tools palette and icons that can
be find in Windows interface. Although it was primarily written for Windows and
Windows 64-bit, the system was written for AIX, AIX 64-bit, HP-UX, IRIX and Solaris
operative system. To obtain the maximum during the work with CATIA V5 system,
optimized certificated hardware configurations are recommended (Certified hardware
configurations for CATIA V5 systems, 2011).

Parameter modelling in CATIA V5 system is based on the concept of knowledge, creating
and use of parameter modelled parts and assemblies. (Saric et al., 2009) Creating of 3D
parameter solid models is the most frequently realized by combining of the approach based
on Features Based Design - FBD and the approach based on Bool's operations (Constructive
Solid Geometry - CSG). (Amirouche, 2004; Shigley et al. 2004; Spotts at el., 2004) The most
frequent parameter types in modelling are: Real, Integer, String, Length, Angle, Mass, etc. They
are devided into two types:

- internal parameters which are generated during geometry creating and which define its
interior features (depth, distance, activity, etc.) and

- user parameters (with one fixed or complex variables) which user specially created and
which define additional information on the: Assembly Level, Part Level or Feature Level.

So, parameter is a variable we use to control geometry of component, we influence its value
through set relations. It is possible to do a control of geometry by use of tools palette
Knowledge in different ways:
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- by creating of user parameters set and by their values changing,
- by use of defined formulas and parameter laws that join parameters,
- by joining of parameters in designed tables and by selection of appropriate configured set.

The recommendation is, before components parameterising, to:

—

check the component complexity,

2. notice possible ways of component making,

3. notice dimensions which are going to change and
4. select the best way for component parameterising.

2. Mechanical transmissions parameter modelling

Modelling of selected mechanical transmissions was done in Sketcher, Part Design and
Generative Shape Design modules of CATIA V5 system. As prerequisite for this way of
modelling, it is necessary to know modelling methodology in modules Wireframe and Surface
Design and Assembly Design of CATIA V5 system. (Karam & Kleismit, 2004; Dassault
Systemes, 2007a, 2007b; Zamani & Weaver, 2007)

After finished modelling procedure, mechanical transmissions can be independently used in
assemblies in complex way.

Parameter marks and conventional formulas (Table 1. and 5.)) used in mechanical
transmissions modelling can be found in references (Repcic & et al, 1998; Repcic &
Muminovie, 2007, pgs. 139, 154-155, 160-161). Clear explanations for transmissions gear and
belt transmissions can be found in references (Repcic & et al., 1998, pgs. 54-106, 118-151).

2.1 Transmissions gear parameter modelling

Next paragraph is shows 3D geometric parameter modelling of characteristic standard
catalogue gears: spur gears, bevel gears and wormes.

Gears were selected as characteristic example, either because of their frequency as
mechanical elements or because exceptionally complex geometry of cog side for modelling.

Every user of software system for designing is interested in creation of complex plane curve
Spline which defined geometry of cog side profile.

The control of 3D parameterised model geometry is done by created parameters, formulas
and parameter laws shown in the tree in Fig. 1. (Cozzens, 2006) Parameters review, formulas
and parameter laws in the Part documents tree activating is done through the main select
menu (Tools — Options — Part Infrastructure — Display).

Spur gear Bevel gear Worm

z z1, z2 z1=1

m m=1,5
a=20 deg

p=m*PI

r=(z*m)/2 r=(z1*m)/2 d=20 mm
rb=r*cos(a) rb=rc*cos(a)
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Spur gear Bevel gear Worm

rf=r-1.2*m

ra=r+m ra=d/2+ha

rr=0.38*m

ha=m

hf=1.2*m

xd=rb*(cos(t*PI)+sin(+*PI)**PI) N=6,5

yd=rb*(sin(t*PI)-cos(t*PI)*t*PI) L=(N+1)*p

0<t<1 gama=atan(m*z1/d)
delta=atan(z1/z2) dz=-L/2

rc=r/ cos(delta)

le=rc/sin(delta)

te=-atan(Relations\ yd.Evaluate(a/180deg)/
Relations\ xd.Evaluate(a/180deg))

b=0.3*rc

ratio=1-b/lc/ cos(delta)

dZ=0 mm

Table 1. Parameters and formulas

fixed parameters

»locked” parameter, which

means that its value cannot
user parameters set serves the change until it is ,,unlocked”

purpose for adjusting of
parametered gear geometry

=18, 734mm=r
EL-ZZ rf=1

values of changeable
parameters are defined
with formulas

formulas <

Fig. 1. Gear geometry control
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2.1.1 Spur gears parameter modelling

To define fixed parameters (Fig. 2.), we select command Formula f&. from tools palette
Knowledge or from main select menu. Then, we:

1. choose desired parameter type (Real, Integer, Length, Angle) and press the button New
Parameter of type,

type in a new parameter name,

assign a parameter value (only in the case if parameter has fixed value) and

4. press the button Apply to confirm a new parameter creation.

SN

Formulas: Spur_Gear El@
Fiker On Spur_Gear
Filter Name :|
Filter Tyne : [Uiser parameters =
Filter Type : jUser parameters =
Double click on to edit it
Parameter | Value: | Formula Active |~
2 20
a Z0deg
P 6,263mm =m*pl yes
r Zhmm ={z*m}jz yes
b 18,794mm =r*cos(a) yes
I 17,6mm =r-1.2*m yes v
Edit nar value of the current parameter
O SO
New Parameter of type|freal (1 | with [Single value | Add Formula
Delete Parameter | @ Delete Formula I
I P e

Fig. 2. Fixed parameters defining

Formulas: Spur_Gear

i) e
Filter On Spur_Gear

Fiter Name :|
Fiker Typs : |User parameters =]

Doubde click on a parameter to edit it
Parameter [ value | Formula | Active [ A

b
it 17,6 =r-1.2%m A
ar vahue of the current parameter
—_— .

Hew Perameter of typs [ Real | 1 | with [single value = @ Add Formula

Delete Parameter Delete Formula
D ok | O agy | S cunc

| =N

Fig. 3. Changeable parameters defining
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Most geometrical gear parameters are changeable and are in the function of fixed
parameters m and z (Fig. 3.). We do not need to set values for these parameters, because
CATIA V5 system calculates them itself. So, instead of values setting, formulas are defined
by choosing the command Formula fe (Fig. 4.). When formula has been created, it is

possible to manipulate with it by the tree, similar as with any other model feature.

Circle Constructors

3
=]
o
sl
)
e

iR R|®| 7
I -
[fz*mjiz
Diictionary Members of Parameters Members of Al
FartBodySketch, 1WActivity s
Renamed parameters | |PartBodytSketch. 13AbsolutedxdsiActivity =
FartBodyhSketch. 1YCoincidence, T3 Acvity
Pointer on value functions  — |CstAtr_Mode ~ |PartBodySketch. 1WCoincidence, 154 mode
Point Constructors Length PartBodySketch. 1\Parallelism. 200\Activity
Law Angle PartBodySketch. 1\Paralelism. 20ymade
Line Constructors Flane PartRodvSketeh. 1WParalalizm. 2 1A tvity bt

<

| <

& Cancel |

Fig. 4. Formula setting

Law Editor : xd Active

w =

®/|~2|e

@3

Flaw created by Isad

iz2.2007%

xd=rb*{cos{t*PI* lrad )+ sin(t *PI* Irad ) *t*FI)

Formal parameters i Type 1

xd Length
t
Mew Parameter of kype JReal |
Remove I
Dictionar Members of Parameters Members of Al
A # | |PartBodylSketch, 1Activity A
Keywords Renamed parameters PartBody!Sketch. 11absolutedsxdstActivity
Design Table Boolean PartBody!Sketch. 1\Coincidence. 19\ Activity
Operators Cstattr_Mode PartBody!Sketch. 14Coincidence. 19\mode
Pointer on value function: Lenath PartBodyiSketch. 1\Parallelism, Z0LActiviey
Paint Constructors o |Andle PartBody|Sketch. 1\Parallelism. 20\mode
= Flane PartBody\Sketch. 1\Parallelism. 21 Activity
< > Inkeaer ¥ |partBodyiSketch, 11Parallelism. 21\mode b
I I
- [®_ok | @ sy | @ cancel |

Fig. 5. Setting of parameter laws for calculation of x and y coordinates of involute points

Position of the points on involutes profile of cog side is defined in the form of parameter
laws (Fig. 5.). For coordinate points of involute (x0,40), (x1,y1), ... , (¥4,y4) we most
frequently define a set of parameters. To create parameter laws, we choose the command

Law ‘ fog ‘ from tools palette Knowledge. Then, we give two laws in parameter form, which we

are going to be used for calculation of x and y coordinate points of involute

xd =rb*(cos(t* PI * 1rad) + sin(t * PI * 1rad) * t * PI)
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yd =rb* (sin(t * PI * 1rad) — cos(t * PI * 1rad)* t * PI) 2)
While we use law editor, we have to take into account the following:

- trigonometric functions, specially angles, are not considered as numbers, and because
of that angle constants like 1rad or 1deg must be used,
- PIis the value of the number 7 .

For the purpose of accuracy checking of previously conducted activities, review of formulas,
parameter laws and values of all defined fixed and changeable parameters is activated in the
tree of Part document (Tools — Options — Knowledge).

The example of spur gear parameter modelling is shown in the next paragraph. All
dimensions, or more precisely, geometric changeable parameters of spur gear are in the
function of fixed parameters m and z. We can generate any spur gear by changing
parameters m and z.

Part Number m z dg d b, be br b
G2-20 2 20 30 15 20 35 5 2,35
G3-40 3 40 60 25 30 50 8 3,34
G4-60 4 60 120 30 40 60 10 3,34

Table 2. Selected spur gears parameters

1° G2-20 2°G3-40 3° G4-60
(m=2 mm, z=20) (m=3 mm, z=40) (m=4 mm, z=60)

Fig. 6. Different spur gears are the result of parameter modelling

Fig. 6. shows three different standard catalogue spur gears made from the same CATIA V5
file, by changing parameters m and z. (Saric et al., 2009, 2010)

2.1.2 Bevel gears parameter modelling

The example of bevel gear parameter modelling is shown in the next paragraph. All
dimensions, or more precisely, geometric changeable parameters of bevel gear are in the
function of fixed parameters m, z; and z,. We can generate any bevel gear by changing
parameters 1, z; and z».
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Part Connection between hub and
Number m |z |z | dg | d b. b shaft
B2-25 2125|2540 |12 | 10,6 | 25,52 M5
DB3-15 3115|3036 |18 | 17 | 36,26 M6
FB4-15 4 115|160 |48 |20 | 34 59,9 M8

Table 3. Selected bevel gears parameters

Fig. 7. shows three different standard catalogue bevel gears made from the same CATIA V5
file, by changing parameters m, z; and z». (Saric et al., 2009, 2010)

1° B2-25 2° DB3-15
(m=2 mm, z1=25, z,=25) (m=3 mm, z1=15, z,=30) (m=4 mm, z:=15, z,=60)

3° FB4-15
Fig. 7. Different bevel gears are the result of parameter modelling

2.1.3 Worms parameter modelling

The example of worm parameter modelling is shown in the next paragraph. All dimensions,
or more precisely, geometric changeable parameters of worm are in the function of fixed
parameters m, z; and N. We can generate any worm by changing parameters 1, z; and N.

Part Number | m |z | d, | d | L | Ly Connection between hub and shaft
W1,5-1 1,51 ]23]10 |35 |45 M5
W2,5-2 252 |35 |15 |45 | 60 M6
W3-3 3 |3 |41 ]20|55]|70 M8

Table 4. Selected worms parameters

° @
1° W1,5-1 2°W2,5-2 3° W3-3
(m=1,5 mm, z1=1, N=6,5) (m=2,5 mm, z:=2, N=5) (m=3 mm, z;=3, N=5)

Fig. 8. Different worms are the result of parameter modelling
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Fig. 8. shows three different standard catalogue worms made from the same CATIA V5 file,
by changing parameters 1, z; and N. (Saric et al., 2009, 2010)

2.2 Belt transmissions parameter modelling

This application includes wide area of the industry for the fact that belt transmitting is often
required. Generally, belt transmitting designing process consists of needed drive power
estimate, choice of belt pulley, length and width of belt, factor of safety, etc. Final design
quality can be estimated by efficiency, compactness and possibilities of service. If engineer
does not use parameter modelling, he/she must pass through exhausting phase of design,
based on learning from the previous done mistakes, in order to have standard parts like belt
pulleys and belts, mounted on preferred construction. This process is automatized by
parameter modelling. In such process, characteristics that registered distance between belt
pulleys, belts length, etc., are also created. Such characteristics, also, register links, belt angle
speeds and exit angle speed. The results for given belts length can be obtained by the
feasibility study. Few independent feasibility studies for the different belts lengths are
compared with demands for compactness. In such a way, several constructions of belt
transmitting can be tested, and then it is possible to find the best final construction solution.

The example of belt pulley parameter modelling is shown in the next paragraph. The belt
pulley K is shown in the Fig. 9., and it consists of several mutual welded components: hub
G, pulley rim V, plate P and twelve side ribs BR. All dimensions, or more precisely,
geometric changeable parameters of belt pulley are in function of fixed parameters d, By, d,
and s. We can generate any belt pulley with cylindrical external surface by changing
parameters d, By, d, and s.

Ko\ KONI

kv 9B ko

&_ &/M ons

ot

% sS4

AN DN

a4

B

Fig. 9. Modelling of belt pulley parts with cylindrical external surface

Dimensions of hub depends from diameter of shaft d,, on which hub is set. Shaft diameter is
the input value through which the other hub dimension are expressed.

Hub shape can be obtained by adding and subtraction of cylinders and cones shown in the
Fig. 9.
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G=CYL1+CYL2-CYL3-KON1-KON2-KON3-KON4 ©)

Pulley rim of belt pulley depends from diameter of belt pulley d, pulley rim width By,
diameter of shaft 4, and minimal pulley rim thickness s.

V =CYL4-CYL5-CYL6 - KON5 - KON6 4

Plate dimensions depend from diameter of belt pulley 4, minimal pulley rim thickness s and
diameter of shaft d..

P=CYL7 -CYL8-6CYL9 ©)

Side ribs are side set rectangular plates which can be shown by primitive in the form of
prism.

BR = BOX ©)
Whole belt pulley is obtained by adding of formed forms.

K=G+V+P+6BR @)
Belt pulley with cylindrical external surface
CYL1: D=1,6 d,, H=0,75 d, CYL9: H=0,14,

CYL2: D=1,7 d,, H=0,65 d,+2 mm KON1: D=1,6 d,, H=1 mm, angle 45°
CYL3: D=d,, H=1,4 d,+2 mm KON2: D=1,7 d,, H=1 mm, ang]le 45°

CYL4: D=d, H=B; KON3: D=d,, H=1 mm, angle 45°

CYL5: D=d-2 s, H=By/2+0,05 d,+1 mm KON4: D=d,, H=1 mm, angle 45°

CYL6: D=d-2 s-0,1 d,, H=B;/2-0,05 d,-1 mm KONS5: D=d-2 s-0,1 d,, H=1 mm, angle 45°

CYL7: D=d-2 s, H=0,1d, KONG6: D=d-2 s, H=1 mm, angle 45°
CYLS: D=16 ., H=0,1 4, BOX: A=[(d-2 'SC);ldfi 'iliv]/ 2, B=0,35 By,

Table 5. Parameters and formulas

10 K200 2° K315 3° K400
(d=200 mm, Bi=50 mm (d=315 mm, Bi=63 mm, (d=400 mm, Bi=71 mm,
4,250 mm’ 5=4 mm) ’ d,=60 mm, s=4,5 mm, d,=70 mm, s=5 mm,
’ dop=204 mm, d,=60 mm) dop=250 mm, d,=70 mm)

Fig. 10. Different belt pulleys with cylindrical external surface are the results of parameter
modelling
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Fig. 10. shows three different standard belt pulleys with cylindrical external surface made
from the same CATIA V5 file, by changing parameters d, B, d, and s. (Saric et al., 2009)

Use of side ribs that are posed between holes on the plate is recommended during
modelling of belt pulleys with longer diameter (Fig. 10.).

Rotary parts of belt pulley shown in the Fig. 9., can be modelled in a much more easier way.
More complex contours, instead of their forming by adding and subtraction, they can be
formed by rotation. In the first case, computer is loaded with data about points inside
primitive which, in total sum, do not belong inside volume of component. In the second
case, rotary contour (bolded line in the Fig. 11.) is first defined, and, then, primitive of
desired shape is obtained by rotation around rotate axis.

ROTI

BOX

Fig. 11. Modelling of rotary forms

For primitives, shown in the Fig. 11., final form is obtained after the following operations

K= (ROT1 —ROT2 - 6CYL) U 6BOX ®)

3. Conclusion

Designer must be significantly engaged into the forming of the component shape. Because
of that reason, once formed algorithm for the modelling of the component shape is saved in
computer memory and it is used when there is need for the modelling of the same or similar
shape with similar dimensions. (Saric et al., 2009)

Parts which are not suitable for interactive modelling are modelled by parameters. In the
process of geometric mechanical transmission modelling in CATIA V5 system, we do not
have to create shape directly, but, instead of that, we can put parameters integrated in
geometric and/or dimensional constraints. Changing of characteristic fixed parameters
gives us a 3D solid model of mechanical transmission. This way, designer can generate more
alternative designing samples, concentrating his attention on design functional aspects,
without special focus on details of elements shape. (Saric et al., 2010)

For the purpose of final goal achieving and faster presentation of the product on the market,
time spent for the development of the product is marked as the key factor for more profit
gaining. Time spent for process of mechanical transmissions designing can be reduced even
by 50% by parameter modelling use with focus on the preparatory phase (Fig. 12.).
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Preparation Designing phase Changing phase
'

3D Design 28%

Software

29 X 100%

Basic
CATIA V5
use

X 80%

Relation of design activities

CATIA V5
parameter
approach

0
10% X 50%

Fig. 12. Relation of design activities and reducing of time spent for design by parameter
modelling

These are the advantages of parameter modelling use:

- possibility to make family of parts with the same shape based on one created model,

- forming of libraries basis of standard mechanical elements which take up computer
memory, similar to the classic approach of 3D geometric modelling, is not necessary,

- use of parameters enables global modification of whole assembly (automatic
reconfiguration),

- development of the product is faster, etc. (Saric et al., 2009)

We can conclude that CATIA V5 system offers possibility of geometric association creation
defined by relations established between parameters. Therefore, components
parameterisation must obligatory apply in combination with today’s traditional geometric
modelling approach. Direct financial effects can be seen in production costs reduction,
which increases the productivity. Therefore profit is bigger and price of products are lower.
(Saric et al., 2010)

Obtained 3D model from CATIA V5 system is used as the base for technical documentation
making, analysis of stress and deformation by Finite Element Method (FEM), generating of
NC/CNC programs for production of the parts on machine (CAM/NC), Rapid Prototyping
(RP), etc.
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5. Nomenclature
A mm side rib length
a ° line of contact angle
B mm side rib width
By mm pulley rim width
BR - side rib
b mm cog width
b, | mm hub width
by mm keyway width
b, mm gear width
C mm side rib thickness
CYL - cylinder
D mm appropriate diameter of belt pulley components
d mm gear pitch circle; diameter of the hole for shaft; diameter of belt pulley
d;, | mm interior diameter of hub
do | mm diameter of the hole on the plate
dop | mm diameter on which holes on plate are set
dy mm diameter of shaft
delta ° a half of an angle of front cone
dZ | mm | translation of geometry over z axis; translation of worm surface over z axis
G - hub
gama | ° angle of helix
H mm appropriate length of belt pulley components
ha | mm addendum part of cog height
hf mm root part of cog height
K - belt pulley
KON - cone
L mm helix length
L; | mm hub length
Ic mm cone axis length
m mm module
N - number of helix
P - plate
PI - value of number 7
P mm step on pitch circle
ROT - rotation
r mm pitch radius
ra mm addendum radius
ratio - factor of scaling exterior to interior cog profile
rb | mm basic radius
rc mm length of generating line of back (additional) cone
rf mm root radius
rr mm radius of profile root radius
s mm minimal pulley rim thickness
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t - involutes function parameter

ti mm keyway depth

tc ° cutting angle used for contact point putting in zx plane
\4 - pulley rim

xd | mm | xcoordinate of involutes cog profile generated on the base of parameter t
yd | mm | y coordinate of involutes cog profile generated on the base of parameter t

(xy) | mm coordinates of involute points
z - cog number
Z1 - cog number of driver gear; number of turn of a worm
Z - cog number of following gear
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1. Introduction

Simulation is an effective tool for understanding the complex interaction of transmission
components in dynamic environment. Vibro-dynamics simulation of faulty gears and
rolling element bearings allows the analyst to study the effect of damaged components in
controlled manners and gather the data without bearing the cost of actual failures or the
expenses associated with an experiment that requires a large number of seeded fault
specimens. The fault simulation can be used to provide the data required in training Neural
network based diagnostic/prognostic processes.

2. Key elements in gearbox simulation
2.1 Transmission error

Gears, by their inherent nature, cause vibrations due to the large pressure which occurs
between the meshing teeth when gears transmit power. Meshing of gears involves changes
in the magnitude, the position and the direction of large concentrated loads acting on the
contacting gear teeth, which as a result causes vibrations. Extended period of exposure to
noise and vibration are the common causes of operational fatigue, communication
difficulties and health hazards. Reduction in noise and vibration of operating machines has
been an important concern for safer and more efficient machine operations.

Design and development of quieter, more reliable and more efficient gears have been a
popular research area for decades in the automotive and aerospace industries. Vibration of
gears, which directly relates to noise and vibration of the geared machines, is typically
dominated by the effects of the tooth meshing and shaft revolution frequencies, their
harmonics and sidebands, caused by low (shaft) frequency modulation of the higher tooth-
mesh frequency components. Typically, the contribution from the gear meshing components
dominates the overall contents of the measured gearbox vibration spectrum (see Figure-2.1.1).

Transmission Error (TE) is one of the most important and fundamental concepts that forms
the basis of understanding vibrations in gears. The name ‘Transmission Error’ was
originally coined by Professor S. L. Harris from Lancaster University, UK and R.G. Munro,
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his PhD student at the time. They came to the realization that the excitation forces causing
the gears to vibrate were dependent on the tooth meshing errors caused by manufacturing

and the bending of the teeth under load [1].

Shaft rotational frequency (14Hz) and harmonics

1* harmonic of gear tooth
meshing frequency (448Hz)
3™ harmonic of gear tooth

2" harmonic of gear tooth meshing frequency (1344Hz)

Sideband meshing frequency (896Hz)

>
| |‘ ‘| |I‘I|

(Number of Teeth = 32)

Fig. 2.1.1. Typical spectrum composition of gear vibration signal.

TE is defined as the deviation of the angular position of the driven gear from its theoretical
position calculated from the gearing ratio and the angular position of the pinion (Equation-

2.1.1). The concept of TE is illustrated in Figure-2.1.2.

R ..
_ pinion
TE= [egear - R epinionj (211)

gear

Theoretical rotation of gear Measured rotation of gear

R

gear

pinion o G

‘pinion

\ Transmission Error

pinion

Gear

Fig. 2.1.2. Definition of Transmission Error.
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What made the TE so interesting for gear engineers and researchers was its strong
correlation to the gear noise and the vibrations. TE can be measured by different types of
instruments. Some commonly used methods are: Magnetic signal methods, straingauge on
the drive shaft, torsional vibration transducers, tachometers, tangential accelerometers and
rotary encoders systems. According to Smith [2], TE results from three main sources: 1) Gear
geometrical errors, 2) Elastic deformation of the gears and associated components and 3)
Errors in mounting. Figure-2.1.3 illustrates the relationship between TE and its sources.

Transmission Error exists in three forms: 1) Geometric, 2) Static and 3) Dynamic. Geometric
TE (GTE) is measured at low speeds and in the unloaded state. It is often used to examine
the effect of manufacturing errors. Static TE (STE) is also measured under low speed
conditions, but in a loaded state. STE includes the effect of elastic deflection of the gears as
well as the geometrical errors. Dynamic TE (DTE) includes the effects of inertia on top of all
the effects of the errors considered in GTE and in STE. The understanding of the TE and the
behaviour of the machine elements in the geared transmission system leads to the
development of realistic gear rotor dynamics models.

Gearcase Accuracy

(Mounting Error) Thermal Distortions
Pinion and Gear \ Pinion and Gear
Profile Accuracy ~~a e Movement
Transmission

Pinion and Gear Pitch _—% Error

Accuracy \
(Tooth Spacing Error) / \ Gear and Pinion Distortions

<— Gearcase Distortions

Pinion and Gear Helix Pinion and Gear Tooth
Accuracy (Lead Error) Deflection

Quality of Contact
Surface Finish

Fig. 2.1.3. Sources of Transmission Error.

2.2 Effect of gear geometric error on transmission error

A typical GTE of a spur gear is shown in Figure-2.2.1. It shows a long periodic wave (gear
shaft rotation) and short regular waves occurring at tooth-mesh frequency. The long wave
is often known as: Long Term Component: LTC, while the short waves are known as: Short
Term Component: STC.

The LTC is typically caused by the eccentricity of the gear about its rotational centre. An
example is given in Figure-2.2.2 to illustrate how these eccentricities can be introduced into
the gears by manufacturing errors; it shows the error due to a result of the difference
between the hobbing and the shaving centres.

The effect of errors associated with gear teeth appears in the STC as a localized event. The
parabolic-curve-like effect of tooth tip relief is shown in Figure-2.2.3(a). The STC is caused
mainly by gear tooth profile errors and base pitch spacing error between the teeth. The effect
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of individual tooth profile errors on the GTE is illustrated in Figure-2.2.3(a). The GTE of a
meshing tooth pair is obtained by adding their individual profile errors. The STC of gear
GTE is synthesised by superposing the tooth pair GTEs separated by tooth base pitch angles
(Figure-2.2.3 (b)).

Another common gear geometric error is tooth spacing or pitch errors, shown in Figure-
2.2.4. The tooth spacing error appears in GTE as vertical raise or fall in the magnitude of a
tooth profile error.

Toothto Tooth
Transmission Error

Total Transmission Exnor

One Revolibhon of Gear
High Pass Filter

Low Pass Filter (Freqaencvcout-off mstbelow the tooth mesh)
(Beloar ool Short Term Component (5T C}

Frequency)

Lons Term Conponent (LTC NN
I3

Effective Tooth
A cnmlated Profile ¥aration

Pitch Warnaton

v

Fig. 2.2.1. A typical Geometrical Transmission Error.

(b)

Tooth Thickness
Error r

Tooth
Pitch/Spacing

—f {(Max Eccentricity)

Fig. 2.2.2. (a) Eccentricity in a gear caused by manufacturing errors, (b) Resulting errors in
gear geometry.

Desired gear geometry (dotted Iiné]
A gear with eccentricity (solid line)
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Fig. 2.2.3. (a) GTE of a meshing tooth pair (b) Resulting Short Term Component of GTE.
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Fig. 2.2.4. Effect of spacing error appearing in short term component of GTE.

2.3 Effect of load on transmission error

Elastic deflections occurring in gears are another cause of TE. Although gears are usually
stiff and designed to carry very large loads, their deflection under load is not negligible.
Typical deflection of gear teeth occurs in the order of microns (pm). Although it depends on
the amount of load gears carry, the effect of the deflection on TE may become more
significant than the contribution from the gear geometry.

A useful load-deflection measure is that 14N of load per Imm of tooth face width results in
Tpm of deflection for a steel gear: i.e. stiffness = 14E10°N/m/m for a tooth pair meshing at the
pitch line. It is interesting to note here that the stiffness of a tooth pair is independent of its size
(or tooth module) [3]. Deflection of gear teeth moves the gear teeth from their theoretical
positions and in effect results in a continuous tooth pitch error: see Figure-2.3.1 (a). The effect
of the gear deflection appears in the TE (STE) as a shifting of the GTE: Figure-2.3.1 (b).
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Fig. 2.3.1. (a) Deflection of gear tooth pair under load, (b) Effect of load on transmission
error (TE).

Consider the more general situation where the deflection in loaded gears affects the TE
significantly. Note that the following discussion uses typical spur gears (contact ratio = 1.5)
with little profile modification to illustrate the effect of load on TE. Figure-2.3.2 illustrates
the STE caused by the deflection of meshing gear teeth. The tooth profile chart shows a flat

1'

Double Pair Contact Single Pair Contact : Double Pair Contact
(a) -« >t i >
Profile Chart Perfect
involute
tooth profile
(b)
0 p
STE (Deflection) No load
b | 0aded TE
© F
Load Share F/2
- Line of action _—
_—
Rotation

Fig. 2.3.2. Effect of Load on TE, (a) Tooth Profile Chart, (b) Static Transmission Error, (c)
Loading acting on a tooth
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line indicating the ideal involute profile of the tooth: Figure-2.3.2 (a). The effect of mesh
stiffness variation due to the change in the number of meshing tooth pairs appears as steps
in the STE plot: Figure-2.3.2 (b). The amount of deflection increases when a single pair of
teeth is carrying load and decreases when the load is shared by another pair. The share of
force carried by a tooth through the meshing cycle is shown in Figure-2.3.2 (c).

A paper published jointly by S.L. Harris, R. Wylie Gregory and R.G. Munro in 1963 showed
how transmission error can be reduced by applying appropriate correction to the involute
gear profile [4, 5]. The Harris map in Figure-2.3.3 shows that any gear can be designed to
have STE with zero variation (i.e. a flat STE with constant offset value) for a particular load.
The basic idea behind this technique is that the profile of gear teeth can be designed to
cancel the effect of tooth deflection occurring at the given load.

Additionally, variation of TE can be reduced by increasing the contact ratio of the gear pair.
In other words, design the gears so that the load is carried by a greater number of tooth

pairs.
Long relief l Short relief No relief
1 /
5 g | Optimum STE for load 2 |
£ 5 [ |
g g | A - . —— —{ NOLOAD
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5 5 ’J \J / A u
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Fig. 2.3.3. Optimum tooth profile modification of a spur gear.

2.4 Modelling gear dynamics

It is a standardized design procedure to perform STE analysis to ensure smoothly meshing
gears in the loaded condition. It was explained in this section how the strong correlation
between the TE and the gear vibration makes the TE a useful parameter to predict the
quietness of the gear drives. However, a more realistic picture of the gear’s dynamic
properties can not be captured without modelling the dynamics of the assembled gear drive
system. Solution of engineering problems often requires mathematical modelling of a
physical system. A well validated model facilitates a better understanding of the problem
and provides useful information for engineers to make intelligent and well informed
decisions.

A comprehensive summary of the history of gear dynamic model development is
given by Ozguven and Houser [6]. They have reviewed 188 items of literature related
to gear dynamic simulation existing up to 1988. In Table-2.4.1, different types of
gear dynamics models were classified into five groups according to their objectives and



24 Mechanical Engineering

Group-1: Simple Dynamic Factor Models

Most early models belong to this group. The model was used to study gear dynamic load
and to determine the value of dynamic factor that can be used in gear root stress formulae.
Empirical, semi-empirical models and dynamic models constructed specifically for
determination of dynamic factor are included in this group.

Group-2: Models with Tooth Compliance

Models that consider tooth stiffness as the only potential energy storing element in the
system. Flexibility of shafts, bearings etc is neglected. Typically, these models are single
DOF spring-mass systems. Some of the models from this group are classified in group-1 if
they are designed solely for determining the dynamic factor.

Group-3: Models for Gear Dynamics

A model that considers tooth compliance and the flexibility of the relevant components.
Typically these models include torsional flexibility of shafts and lateral flexibility of
bearings and shafts along the line of action.

Group-4: Models for Geared Rotor Dynamics

This group of models consider transverse vibrations of gear carrying shafts as well as the
lateral component (NOTE: Transverse: along the Plane of Action, Lateral: Normal to the Plane of]
Action). Movement of the gears is considered in two mutually perpendicular directions to
simulate, for example, whirling.

Group-5: Models for Torsional Vibrations

The models in the third and fourth groups consider the flexibility of the gear teeth by
including a constant or time varying mesh stiffness. The models belonging to this group
differentiate themselves from the third and fourth groups by having rigid gears mounted
on flexible shafts. The flexibility at the gearmesh is neglected. These models are used in
studying pure (low frequency) torsional vibration problems.

Table 2.4.1. Classification of Gear Dynamic Models. (Ozguven & Houser [6])

functionality. Traditionally lumped parameter modelling (LPM) has been a common
technique that has been used to study the dynamics of gears. Wang [7] introduced a simple
LPM to rationalize the dynamic factor calculation by the laws of mechanics. He proposed a
model that relates the GTE and the resulting dynamic loading. A large number of gear
dynamic models that are being used widely today are based on this work. The result of an
additional literature survey on more recently published materials by Bartelmus [8], Lin &
Parker [9, 10], Gao & Randall [11, 12], Amabili & Rivola [13], Howard et al [14], Velex &
Maatar [15], Blankenship & Singh [17], Kahraman & Blankenship [18] show that the
fundamentals of the modelling technique in gear simulations have not changed and the
LMP method still serves as an efficient technique to model the wide range of gear dynamics
behaviour. More advanced LPM models incorporate extra functions to simulate specialized
phenomena. For example, the model presented by P. Velex and M. Maatar [15] uses the
individual gear tooth profiles as input and calculates the GTE directly from the gear tooth
profile. Using this method they simulated how the change in contact behaviour of meshing
gears due to misalignment affects the resulting TE.

FEA has become one of the most powerful simulation techniques applied to broad range of
modern Engineering practices today. There have been several groups of researchers who
attempted to develop detailed FEA based gear models, but they were troubled by the
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challenges in efficiently modelling the rolling Hertzian contact on the meshing surfaces of
gear teeth. Hertzian contact occurs between the meshing gear teeth which causes large
concentrated forces to act in very small area. It requires very fine FE mesh to accurately
model this load distribution over the contact area. In a conventional finite element method, a
fully representative dynamic model of a gear requires this fine mesh over each gear tooth
flank and this makes the size of the FE model prohibitively large.

Researchers from Ohio State University have developed an efficient method to overcome the
Hertzian contact problem in the 1990s” [16]. They proposed an elegant solution by modelling
the contact by an analytical technique and relating the resulting force distribution to a
coarsely meshed FE model. This technique has proven so efficient that they were capable of
simulating the dynamics of spur and planetary gears by [19, 20] (see Figure-2.4.1). For more
details see the CALYX user’s manuals [21, 22].

For the purpose of studies, which require a holistic understanding of gear dynamics, a
lumped parameter type model appears to provide the most accessible and computationally
economical means to conduct simulation studies.

A simple single stage gear model is used to explain the basic concept of gear dynamic
simulation techniques used in this chapter. A symbolic representation of a single stage gear
system is illustrated in Figure-2.4.2. A pair of meshing gears is modelled by rigid disks
representing their mass/moment of inertia. The discs are linked by line elements that
represent the stiffness and the damping (representing the combined effect of friction and
fluid film damping) of the gear mesh. Each gear has three translational degrees of freedom
(one in a direction parallel to the gear’s line of action, defining all interaction between the
gears) and three rotational degree of freedoms (DOFs). The stiffness elements attached to the
centre of the disks represent the effect of gear shafts and supporting mounts. NOTE:
Symbols for the torsional stiffnesses are not shown to avoid congestion.

Fig. 2.4.1. (a) Parker’s planetary gear model and (b) FE mesh of gear tooth. Contacts at the
meshing teeth are treated analytically. It does not require dense FE mesh.
(Courtesy of Parker et al. [20])
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X, Yiy zi ~ Translation at iy, Degrees of Freedom.

0, 0y, 0. Rotation about a translational axis at im Degrees of Freedom.

C, Cu Damping matrices. The subscript ‘mb’ refers to damping at the gearmesh. Typically for Cump, C
=3~7%.

K, K Linear stiffness elements. The subscript ‘mb’ refers to stiffness at the gearmesh.

h An ‘on/off’ switch governing the contact state of the meshing gear teeth.

e A vector representing the combined effect of tooth topography deviations and misalignment
of the gear pair.

i Index: i=1,2, 3 ...etc.

Fig. 2.4.2. A Typical Lumped Parameter Model of Meshing Gears.

The linear spring elements representing the Rolling Element Bearings (REB) are a reasonable
simplification of the system that is well documented in many papers on gear simulation. For
the purpose of explaining the core elements of the gear simulation model, the detail of REB
as well as the casing was omitted from this section; more comprehensive model of a
gearbox, with REB and casing, will be presented later in section 2.5.

Vibration of the gears is simulated in the model as a system responding to the excitation
caused by a varying TE, ‘e’ and mesh stiffness ‘K,;;". The dominant force exciting the gears is
assumed to act in a direction along the plane of action (PoA). The angular position
dependent variables ‘e and ‘K" are expressed as functions of the pinion pitch angle (6,1)
and their values are estimated by using static simulation. Examples of similar techniques are
given by Gao & Randall [11, 12], Du [23] and Endo and Randall [61].

Equations of motion derived from the LPM are written in matrix format as shown in
Equation-2.4.1. The equation is rearranged to the form shown in the Euqation-2.4.2; the
effect of TE is expressed as a time varying excitation in the equation source. The dynamic
response of the system is simulated by numerically solving the second order term
(accelerations) for each step of incremented time. The effect of the mesh stiffness variation is
implemented in the model by updating its value for each time increment.
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Mi+C(&-¢;)+K(x-¢,(0))=E

s

24.1)

M3 +Ci +Kx = F, +1C,, (0)2, + 1K, (0)e, (24.2)

where,

x,x, ¥ Vectors of translational and rotational displacement, velocity and acceleration.

6 Angular position of pinion.

K, Kyp  Stiffness matrices (where K includes the contribution from K,;). The subscript ‘mb’
refers to stiffness at the gearmesh.

C, Cw Damping matrices (C including contribution from C,s). The subscript ‘mb’ refers to
damping at the gearmesh.

h An ‘on/off’ switch governing the contact state of the meshing gear teeth.

F Static force vector.

e, , ¢, A vector representing the combined effect of tooth topography deviations.

2.5 Modelling rolling element bearings and gearbox casing

For many practical purposes, simplified models of gear shaft supports (for example, the
effect of rolling element bearings (REBs) and casing were modelled as simple springs with
constant stiffnesses) can be effective tools. However, fuller representations of these
components become essential in the pursuit of more complete and accurate simulation
modelling.

For a complete and more realistic modelling of the gearbox system, detailed representations
of the REBs and the gearbox casing are necessary to capture the interaction amongst the
gears, the REBs and the effects of transfer path and dynamics response of the casing.

Understanding the interaction between the supporting structure and the rotating
components of a transmission system has been one of the most challenging areas of
designing more detailed gearbox simulation models. The property of the structure
supporting REBs and a shaft has significant influence on the dynamic response of the
system. Fuller representation of the REBs and gearbox casing also improves the accuracy of
the effect transmission path that contorts the diagnostic information originated from the
faults in gears and REBs. It is desired in many applications of machine health monitoring
that the method is minimally intrusive on the machine operation. This requirement often
drives the sensors and/or the transducers to be placed in an easily accessible location on the
machine, such as exposed surface of gearbox casing or on the machine skid or on an exposed
and readily accessible structural frame which the machine is mounted on.

The capability to accurately model and simulate the effect of transmission path allows more
realistic and effective means to train the diagnostic algorithms based on the artificial
intelligence.

2.5.1 Modelling rolling element bearings

A number of models of REBs exist in literatures [24, 25, 26, 27] and are widely employed to
study the dynamics and the effect of faults in REBs. The authors have adopted the 2 DoF
model originally developed by Fukata [27] in to the LPM of the gearbox. Figure-2.5.1 (a)
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illustrates the main components of the rolling element bearing model and shows the load
zone associated with the distribution of radial loads in the REB as it supports the shaft.
Figure-2.5.1 (b) explains the essentials of the bearing model as presented by [28]. The two
degree-of-freedom REB model captures the load-deflection relationships, while ignoring the
effect of mass and the inertia of the rolling elements. The two degrees of freedom (x,, ys) are
related to the inner race (shaft). Contact forces are summed over each of the rolling elements
to give the overall forces on the shaft.

Shaft
Balla -
Ohater By
tace Tp
C

Inner age ‘L
race D,

Load » Load

Zote Distribution

Fig. 2.5.1. (a) Rolling element bearing components and load distribution; (b) Two degree of
freedom model. [28]

The overall contact deformation (under compression) for the j'th -rolling element §; is a
function of the inner race displacement relative to the outer race in the x and y directions
((xs=x,),(Ys —y,) ), the element position ¢; (time varying) and the clearance (c). This is
given by:

8, =(x,—x,)cosd; +(y, —y,)sing, —c— B,C; (=12.) 25.1)

Accounting for the fact that compression occurs only for positive values of §;, v; (contact
state of §; the rolling elements) is introduced as:

S b 790 (2.5.2)
1o, otherwise

The angular positions of the rolling elements ¢; are functions of time increment dt, the
previous cage position ¢, and the cage speed ®. (can be calculated from the REB geometry
and the shaft speed o, assuming no slippage) are given as:

_22(G-1)
o

Dy o, (2.5.3)

+odt+¢, with o.=(1- >

é

4

The ball raceway contact force f is calculated by using traditional Hertzian theory (non-
linear stiffness) from:

f=k,5" (2.5.4)
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The load deflection factor k;, depends on the geometry of contacting bodies, the elasticity of
the material, and exponent n. The value of n=1.5 for ball bearings and n=1.1 for roller
bearings. Using Equation-2.5.4 and summing the contact forces in the x and y directions for
a ball bearing with n,, balls, the total force exerted by the bearings to the supporting
structure can be calculated as follows:

m, n,
fe =k, Z 7’]‘5]‘1‘5 cosg; and f, = kbz 71'5]'1‘5 sing; (2.5.5)
j=1 i=1

The stiffness of the given REB model is non-linear, and is time varying as it depends on the
positions of the rolling elements that determine the contact condition. The effect of slippage
was introduced to the model by adding random jitters of 0.01-0.02 radians to the nominal
position of the cage at each step.

2.5.2 Gearbox casing model — Component mode synthesis method

Lumped parameter modelling (LPM) is an efficient means to express the internal dynamics
of transmission systems; masses and inertias of key components such as gears, shafts and
bearings can be lumped at appropriate locations to construct a model. The advantage of the
LPM is that it provides a method to construct an effective dynamic model with relatively
small number of degrees-of-freedoms (DOF), which facilitates computationally economical
method to study the behaviour of gears and bearings in the presence of nonlinearities and
geometrical faults [32, 33, 34, 35].

One of the limitations of the LPM method is that it does not account for the interaction
between the shaft and the supporting structure; i.e. casing flexibility, which can be an
important consideration in light weight gearboxes, that are common aircraft applications.
Not having to include the appropriate effect of transmission path also results in poor
comparison between the simulated and measured vibration signals.

Finite Element Analysis (FEA) is an efficient and well accepted technique to characterize a
dynamic response of a structure such as gearbox casings. However, the use of FEA results in
a large number of DOF, which could cause some challenges when attempt to solve a vibro-
dynamic model of a combined casing and the LMP of gearbox internal components. Solving
a large number of DOFs is time consuming even with the powerful computers available
today and it could cause a number of computational problems, especially when attempting
to simulate a dynamic response of gear and bearing faults which involves nonlinearities.

To overcome this shortcoming, a number of reduction techniques [36, 37] have been
proposed to reduce the size of mass and stiffness matrix of FEA models. The simplified
gearbox casing model derived from the reduction technique is used to capture the key
characteristics of dynamic response of the casing structure and can be combined with the
LPM models of gears and REBs.

The Craig-Bampton method [37] is a dynamic reduction method for reducing the size of the
finite element models. In this method, the motion of the whole structure is represented as a
combination of boundary points (so called master degree of freedom) and the modes of the
structure, assuming the master degrees of freedom are held fixed. Unlike the Guyan
reduction [38], which only deals with the reduction of stiffness matrix, the Craig-Bumpton
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method accounts for both the mass and the stiffness. Furthermore, it enables defining the
frequency range of interest by identifying the modes of interest and including these as a part
of the transformation matrix. The decomposition of the model into both physical DOFs
(master DOFs) and modal coordinates allows the flexibility of connecting the finite elements
to other substructures, while achieving a reasonably good result within a required
frequency range. The Craig-Bumpton method is a very convenient method for modelling a
geared transmission system as the input (excitation) to the system is not defined as forces,
but as geometric mismatches at the connection points (i.e. gear transmission error and
bearing geometric error). The following summary of the Craig-Bampton method is given
based on the references [39-41].

In the Craig-Bampton reduction method, the equation of motion (dynamic equilibrium) of
each superelement (substructure), without considering the effect of damping, can be
expressed as in Equation-2.5.6:

[MI{ii} + [k {u} = {F} (25.6)

Where [M] is the mass matrix, [k] is the stiffness matrix, {F} is the nodal forces, {u} and
{ii} are the nodal displacements and accelerations respectively. The key to reducing the
substructure is to split the degrees of freedom into masters {u,,} (at the connecting nodes)
and slaves {u,} (at the internal nodes). The mass, the stiffness and the force matrices are re-
arranged accordingly as follows:

M k
Mmm MI’HS um + kmm kms um — Fm (257)
MSW MSS uS kS?ﬂ kSS uS 0
The subscript m denotes master, s denotes slave. Furthermore, the slave degrees of freedom
(internals) can be written by using generalized coordinates (modal coordinates by (¢ ) using
the fixed interface method, i.e. using the mode shapes of the superelement by fixing the

master degrees of freedom nodes (connecting/ boundary nodes). The transformation matrix
(T ) is the one that achieves the following:

Up, -T Uy,
el s

For the fixed interface method, the transformation matrix (T ) can be expressed as shown in
Equation-2.5.9:

L0
“lc. 4 (2.5.9)

where,

Gsm = _k_lk (2510)

8s "tsm

and ¢, is the modal matrix of the internal DOF with the interfaces fixed.
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By applying this transformation, the number of DOFs of the component will be reduced.
The new reduced mass and stiffness matrices can be extracted using Equations 2.5.11 &
2.5.12 respectively:

M =T'MT (2.5.11)

reduced

and

kreduced = TtkT (2512)

Thus Equation-2.5.7 can be re-written in the new reduced form using the reduced mass and
stiffness matrices as well as the modal coordinates as follows:

M, e K educ
reduced reduced Fmdua:d

—
Mbb Mb‘i:l{iinz}+|: kbb 0 :Hum} _{Fm} (25 13)
Mgy My, |14 0 ky]la 0 o
Where M, is the boundary mass matrix i.e. total mass properties translated to the
boundary points. ky;, is the interface stiffness matrix, i.e. stiffness associated with displacing

one boundary DOF while the others are held fixed. The M, is the component matrix (M,
is the transpose of M, ).

If the mode shapes have been mass normalized (typically they are) then:

\ 0
w=l A (2.5.14)

Mg =| 1 (2.5.15)

Finally the dynamic equation of motion (including damping) using the Craig-Bampton
transform can be written as:

My, My, {iim}+ 0 0 Hﬁm}_k ky, 0 {”m}_{Fm} 2516
My 1 li [0 2ellq | [0« ]lg ] 0 @210

where 2{® = modal damping (¢ = fraction of critical damping)

For more detailed explanation of the techniques related to the modelling of rolling element
bearings and the application of component mode synthesis (CMS) techniques, refer to the
works by Sawalhi, Deshpande and Randall [41].
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2.6 Solving the gear dynamic simulation models

A block diagram summarizing the time integral solution of a typical dynamic model with
some time varying parameters is shown in Figure-2.6.1. There are a range of numerical
algorithms available today to give solution of the dynamic models: direct time integration,
harmonic balancing and shooting techniques, to name some commonly recognized methods.

Generate Input
Parameters

1
& > M

ﬁ
Sk

Time varying
damping

Kmh, Cmb

Time varying stiffness

(NOTE: [ stands for integration over a single step of incremented time)

Fig. 2.6.1. Dynamic Simulation Process

Sometimes the solution for gears requires simulation of highly non-linear events, for
example, rattling and knocking in gears, which involve modelling of the contact loss. The
works presented by R. Singh [42], Kahraman & Singh [43], Kahraman & Blankenship [18]
and Parker & Lin [9, 10] show some examples of the “stiff” problems involving non-linearity
due to contact loss and clearances.

The solution for these Vibro-Impact problems presents difficulties involving ill-conditioning
and numerical “stiffness”. In [42] Singh explains that ill-conditioning of a numerical solution
occurs when there is a component with a large frequency ratio: ratio of gear mesh frequency
to the natural frequency of the component.

The numerical stiffness in the gear dynamic simulation becomes a problem when gears lose
contact. The relationship between the elastic force, relative deflection and gear mesh
stiffness is illustrated in Figure-2.6.2. The gradient of the curve represent the gear mesh
stiffness.

Contact loss between the gears occurs when the force between the gears becomes zero. The
gears are then unconstrained and free to move within the backlash tolerance. The presence
of a discontinuity becomes obvious when the derivative of the curve in Figure-2.6.2 (i.e.
mesh stiffness) is plotted against the relative deflection. The discontinuity in the stiffness
introduces instability in the numerical prediction.

In more formalized terms the “stiffness” of a problem is defined by local Eigen-values of the
Jacobian matrix. Consider an equation of motion expressed in simple first order vector form
‘fix, t)', (Equation-2.6.1). Typically, the solution of an equation of motion is obtained by
linearizing it about an operating point, say “xy’, (Equation-2.6.2). Usually, most of the higher
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Fig. 2.6.2. Non-linearity due to contact loss in meshing gears; a) Force vs. Displacement, b)
derivative of former, i.e. Stiffness vs. Displacement

order terms above the 1st derivative are ignored for linearization, which leaves the following
expression (Equation-2.6.3). The differential term ‘J” is called the Jacobian matrix (or
Jacobian in short). The problems involving gear contact losses are “Stiff” problems because
of the discontinuity in system derivatives (Jacobians). For a more detailed discussion on this
topic refer to the work presented by Singh [42].

flat) =7, (2.6.1)

flat)=f(xo,t)+ [d%c] (x=x) (2.6.2)

Xo

f(xt)= f(xg,t)+](x=x0) (2.6.3)

3. Modelling gearbox faults

The study of gear faults has long been an important topic of research for the development of
gear diagnostic techniques based on vibration signal analysis. Understanding how different
types of gear tooth faults affect the dynamics of gears is useful to characterise and predict
the symptoms of the damage appearing in vibration signals [44, 45]. The strong link between
the TE and the vibration of the gears was explained earlier. The effect of different types of
gear tooth faults on TE can be studied by using the static simulation models. The result of
static simulation can be then used to determine how different types of gear faults can be
modelled into the dynamic simulation.

Gears can fail for a broad range of reasons. Finding a root cause of damage is an important
part of developing a preventative measure to stop the fault from recurring. Analysis of gear
failure involves a lot of detective works to link the failed gear and the cause of the damage.
Comprehensive guidelines for gear failure analysis can be found in Alban [46], DeLange [47]
and DANA [48]. AGMA (American Gear Manufacturers Association) recognizes four types
of gear failure mode and a fifth category which includes everything else: Wear, Surface
Fatigue, Plastic Flow, Breakage and associated gear failures [49].
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The effect of gear tooth fillet cracks (TFC) and spalls on gear transmission error was studied
in detail by using a static simulation models (FEA and LTCA (HyGears [50])). A pair of
meshing gears were modelled and analysed in step incremented non-linear static
environment. Note: the transmission error obtained from the static simulation models are
referred to as Motion Errors (ME) here forth by following the HyGears convention.

It was explained earlier that the interaction between two meshing gears can be expressed in
the dynamic model as time-varying stiffness, damping and gear tooth topological error
elements linking the two lumped mass moments of inertia. The effect of gear tooth faults
can be implemented into the dynamic simulation model as changes to these parameters. The
understanding gained from the detailed simulation model studies of TFCs and spalls on
gear motion has lead to the method of modelling the effect of the faults in dynamic model.
The relevance between the types of gear faults to the selected parameters will be explained
through subsequent sections.

Further to the simulation of gear tooth faults, this chapter also briefly touches on the
modelling of spalls in rolling element bearings (REB), which is also a common type of faults
in geared transmission systems.

3.1 Modelling the effect of a fatigue crack in tooth fillet area of a gear

Classical tooth root fillet fatigue fracture is the most common cause of gear tooth breakages
(Figure-3.1.1). Stress raisers, such as micro cracks from the heat treatment, hob tears,
inclusions and grinding burns are common causes that initiate the cracks. The cracks
occurring in the gear tooth fillet region progressively grow until the whole tooth or part of it
breaks away. The breakage of a tooth is a serious failure. Not only the broken part fails, but
serious damage may occur to the other gears as a result of a broken tooth passing though
the transmission [48].

Fig. 3.1.1. A spur gear missing two teeth. They broke away due to the propagation of fatigue
cracks. (Courtesy of DANA [48])

The research conducted for NASA by Lewicki [51] sets a clear guideline for predicting the
trajectory of cracks occurring at the gear tooth fillet. Lewicki predicted crack propagation
paths of spur gears with a variety of gear tooth and rim configurations, including the effect
of: rim and web thickness, initial crack locations and gear tooth geometry factors (Diametral
pitch, number of teeth, pitch radius and tooth pressure angle). A summary of the results is
presented in Figure-3.1.2.
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Fig. 3.1.2. Effect of backup ratio (my) and initial crack location on propagation path.
(Lewicki [51])

A set of spur gears later used in the validation of the simulation result have a “backup ratio”
(rim thickness divided by tooth height) greater than my=1.3. Therefore based on the
Lewicki’s prediction the cracks occurring in the tooth fillet region are most likely to
propagate in the trajectory shown in Pattern Figure-3.1.2 (i); roughly 30~45° in to the tooth
relative to the radial line path through the symmetric axis of the spur gear tooth profile.

Full 3D modelling of a propagating gear tooth crack is one of the actively researched areas.
Some examples of simulation studies using the Boundary Element Method (BEM) are given
in [52, 53, 54, 55]. The simulation studies using 3D models show complex behaviour crack
growth from the small crack seeded at the middle of the gear tooth fillet. An example is
shown in Figure-3.1.3 from “Modelling of 3D cracks in split spur gear”, by Lewicki [52]. The
crack front expands rapidly across the width of the gear tooth as it progresses into the
thickness of the tooth. The tooth fillet crack (TFC) model used in this work assumes 2D
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Fig. 3.1.3. 3D Crack propagation model. a) Boundary Element Model of Split Spur Gear, b)
Close up of view of the gear teeth and crack section at earlier stage of development and c)
more progressed crack. (Lewicki [53])

conditions which approximates the weakening of the cracked gear tooth when the crack is
extended across the whole width of the tooth face.

The motion error (ME), as obtained from the finite element (FE) model of a gear pair (32x32
teeth) presented in Figure-3.1.4, is shown in Figure-3.1.5. The MEs of the gears at different
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W1 7752
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[ [l “ | NOTE: Very fine mesh
on the gear teeth |
———

Fig. 3.1.4. Spur Gears (32x32) and its FE mesh (L), detailed view of the mesh around the gear
teeth (R). [56]
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Fig. 3.1.5. Motion Errors of (32x32) teeth gear pairs; (a) Undamaged gear set; (b) TFC

(L=1.18mm); (c) TFC (L=2.36mm)
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amount of loadings (25, 50, 100 & 200Nm) are compared in the same plot. The magnitude of
MEs increases with the larger loads as the deflection of the meshing teeth become greater
with the larger loads. The change in the amount of ME is roughly in linear relationship with
the load, which reflects the linear elastic behaviour of the gear tooth deflection. Note the
square pattern of the ME, which resulted from the time (or angular position) dependent
variation of gear mesh stiffness, due to the alternating single and double tooth engagement.

The plots presented in Figures 3.1.5 (b) & (c) show the MEs of the gears with tooth fillet
cracks of three different sizes. The localized increase in the amount of ME over a period of
ME pattern is a direct consequence of the reduced gear tooth stiffness caused by the TFC.

The plots shown in Figure-3.1.6 (a) ~ (c) are the residual ME (RME) obtained by taking the
difference between the MEs of uncracked gears and the ones with TFCs. The RMEs show a
“double stepped” pattern that reflects the tooth meshing pattern of the gears, where smaller
step with less deflection occurs as the crack tooth enters the mesh and share the load with the
adjacent tooth; the larger second step follows when the cracked tooth alone carries the load.

The RMEs of the TFCs show linearly proportional relationship between the amount of
loading and the change in RME for a given crack size. The linear relationship between the
loading and the amount of tooth deflection on a cracked gear tooth indicates that the effect
of TFC can be modelled effectively as a localized change in the gear mesh stiffness.

The plots in Figure-3.1.7 show the transmission errors (TEs) measured from a pair of plastic
gears with a root fillet cut (Figure-3.1.7 (a)), which the cut replicates a tooth fillet crack. The
TEs of Figure 3.1.7 (c1-c3 and d1-d3) are compared to the simulated patterns of MEs (figure
3.1.7 (b)). Composite TEs (CTEs) and the zoomed view of the CTEs are shown in Figure-3.1.7
(c1 & d1) and (c2 & d2) respectively. The CTE combines the both long and short term
components of the TE (LTC and STC) presented earlier in section 2.2 (figure 2.2.1). The
resemblance between the simulated MEs and measured the TEs confirms the validity of the
simulated effect of TFC. The STCs (c3 & d3) were obtained by high pass filtering the CTE. The
pattern in the STCs shows clear resemblance to the simulated TFC effect (Figure3.1.7 (b)).

The simulation model used in this study does not consider the effect of plasticity. This
assumption can be justified for a gear tooth with small cracks where localised effect of
plasticity at the crack tip has small influence on the overall deflection of the gear tooth,
which is most likely the case for the ideal fault detection scenario.

More recent work published by Mark [57, 60] explains that the plasticity can become a
significant factor when work hardening effect can cause a permanent deformation of the
cracked tooth. In this case, the meshing pattern of the gears changes more definitively by the
geometrical error introduced in the gears by the bent tooth. In some cases the bent tooth
result in rather complex meshing behaviour that involves tooth impacting. Further
explanation on this topic is available from the works published by Mark [57, 60].

Within the limitation of the simulated TFC model discussed above, the approach to model
the TFC as a localized variation in the gear mesh stiffness is acceptable for a small crack
emerging in the gear tooth fillet area. For the purpose of developing a dynamic simulation
model of a geared transmission system with an emerging TFC the model presented here
offers a reasonable approach.
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Fig. 3.1.6. Comparison of RMEs of gears with TFCs; (a) Illustrated definition of RME; (b)

RME:s of TFC sizes L=1.18mm; (c) RMEs of TFC sizes L=2.36mm.
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Fig. 3.1.7. Comparison of simulated vs. measured transmission errors; (a) Picture of a gear
with a seeded TFC; (b) MEs from a FE model. (c1) ~ (c3) TEs of the gears with TFC loaded
with 5SNm; (d1) ~ (d3) TEs of the gear with TFC loaded with 30Nm; CTE (c1, d1), Zoomed
views (c2, d2) and STC (c3, d3).

3.2 Modelling the effect of a spall on a tooth face of a gear

Symptoms of surface fatigue vary, but they can generally be noticed by the appearance of
cavities and craters formed by removal of surface material. The damage may start small or
large and may grow or remain small. In some cases gears cure themselves as they wear off
the damage: Initial pitting [47]. The terms “Spalling” and “Pitting” are often used
indiscriminately to describe contact fatigue damages. Figure-3.2.1 shows some examples of
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@)

Fig. 3.2.1. Examples of (a) progressive pitting and (b) severe spalling damages on gear teeth.
(DANA [48])

spalls and pitting occurring on a gear tooth. This work follows the definition of contact
surface damage given by Tallian [58]: Spalling designated only as macro-scale contact
fatigue, reserving the term pitting for the formation of pores and craters by processes other
than fatigue cracking.

There are three distinctive phases in the development of surface fatigue damage:

1. Initial Phase: Bulk changes in the material structure take place around the highly
stressed area under the contact path. Change in hardness, residual stress and some
microscopic changes in the grain structure of the metal.

2. A Long Stable Phase: Microscopic flow occurs in the highly stressed area changing the
material structure and residual stress conditions at the microscopic level. The change in
the structure brought out by the microscopic flow can be observed by eyes in the
illuminated etched areas.

3. Macroscopic Cracking: This is the last failure phase instituting the crack growth.

Spalls have a distinctive appearance that is characterised by how they were formed. A fully
developed spall typically has its diameter much larger than its depth. The bottom of the
spall has a series of serrations caused by propagating fatigue cracks running transverse to
the direction of rolling contact. The bottom of the spall parallels the contact surface roughly
at the depth of maximum unidirectional shear stress in Hertzian contact.

The sidewalls and the wall at the exiting side of the spall (as in the exiting of rolling contact)
are often radially curved as they are formed by material breaking away from the fatigued
area. The entrance wall of the spall is characterised by how it was initiated. Tallian [58]
explains that shallow angled entry (less than 30° inclination to the contact surface) occurs
when the spall is initiated by cracks on the surface. Spalls with steep entry (more than 45°)
occur when the spall is initiated by subsurface cracks.

Surface originated spalls are caused by pre-existing surface damage (nicks and scratches). It
is also known that lubrication fluid could accelerate the crack propagation when contact
occurs in such a way that fluid is trapped in the cracks and squeezed at extremely high
pressure as the contacting gear teeth rolls over it.

The subsurface originated spalls are caused by presence of inclusions (hard particles and
impurities in the metal) and shearing occurs between the hard and the soft metal layers
formed by case hardening. A spall caused by the initial breakage of the gear tooth surface
continues to expand by forming subsequent cracks further down the rolling direction.
Figure-3.2.2 illustrates the formation and expansion of spall damage by Ding & Rieger [59].
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Fig. 3.2.2. Formation and expansion of spalls. (Ding & Rieger [59])

The result of contact stress analysis from HyGears [50] shows the occurrence of high stress
concentration at the entrance and exit walls of the spall (Figure-3.2.3). The high stress
concentration at these edges implies the likelihood of damage propagation in that direction.
The result of the simulation corresponds to Tallian’s [58] observation that spalls tend to
expand in the direction of rolling contact. In the HyGears simulation the spall was modelled
as a rectangular shaped recess on the tooth surface in the middle of the pitch line.

Typical spur gear tooth surfaces are formed by two curvatures: profile and lead curvatures.
The 2D models are limited to simulating the effect of the spall crater on the gear tooth
profile only. 3D simulation is required to comprehend the complete effect of spalls on the
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Fig. 3.2.3. HyGears analysis of contact stresses around the spall. [62]
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contact surface of the gears. A study was carried out to investigate the effect of spalls on the
ME using a 3D gear tooth model [62]. The result of the study showed that the effect of the
spalls on the ME is completely dominated by the displacement caused by the topological
error of the gear tooth surface caused by the fault.

Formation of spalls is a complicated process and it is one of the active research topics which
have been studied for some time. Although there are several items in the literature that
describe the properties and process of formation of spalls, no literature was sighted which
defines the specific definition of shapes and sizes of spalls occurring on spur gear teeth.

Papers presented by Badaoui et al. [63, 64] and Mahfoudh et al. [65] show a successful example
of simulating the effect of a spall on spur gear tooth by modelling the fault as prismatic slot cut
into the gear tooth surface. Their results were validated by experiment. The model of the spall
used in this work follows the same simplification of the general shape of the spalling fault. The
simulation of the spall is bounded by these following assumptions:

1. A spall is most likely to initiate at the centre of the pitchline on a gear tooth where
maximum contact stress is expected to occur in the meshing spur gear teeth as the gears

carry the load by only one pair of teeth.

2. The spall expand in size in the direction of rolling contact until it reaches the end of the
single tooth pair contact zone as shown in Figure-3.2.4.

3. When the spall reaches the end of the single tooth pair contact zone, the spall will then
expand across the tooth face following the position of the high contact stresses. The
contact stress patterns shown in Figure-3.2.3 strongly support this tendency of spall
growth.
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Fig. 3.2.4. A model of spall growth pattern and the resulting RME. [62]
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The models of spalls were developed by following the set of assumptions described above.
Resulting plots of the RMEs are presented in Figure-3.2.4 along with the shape illustration of
spalls on a gear tooth. Note that the RMEs of the spalls form bucket shapes and their length
and the depth are determined by the length and width of the spall; i.e. the shape of RME
and the progression of the spall is directly related. This information can be used in diagnosis
and prognosis of the fault.

The plots in Figure-3.2.5 show TEs measured from a pair of plastic gears with a spall
(Figure-3.2.5 (a)). The change in the pattern of the TE due to the spall is comparable to the
simulated pattern of the MEs (Figure-3.2.5 (b)). Composite TEs (CTEs) and the zoomed
views of the CTEs are shown in Figure-3.2.5 (c1~c3). The resemblance between the
simulated MEs and measured TEs confirms the validity of the simulated effect of TFC. The
STCs (d1~d3) were obtained by high pass filtering the CTE. The pattern in the STCs shows
clear correlation between the simulated and measured patterns of spall motion errors.
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Fig. 3.2.5. Comparison of simulated vs. measured transmission errors; (a) Picture of a gear
with a seeded Spall; (b) MEs from a FE model; (c1) ~ (c3) CTEs of the gear with the spall;
(d1) ~ (d3) STCs of the gear with the spall; Applied torque: 15Nm (c1 & d1), 30Nm (c2, d2),
60Nm (c3, d3).
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3.3 Simulating the effect of TFCs and spalls in a gear dynamics model

The FEA model based study of TFCs and spalls has lead to identifying some useful
properties of the faults that can be used to model the effect of the faults in the lamped
parameter type gear dynamics models.

The Residual Motion Errors (RME) of TFCs have shown double stepped patterns that were
load dependent. The change in the amount of deflection in the gear mesh (i.e. ME) with a
cracked tooth is influenced by the size of the crack and also by the amount of loading on the
gears. The simulation result showed that the linearly proportional relationship between the
torque applied to the gears and the resulting RME value. The bucket shaped RMEs of spalls
were not affected by the loading condition but purely driven by the change in the contact
path patterns of the meshing teeth, due to the geometrical deviation of the gear tooth surface
caused by a spall. It was also understood from the simulation studies that the size and the
shape of a spall affect the length and the depth of the bucket.

Based on the observation above, the effect of TFC was modelled as locally reduced tooth
meshing stiffness and the spalls as direct displacement due to the topological alteration of
the gear tooth surface. In the gear dynamic model is shown in Figure-3.3.1, the effect of a
TFC was implemented as a reduction in stiffness “K,,” over one gear mesh cycle. The
change in the value of Ky, was calculated from the FEA model mapped into an angular
position dependent function in the gear dynamic model. A spall was implemented as a

localized displacement mapped on the “e{”. An illustration of a TFC and a spall models in a
gear rotor dynamic model is shown in Figure-3.3.1 [61].
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Fig. 3.3.1. Modelling of Gear Tooth Faults in Dynamic Model. [61]

Figures 3.3.2 (al~a3) and 3.3.3 (al~a3) show the simulated vibration signal (acceleration)
from the LPM shown in the Figure-3.3.1. The signals were measured from the free end of the
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driven shaft (see Figure-3.3.1). The residual signals shown in (b1~b3) of Figures 3.3.2 and
3.3.3 were obtained by subtracting the simulated vibration of undamaged gearbox from the
damaged one. Two identical simulation models, one with a gear tooth fault (TFC or spall)
and the other undamaged, were run in parallel and the difference between the two model
out puts were taken to separate the effect of the gear faults. The impact like effect of the gear
tooth faults is seen in both the gears with a TFC and a spall.

A comparison of the simulated signals shows that the magnitude of the TFC impulses is
affected by the amount of torque applied to the gears, while the spall impulses are not. This
response is consistent with the observation made in the static simulation of the gears in mesh.

Careful observation of the residual signal also reveals that the fault information is not only
buried in the dominant effect of gearmesh, but also somewhat distorted by the effect of
transmission path from the gearmesh to the point where the signal was measured. The effect
of transmission path appears in the residual signal As the transient “tail” effect convolved
over the impulse due to the gear fault (see Equation-3.3.1 and Figure-3.3.4 for illustration).
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Fig. 3.3.2. Simulated gearbox vibration signal with the effect of a TFC.
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Fig. 3.3.3. Simulated gearbox vibration signal with the effect of a spall.

The residual signal of the TFC and the spall provide a useful means to understand the
nature of diagnostic information of the faults. In machine condition monitoring signal
processing techniques are often developed to detect and quantify the symptoms of a
damage buried in a background noise. By being able to see the “clear” effect of a fault, the
most effective signal processing technique can be applied to target and monitor the
symptoms of the damage. The idea of using the simulated fault signals to design and
improve the fault detection and machine condition monitoring techniques has been put to
effective uses by Randall, Sawalhi and Endo [34, 35, 62, 66].
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y=(e+w+n)*h (Note: * represents convolution) (3.3.1)
e detemministic ge ar excitation {(inherent in gear vibration)
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Fig. 3.3.4. Vibration of a Gearbox. [62]

3.4 Modelling a spall in a rolling element bearing

This section discusses a several simple but an effective methods of modelling a spall in the
rolling element bearing model introduced previously in section 2.5.1. The ideas behind each
modelling approach was discussed by using the example of modelling a spall in the outer
race of a bearing. The same method can be easily expanded in to modelling an inner race
spall and ball faults. More detailed explanation on this topic is available from the work
published by Sawalhi and Randall [29, 30, 31, 34, 35, 66, 67].

The simplest form of a spall model can be implemented to the REB model by assuming
instantaneous contact loss between the bearing races and rollig an element(s) as it pass over
the spall. So, in reference to the rolling element model described above, the presence of a
spall of a depth (C;) over an angular distance of (Ag,; ) can be modelled by using the fault
switch f; which defines the contact state of rolling elements over a defined angular
position (¢, ). In effect, this mothod models the spall as a step function as shown in Figure-
3.4.1 and further illustrated by Figure-3.4.2 (a), in which f; is defined as follows:

5, :{11 if gy <Py <¢y +Ady (3.4.1)

0, otherwise

. Ball in spall vicinity ;=1
Q Ball in load zone rp=1 i=78,10,11

O Ball outside the load zone
¥; = 0; 1=1,2,3,4,56

_dﬁfdh_

Fig. 3.4.1. Spall definition on the outer race [66]
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Fig. 3.4.2. Modified model of a spall based on a more realistic ball trajectory. [66]

The outer race spall is fixed in location between ¢; and ¢;+ A¢,; . This normally occurs in
the load zone. An inner race spall rotates at the same speed as the rotor, i.e. ¢, =a.dt+ ¢,
( @y, : initial starting location of the spall).

This model of the spall assumes that the rolling element will lose contact suddenly once it
enters the spall region, and will regain contact instantly when exiting from that area (Figure-
3.4.2 (a)). The abrupt change in the rolling element positions at the entry and exit of the spall
results in very large impulsive forces in the system, which is not quite realistic. An
modification on the previous model was introduced in [28] in which the depth of the fault
(C4) was modelled as a function of (¢; ), Figure-3.4.2 (b). The improvement on the model is
to represent more realistic trajectory of the rolling element movement based on the relative
size of the rolling element and the depth of the spall. Although, the profile of the trajectory
appears much less abrupt than the earlier version; and apears to have only one position that
may result in impulse, it still resulted in two impulses which does not agree with the
experimental observation.

Careful observation of the interaction between the rolling element and spall leads to the
trajectory is shown in Figure-3.4.3. The entry path of the rolling element has been
represented as having a fixed radius of curvature (equal to that of the rolling element); entry
of the rolling element in to the spall is therefore somewhat smoother. The smoother change
in curvature at the entry would then represent a step in acceleration. On exiting the spall,
the centre of the rolling element would have to change the direction suddenly, this
representing a step change in velocity or an impulse in acceleration. This has been modelled
as a sudden change (i.e. similar to the original model [28]). The resulting acceleration signal
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Fig. 3.4.3. A correlated model of a spall based on experimental data.
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from this model appears to agree with the experimental observation, however author
recommends further validation on this modelling approach and more updates are expected
based on the findings.

For more detailed explanations on the modelling of REB fault refer to the works published
by Sawalhi & Randall [29, 30, 31, 34, 35, 66, 67].

4. Conclusion

The techniques for modelling the effect of gearbox faults: tooth fillet cracks, tooth face spalls
and bearing spalls, were presented and discussed in this chapter. The main purpose of the
damage modelling is to simulate the effect of the faults on the dynamics of a geared
transmission system that can be used in improving the understanding of the diagnostic
information that manifest in the vibration signal mix from a gearbox.

The fault detection and diagnostic techniques based on vibration signal analysis are the
ideal non-destructive machine health monitoring method, that can be applied in a
minimally intrusive manner; ie. by attaching an accelerometer on a gearbox casing.
However, the dynamic interaction amongst the machine elements of a gearbox is often
complex and the vibration signals measured from the gearbox is not easy to interpret. The
diagnostic information that directly related to an emerging fault in a gear or a bearing is
typically buried in the dominating signal components that are driven by the mechanisms of
the transmission system themselves: For example, gear meshing signals.

Traditionally, the researchers worked on development of a signal processing technique for
the gearbox diagnosis have embarked on their endeavours by making educated
assumptions on the properties of the diagnostic information of the faults. These assumptions
are often based on their careful observation of a measured vibration signals. However, the
relevance of this approach is often somewhat limited by the simple fact that it’s not easy to
observe the key details of the fault signals from the signal mix.

It was demonstrated in this chapter how simulation models can be put to effective uses for
studying the properties of the fault signals in greater details. A method of isolating the fault
signals from the simulated gearbox signal mix was described in the section 3.3. The residual
signals obtained from this process showed how the faults manifested in the resulting
vibration signals in the “cleaned” state. The observation of the simulated residual signals
has led to an improved understanding of the characteristics of impulses caused by the faults
and the distorting effect of the transmission path (from the origin of the fault signal to the
measurement location). The improved understanding of the fault signal obtained from the
simulation studies led to the development of more effective signal processing techniques
[34, 35, 62, 66].

The models of the gearbox faults presented in this work require further refinement. Some of
the areas of future improvement aforementioned in the main body of the chapter include;
improving the understanding of; the effect of plastic deformation in gear TFC, the effect of
spall shapes and the effect of non-linear dynamic interaction of the gears and bearings.
Improving the correlation between the simulated and the measured signals is a good way to
demonstrate the understanding of the effect of faults in a geared transmission system. This
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knowledge compliments the design and development efforts in vibration signal analysis
based machine condition monitoring technologies. In the near future, accurately simulated
signals of a faulty gearbox can aid the machine learning process of fault diagnosis
algorithms based on neural networks. Performing this task in experiments are time
consuming and costly exercise; simulation model based approach appears much more
desirable.

The authors hope that the work presented in this chapter will stir the thoughts and the new
ideas in readers that will contribute to the advancement of the gear engineering and the
technologies in detecting and diagnosing the incipient faults in geared transmission
systems.

5. Nomenclature

Unless otherwise stated the following tables defines the symbols and the acronyms used in
this chapter.

AlA, A vector connecting points A; and A;

1G] Pressure Angle

LoA Line of Action

PoA Plane of Action

LoC Line of Centres

Ry,, 11 Gear Base Radius and Pinion Base Radius
Rgears Tpinion Gear Pitch Radius and Pinion Pitch Radius
Ro and 1, Gear Outer Radius Pinion Outer Radius

Py Base pitch

CR Contact Ratio

N Number of teeth on a gear

TE Transmission Error (Measured experimentally)
GTE Geometrical Transmission Error

STE Static Transmission Error

LTC Long Term Composite of TE

STC Short Term Composite of TE

ME Motion Error (Numerically calculated TE)
Xi, Vi Zi Translation at iy, Degrees of Freedom

01, 0y, 0 . Rotation about a translational axis at iy Degrees of Freedom

K K Linear stiffness elements. The subscript ‘mb’ refers to stiffness at the
v L\mb

gearmesh
C Cuw Damping matrices. The subscript ‘mb’ refers to damping at the gearmesh.
H An ‘on/off” switch governing the contact state of the meshing gear teeth.
e A vector representing the combined effect of tooth topography deviations

- and misalignment of the gear pair.
T Torque
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Vectors of displacement, velocity and acceleration (translation)
Stress
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1. Introduction

Although the simplest gear systems are those with just one gear engagement area between a
pair of gears, alternatives are available for applications where it is necessary to transmit a
very high torque in a very small space. One option to increase power density is to use the
split torque systems that were mainly developed for the aviation industry. These gear
systems are based on a very simple idea: division of the transmission of force between
several contact areas, thereby increasing the contact ratio. This gives rise, however, to the
problem of meshing four gears (Fig. 1).

(@)
Fig. 1. (a) Standard gearbox assembly; (b) Split torque gearbox assembly

Split torque gearboxes are configurations where a driving pinion (1) meshes with two
intermediate idler pinions (2, 3), which simultaneously act on another gear (4). From now
on, this assembly will be called four-gear meshing. In this case, the torque split is from gear
(1) to gears (2) and (3) which engage gear (4). This gear assembly results in the reduction in
gear speed causing an increase in available torque; hence, the split torque transmission
means we can use smaller gears.
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The greater the number of gears that engage the same crown, the lower the torque exercised
by each pinion. Gear assembles can have up to 14 gears engaging a single crown, as
happens, for example, in tunnel boring machines.

This chapter explores four-gear meshing in a gear assembly that ensures a 50%torque split
for each meshing area. Split torque gears are studied from two perspectives: first, the most
common applications of split torque gearboxes in the aeronautical sector and second, the
two most restrictive aspects of their application, namely:

e The geometric limitation of the four-gear assembly that requires simultaneous
engagement for all four gears. Note that the four gears do not mesh correctly in just any
position, although they may seem to do so initially. We will describe the conditions for
simultaneous meshing of the four gears in general terms below.

e Torque split between the two gearbox paths must be as balanced as possible to ensure
that neither of the paths is overloaded. The technology available to ensure proper
torque split between two paths will be discussed below.

2. Applications

Gear transmission requirements for aircraft are very demanding, with a standard gear ratio
between engine and rotor of 60:1 (Krantz, 1996). Moreover, the gear transmission system
should be safe, reliable, lightweight and vibration-free. One of the most limiting factors is
weight and there are three fundamental transmission parameters that greatly affect this
factor:

1. The number of transmission stages. The greater the number of stages used to achieve
the final gear ratio, the heavier the transmission, given that more common elements
such as shafts and bearings are necessary.

2. The number of transmission paths, the basis for split torque gearboxes. Torque is
divided between several transmission paths, resulting in a contact force in the smaller
gear that means that smaller, and consequently lighter, gears can be used.

3. The final stage transmission ratio. Using a greater transmission ratio in the final stage
enables weight to be reduced. This is because torque in previous steps is lower, making
it possible to use smaller gears.

In helicopters, planetary gear systems are typically used for the final transmission stage,
with planets consisting of between 3 and 18 gears and with planetary gearing transmission
ratios between 5:1 and 7:1 (Krantz, 1996; White, 1989).

Using split-path arrangements with fixed shafts in the final transmission stage is a relatively
recent development that offers a number of advantages over conventional systems, being
several of them based on weight reduction for the overall transmission:

o It allows torque to be transmitted through various paths. This is a major advantage
because when torque is split, the contact force between teeth is less and, hence, smaller,
lighter gears can be used, therefore reducing the overall weight. Split torque however
has the disadvantage that the torque must be shared equally between the paths. The
problems associated with split torque are discussed in Section 4.



Split Torque Gearboxes: Requirements, Performance and Applications 57

e It allows transmission path redundancy. Thus, if one transmission path fails during
flight, operation can always be assured through another path. In many cases,
consequently, gear transmissions are sized so that a single path can handle 100% of
engine power.

e It achieves final-stage transmission ratios of around 10:1 to 14:1 (Krantz, 1996; White,
1989). This improvement over the 5:1 to 7:1 ratios for planetary gearboxes (Krantz, 1996;
White, 1989) is reflected in a corresponding reduction in the weight of the transmission
system.

Several patents for transmission systems that apply split torque have been filed by Sikorky
Aircraft Corporation and McDonnell Douglas Helicopters (Gmirya & Kish, 2003; Gmirya,
2005; Craig et al., 1998) that refer either to complete or improved power transmission
systems from the rotorcraft or aircraft engine to the rotor or propeller. Other studies that
describe various aspects of split torque transmission systems, particularly their use in
helicopter gearboxes (White, 1974, 1983, 1989, 1993, 1998), conclude that such gears have a
number of advantages over traditional gear systems.

Below we describe two helicopter transmission systems that use multiple path gearboxes.
The first is a helicopter gearbox used for laboratory tests of torque divided into two stages,
and the second is a commercial helicopter three-stage gearbox that combines bevel, spur and
helical gears.

2.1 Helicopter gearbox for laboratory testing

The gear transmission described below was used to perform numerous tests on the
operation of split-torque transmissions (Krantz et al.,, 1992; Krantz, 1994, 1996, Krantz &
Delgado, 1996), which can be considered a standard for aeronautical applications. The full
assembly is depicted in Fig. 2.

Engine
input First reduction
stage
High torque

reduction stage

Output
shaft

Fig. 2. Helicopter transmission for laboratory testing
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The transmission is sized for input of 373 kW at a speed of 8780 rpm. As can be observed in
Fig. 2, the transmission has two stages:

o  First reduction stage. The first stage is a helical gear with a input pinion with 32 teeth
and two output gears with 124 teeth each. The gear ratio is 3.875:1, resulting in an
output speed of 2256.806 rpm. This is the stage where torque is split between the input
pinion and the two output gears.

e High torque reduction stage. The output shaft is driven by a gear which is driven
simultaneously by two spur pinions, each coaxial to the gear in the first reduction stage.
The ratio between the gear teeth is 27/176, so the transmission ratio is 6.518:1, resulting
in an output shaft speed of 347.6 rpm.

This configuration results in torque of 9017.56 Nm. being transmitted through two paths.

2.2 Commercial helicopter transmission

This gear transmission, studied in depth by White (1998), is sized for two engines, each with
a continuous rating of 1200 kW turbine at a nominal speed of 22976 rpm. The main rotor
speed is 350 rpm for an overall speed reduction ratio of nearly 66:1. Fig. 3 depicts a plan
view of the gear transmission and Fig. 4 is a three-dimensional view showing the gears.

Output stage

Intermediate
stage

Input bevel

Engine gear
input 1 Engine
Overrun input 2

clutch

Qutput
shaft

Engine
input 1

Fig. 4. Three-dimensional view of the gear train arrangement
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Total transmission reduction is achieved by three gearing stages, clearly depicted in Fig. 3
and Fig. 4:

¢ Engine input. Engine torque is accepted by an overrun clutch, mounted with a bevel
pinion. This bevel gear, with a between-teeth ratio of 34/84, produces a transmission
ratio of 2.470:1. In this stage, the output velocity is 9299 rpm.

¢ Intermediate stage. Dual offset spur gears are driven by a single pinion. The between-
teeth ratio of 41/108 produces a transmission ratio of 2.634:1, resulting in an output
shaft speed of 3530 rpm. This meshing results in the first split in torque between the
two intermediate gears.

e High-torque output stage. A double-helical gear is driven by a pinion coaxial with each
intermediate stage gear. In this stage, the torque is split again between the two helical
pinions, with the result that the output shaft simultaneously receives torque from four
pinions for each bevel gear. In this transmission it is very convenient to combine torque
split with reduction, as greater torque is transmitted in each stage.

The between-teeth gear ratio is 23/232, so the transmission ratio is 10.087:1, resulting in an
output shaft speed of 350 rpm.

This configuration uses double-helical gearing at the output stage to drive the output shaft.
The helical pinions have opposing angles, which ensures equilibrium between the axial forces.
When a double gear operates on the output shaft, the area of support is twice that of a simple
gear. This causes a reduction in contact force, which in turn results in a reduction ratio that is
twice that of the simple case, with the corresponding reduction in weight and mechanical load.

Overall, this constitutes a transmission ratio of 65.64:1, with the total torque in the output
shaft exercised by each engine of 28818Nm, split between the four pinions that engage the
output shaft crown. This calculation is based on estimating overall losses, with each input
engine operating independently, of 12%.

One of the main problems in split torque transmission is ensuring equal torque split
between the paths. To ensure correct torque split, a long, torsionally flexible shaft is used
between the intermediate-stage spur gear and the output-stage helical pinions. Section 4
describes the methods most frequently used to ensure correct torque split between paths.

3. Feasible geometric configurations

To ensure simultaneous meshing of four gears (Fig. 1), configuration must comply with
certain geometric constraints. A number of studies describe the complexity of simultaneous
gearing in split torque gearboxes (Kish, 1993a) and in planetary gear systems (Henriot, 1979,
Parker & Lin, 2004); other studies approach the problem generically (Vilan-Vilan et al.,
2010), describing possible solutions that ensure the simultaneous meshing of four gears.

For four gears to mesh perfectly, the teeth need to mesh simultaneously at the contact
points. The curvilinear quadrilateral and the pitch difference are defined below in order to
express the meshing condition. From now on we will use this nomenclature of our own
devising -that is, curvilinear quadrilateral - to indicate the zone defined by portions of pitch
circles in the meshing area (Fig. 5). The pitch difference is the sum of pitches in the input
and output gears minus the sum of pitches in the idler gears at the curvilinear quadrilateral.
For perfect engagement between the four gears, the pitch difference must coincide with a
whole number of pitches.
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Fig. 5. General conditions for simultaneous meshing of four gears

A relationship is thus established between the position of the gears, as defined by the
relative distance between centres, and the number of teeth in each of the gears. Below we
explore two possible cases of over-constrained gears:

e CASE 1. Four outside gears.
e CASE 2. Three outside gears and one ring gear.

3.1 Case 1. Four outside gears

For a gearbox with the geometry illustrated in Fig. 6, it is possible to locate the different
positions that will produce suitable meshing between gears, in function of the number of
teeth in each gear, by defining the value of the angles a, 3, 6 and .

Fig. 6. Nomenclature for the four-gear case

The condition described in the previous section can be mathematically expressed as follows
(see Nomenclature):

rea+tB-ry—r,-5=n(mr) neZ @)
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where n is the pitch difference in the curvilinear quadrilateral. As previously mentioned, n
must be a whole number to ensure suitable meshing between gears.

We thus obtain an equation with four unknowns (a, B, y, 6). The three remaining
relationships can be obtained from the quadrilateral that joins the centres of the pitch circles
(this quadrilateral will be denoted the rectilinear quadrilateral). Finally, we come to a
transcendental equation (2) from which a can be obtained according to the number of teeth
in the gears.

e —f'C05|:A1 o+ B, ~arccos[cl_al+dbl'ccmxj+cl} =g -
1

@
-h, - cos[A'l~ a+B'- arccos[cl_al;bl'cosaj + C'l}
1
Once the angle a has been determined, we can calculate:
¢,—a,+b, -cosa
f =arccos | —————— ©)]
d,
y=A-a+B,-+C 4)
6=A"-a+B-f+C', )

ay, by, c1, dy, ey, f1, g1, hi, Ay, By, Ci, Ay, By and Cy” are numerical relationships among the
teeth number from each wheel that must mesh simultaneously. The value of each coefficient
is listed in the Appendix.

The transcendental equation for obtaining a has several solutions, all representing possible
assemblies for the starting gears. For example, for four-gear meshing with the next teeth
numbers: z;=30, z,=50, z3=20 and z;=12 (see Nomenclature), all the possible solutions for the
gear can be encountered. In this case solutions aren =-12, -11, -3,-2,-1,0, 1, 2, 3,4, 7, 29 and 30,
where n is the pitch difference between the two sides of the curvilinear quadrilateral (a whole
number that ensures suitable meshing). Fig. 7 shows some of the possible meshing solutions.




62 Mechanical Engineering

Fig. 7. Feasible solutions for given numbers of teeth

3.2 Case 2. Three outside gears and one ring gear

In this case torque is transmitted from a driving pinion (1) to a ring gear (2) through two
idler pinions (3) and (4). Two solutions are available depending on the geometry of the
rectilinear quadrilateral that joins the centres of the pitch circles, either crossed (Fig. 8 (a)) or
non-crossed (Fig. 8 (b)). The starting equation is different for each of these cases.

Fig. 8. Solutions for three outside gears and one ring gear: (a) crossed quadrilateral (b) non-
crossed quadrilateral
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For the crossed quadrilateral configuration, the starting equation is (see Nomenclature):
zya+zy B+zyy—z,-6=m-(2-n+z,+z,) (6)

Finally, we come to the same transcendental equation (2), where the coefficients are ay, b, ¢z,
da, ez, 5, g2, ha, Ag, Bo, G, A, By and Cy’, whose values are listed in the Appendix.

For the non-crossed quadrilateral configuration, the starting equation is:
zy =2, -2y =2, 6=n-(2:n1-2-2,+ 2, + z,) 7)

Finally, we come to the same transcendental equation (2), where the coefficients become a,
bo, c2, da, €2, f2, g2, ha, A3, B3, C3, A3’, Bs” and C3’, whose values are listed in the Appendix.

3.3 A particular case: Outside meshing with equal intermediate pinions

A common split torque gear assembly is one with two equally sized idler pinions (Fig. 9).

Fig. 9. Idler pinions in an outside gear

The solution is obtained by particularizing the general solution for four outside wheels and
imposing the condition z3= z;, or y= 8. The following equations are defined for the
curvilinear quadrilateral:

Za+2z, =22, y=n-21w (8)
a+pf+2-y=2x )
(z +23)~sin(%J:(zz +23)~sin(§j (10)

Resolving the system, the following transcendental function in o is obtained:
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Atz -sin(gj —sin| B, A tE '(gj (11)

Zy+ 25 2 | Zy+23 Zy+23 \ 2

The solutions for the other angles can now be obtained:
S =2-arcsin At sin(aﬂ (12)
| 22+ 23 2
a p

&P 13
Y > 5 (13)

4. Load sharing

The main problem in the design of split torque gearboxes is to ensure that torque is equally
split between different paths. Small deviations in machining can result in one of the paths with
100% of torque and the other path operating entirely freely (Kish & Webb, 1992). This situation
causes excessive wear in one of the paths and renders the torque split system ineffective.

Below we describe approaches to ensuring equal torque split between different paths in split
torque gear arrangements. The main types are:

1. Geared differential. This differential mechanism, frequently used in the automotive
sector, delivers equal torques to the drive gears of a vehicle.

2. Pivoted systems. These use a semi-floating pinion constrained both to pivot normal to
the line of action and to seek a position where tooth loads are equal.

3. Quill shafts. A torsion divider with a separate gear and pinion, each supported on its
own bearings, are connected through the quill shaft, which allows torsional flexibility.

The use of any of these systems to ensure correct torque split makes the gearbox heavier and
assembly and maintenance more complex, which is why a number of authors do not
support the use of systems that ensure torque split. Described below are the main systems
that ensure correct torque split and discussed also are the proposals of authors who
advocate for not using special systems.

4.1 Geared differential

One way to ensure correct torque split between two branches is to use a differential system.
The great disadvantage of this system, however, is that resistive torque lost in one branch
leads to loss of the full engine torque. Different differential mechanisms can be used, with
assemblies very similar to those in vehicles or to the system depicted in Fig. 10. Assembled at
the entry point to the gearbox is an input planetary system that acts as a differential that
ensures load sharing. This transmission accepts power from three input engines, each of which
has a differential system that ensures balanced torque splitting. Power is input from each
engine to the sun gear of the differential planetary system. The carrier is the output to a bevel
pinion that drives one torque splitting branch while the ring gear drives the other torque
splitting branch. As the carrier and the ring gear rotate in opposite directions, the bevel pinions
are arranged on opposite sides to ensure correct rotation direction. Each output bevel gear
drives one pinion which then combines power into the output gear.
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Fig. 10. Schematic view of split torque main transmission

4.2 Pivoted systems

One type of pivoted systems is described in detail in a patent (Gmirya, 2005) for split torque
reduction applied to an aerial vehicle propulsion system (Fig. 11). “The input pinion (64)
engages with gears (66) and (68). The input pinion is defined along the gear shaft Ac, the first gear

Fig. 11. Perspective view of the split torque gearbox with pivoted engine support (Gmirya, 2005)
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(66) defines a first gear rotation shaft A; and the second gear (68) defines a second gear
rotation shaft As. The axes Ag, A1 and A; are preferably located transversally to the pivot
axis Ap. The first gear (66) and the second gear (68) engage an output gear (70). The output
gear (70) defines an output rotation shaft Ay and is rotationally connected to the
translational driveshaft (44) and the rotor driveshaft (46) to power, respectively, the
translational propulsion system and the rotor system”.

The assembly transmits torque from the pinion (64), which operates at very high revolutions,
to the output shaft (44 -46) via two paths. The pivot system works as follows: since the input
pinion (64) meshes with two gears (66) and (68), the pivoted engine arrangement permits the
input pinion (64) to float until gear loads between the input gear (64), the first gear (66) and the
second gear (68) are balanced. Irrespective of gear teeth errors or gearbox shaft misalignments,
the input pinion will float and split torque between the two gears.

4.3 Quill shafts

Below we describe assemblies used in systems that allow some torsion in the split torque
shafts (Smirnov, 1990; Cocking, 1986) in order to minimize the difference in torque split
between paths. These systems achieve their goal in several ways:

e Conventional systems (Kish, 1993a) assemble intermediate shafts with some torsional
flexibility so that angular deviation produced between the input and output pinions
adjusts the torque transmitted via the two paths.

e  Other systems are based on elastomeric elements in the shaft (Isabelle et al., 1992, Kish
& Webb, 1992) or materials with a lower elastic modulus (Southcott, 1999), such as an
idler pinion constructed of nylon or a similar material (Southcott, 1999). This solution is
not explored here because the torque transmitted is reduced.

e  Yet other systems operate on the basis of spring elements (Gmirya & Vinayak, 2004).

The use of such elements in the design adds weight and makes both initial assembly and
maintenance more complex, thereby losing to some degree the advantages of split torque
gearboxes. Described below are the most representative types of quill shaft.

4.3.1 Conventional quill shafts

Conventional quill shaft design involves assembly on three different shafts (Fig. 12). The

Fig. 12. Conventional assembly of a quill shaft
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input shaft (1) is assembled with two separate bearings (2) and the input gear (3).The output
shaft (4) is assembled with two separate bearings (5) and, in this case, two output pinions
(6). The quill shaft is a third shaft (7) that connects the other two shafts. Due to a lower polar
moment of inertia, it admits torsional flexibility, resulting in a small angular deviation
between the input and output shafts. The value of the angular deviation is proportional to
the transmitted torque; thus, if one path transmits more torque than the other, the angular
deviation is greater, allowing the shaft that transmits less torque to increase its load.

4.3.2 Quill shafts based on elastomeric elements

Elastomeric elements are frequently used in quill shafts given their low elastic modulus. For
example, one system (Isabelle et al., 1992), based on using elastomers (Fig. 13), consists of
“an annular cylindrical elastomeric bearing (14) and several rectangular elastomeric bearing pads
(16). The elastomeric bearing (14) and bearing pads (16) have one or more layers (60); each layer (60)
has an elastomer (62) with a metal backing strip (64) secured by conventional means such as
vulcanization, bonding or lamination”.

Fig. 13. Elastomeric load sharing device (Isabelle et al., 1991)

The annular cylindrical elastomeric bearing (14) absorbs possible misalignments between
shafts resulting from defects in assembly. The rectangular elastomeric bearing pads (16) are
responsible for providing torsional flexibility to the shafts of the possible gear paths in order
to ensure equal torque transmission.

Another elastomer-based system (Kish & Webb, 1992) (Fig. 14) consists of an assembly with
“a central shaft (21) and a pair of bull pinions (22) and (23). The shaft (21) is supported by the
bearings (24) and (25); a gear flange (26) at the end of the shaft has bolt holes (27) and teeth (28) on
the outer circumference. A spur gear (29) is held to the flange (26) using upper and lower rims (30)
and (31), consisting of flat circular disks (32) with bolt holes (33) and an angled outer wall (34).
Gussets (35) between the wall and the disk increase rim stiffness to minimize deflection. One or more
elastomer layers (36), bonded to the outer surface (37) of the wall (34), act as an elastomeric torsional
isolator”.
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Fig. 14. Gear assembly using an elastomeric torsional isolator (Kish & Webb, 1992)

This assembly was tested in the Advanced Rotorcraft Transmission project (Kish, 1993a), by
comparing it with conventional quill shafts. It was concluded that the torque split was
excellent and also had other advantages such as lower transmission of force to supports, less
vibration and less noise during operation.

The main problem with using elastomers to achieve proper torque split is their degradation
over time, especially when used in high-torque gear transmissions where temperatures are
high and there is contact with oil. Some authors therefore propose the use of metallic
elements to achieve the same effect as the quill shaft.

4.3.3 Quill shafts based on spring elements

Some authors propose the use of metallic elements to achieve the same effect as the quill
shaft. One such system (Gmirya & Vinayak, 2004) (Fig. 15) is based on achieving this effect
by using “at least one spring element (30) placed between and structurally connecting the gear shaft
(32) and the outer ring of gear teeth (34). The gear shaft (32) has flange elements (36) that project
radially outboard of the shaft. The ring of gear teeth (34), similarly, has a flange element (38) that
projects radially inward towards the gear shaft”. In this case, a pair of spring elements (30) is
arranged on each side of the gear teeth flange element (38)”.

This assembly is designed in such a way that the spring elements absorb torsional deflection
between the gears, thereby ensuring proportional torque split between paths.

4.4 No use of special systems

Split torque gearboxes are used in order to reduce the weight of the gear system, so the
simplest option is assembly without special systems for regulating torque split. Several
authors support this option, for example, Kish (1993a, 1993b), who concluded from tests that
acceptable values can be achieved without using any special torque split system, simply by
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Fig. 15. Load sharing gear in combination with a double helical pinion (Gmirya & Vinayak,
2004)

ensuring manufacturing according to strict tolerances and correct assembly. Krantz (1996)
proposed the use of the clocking angle as a design parameter to achieve adequate torque
split between paths. This author has studied the effects of gearshaft twisting and bending,
and also tooth bending, Hertzian deformations within bearings and the impact of bearing
support movement on load sharing.

Krantz (1996) defined the clocking angle as p and described the assembly prepared for
measurement (Fig. 16): “The output gear is fixed from rotating and a nominal counter-clockwise
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Fig. 16. Assembly for measurement of the clocking angle
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torque is applied to the input pinion so that the gear teeth come into contact. When all the gear teeth
for both power paths come into contact, then the clocking angle B is, by definition, equal to zero. If the
teeth of one power path are not in contact, then the clocking angle f is equal to the angle that the first-
stage gear would have to be rotated relative to the second-stage pinion to bring all the teeth into
contact”.

The tests show that suitable (47 per cent/53 per cent) load sharing can be achieved merely
by taking into account the clocking angle and ensuring proper machining and assembly.

This research into the clocking angle has been followed up by subsequent authors (Parker &
Lin, 2004) who have studied how contact between different planetary gears is sequenced.

5. Conclusion

Choosing the correct assembly for aircraft power transmission is a key factor in the quest for
weight reduction. Although technological advances in mechanical components can help
achieve weight reduction in gear systems, their influence is much less than that of choosing
the correct gear assembly.

Planetary gear or split torque systems are typically used in helicopter gear transmissions.
The fundamental advantage of the split torque systems is that less weight is achieved by
equal torque transmission and gear transmission ratios. This advantage is based primarily
on arguments as follows:

¢ In the final transmission stage where the greatest torque is achieved, the use of several
paths for the transmission ratio means that, given equal torque and stress levels in the
teeth, the ratio between output torque/weight will be better in torque split gear systems
than in planetary gear systems.

¢ In the final transmission stage, transmission ratios of around 5:1 or 7:1 are achieved by
planetary gearboxes used with a single stage, compared to 10:1 or 14:1 for split torque
gears used in the final stage.

e The possibility of achieving higher transmission ratios in split torque gearboxes makes
it possible to use a smaller number of gear stages, resulting in lighter gear systems.

e  Split torque gearboxes need fewer gears and bearings that planetary gearboxes, which
means lower transmission losses.

e A key factor for aircraft use is that split torque gearboxes improve reliability by using
multiple power paths; thus, if one path fails, operation is always assured through
another path.

¢ The main disadvantage of the split torque gearboxes is when torque split between the
possible paths is uneven; however, several solutions are available to ensure correct
torque split.

These arguments would indicate the advisability of using this type of transmission in
aircraft gear systems.

6. Nomenclature

m gear module
1 radius of the pitch circle of wheel i



Split Torque Gearboxes: Requirements, Performance and Applications

71

Z number of teeth in wheel i

a angle formed by the lines between centres, between wheels 341

B angle formed by the lines between centres, between wheels 324

\% angle formed by the lines between centres, between wheels 231

) angle formed by the lines between centres, between wheels 14 2

n pitch difference between the two sides of the curvilinear quadrilateral
7. Appendix

The numerical relationships among the teeth number used in the text are listed below. Cy,
Ci', G, G, C3 and G3' are functionS of n, a whole number which represents the pitch

difference in the curvilinear quadrilateral.
= (2 +23) +(z +2,)
by=2-(z;+23) (2 +24)
¢ =(2z +z3)2 +(z, +z4)2
d=2-(zy+23) (2 +24)
e =(z + z3)2 +(zp+ 23)2
fi=2-(z1+23) (22 +23)
§1=(z +Z4)2 +(z +Z4)2

hy=2-(zy +24)(2y +24)

A _Zl+Z4
=2
23— Zy

B _ZZ+Z4
=24
23— 2
zZ,+n
C =2r——
z,—z,
A':Z1+Z3

1

Zy =2y
Bpi=%2t%

1
Z,— 2,

(16)
17)

(18)

(22)

(23)

(24)

(25)

(26)
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C =27 221" 7)
23 =24
_ 2 2 28
ay =(z1 +23) +(z; +24) (28)
by =2-(z+23) (2 +24) (29)
_ 2 2 (30)
¢ =(2-23) +(2-24)
dy=2-(2y-23) (20— 24) (1)
_ 2 2 32
ey=(z1+23) +(2,—23) (32)
2=2+(z1+23) (2~ 2) (33)
_ 2 2 (34)
8 =(21+24) +(22-2)
hy=2-(z1+24) (20— 24) (35)
A =Bt (36)
2y~ 24
Bzzﬂ (37)
24— 724
2n+z,+2z
Cy=q- 221515 (38)
232y
PR (39)
Z,— 7,
lezzz_za (40)
Z4 724
2n+2z,+2z
Czlzﬂ.# (41)
232
A =0T (42)
Tz
B=21"% (43)
Z3 =2

c :”.Z-n—2-22+23+3~z4

3

(44)
Zy =23
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A=AtE (45)
2y~ 23
B =52"% (46)
Z,— 2y
C3':7,.2'”_2'Z2+3'23+Z4 47)
23— 24
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On the Modelling of Spur and
Helical Gear Dynamic Behaviour

Velex Philippe
University of Lyon, INSA Lyon, LaMCoS UMR CNRS,
France

1. Introduction

This chapter is aimed at introducing the fundamentals of spur and helical gear dynamics.
Using three-dimensional lumped models and a thin-slice approach for mesh elasticity, the
general equations of motion for single-stage spur or helical gears are presented. Some
particular cases including the classic one degree-of-freedom model are examined in order to
introduce and illustrate the basic phenomena. The interest of the concept of transmission
errors is analysed and a number of practical considerations are deduced. Emphasis is
deliberately placed on analytical results which, although approximate, allow a clearer
understanding of gear dynamics than that provided by extensive numerical simulations.
Some extensions towards continuous models are presented.

2. Nomenclature

b : face width
C

e(M), Eyux (t) : composite normal deviation at M, maximum of e(M) at time ¢.

C, : pinion, gear torque

m’

E,E*: actual and normalized depth of modification at tooth tips

E,(t)= j k(M)Se(M)V(M)dM : time-varying, possibly non-linear forcing term associated
L(t,q)

with tooth shape modifications and errors

G=V,V/

H(x): unit Heaviside step function (H(x)=1 if x>1;H(x)=0 otherwise)

k,, k(t,q) : average and time-varying, non-linear mesh stiffness

k(t) =k, (1+ae(t)), linear time-varying mesh stiffness

k, : mesh stiffness per unit of contact length

k(M) , mesh stiffness per unit of contact length at M

k, : modal stiffness associated with (@, , ®@,)

[Kq(t)]= I k(M)V(M) V(M) dM : time-varying, possibly non-linear gear mesh

L(t,q)

stiffness matrix
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L(t,q) : time-varying, possibly non-linear, contact length

=&y : average contact length
cos f3,
_ Il .
m=—5—2%8_——:equivalent mass
Rb;I, + Rby1,
My, : modal mass associated with (@, , @)

n, : outward unit normal vector with respect to pinion flanks

NLTE : no-load transmission error

0,,0, : pinion, gear centre

Pb, : apparent base pitch

Rb,,Rb, : base radius of pinion, of gear

(s,t,z) : coordinate system attached to the pinion-gear centre line, see Figs. 1&2
T, : mesh period.

TE, TE,: transmission error, quasi-static transmission error under load
V(M),V0 , structural vector, averaged structural vector

W : projection vector for the expression of transmission error, see (44-1)
(X,Y,z) : coordinate system associated with the base plane, see Fig. 2

X, = K™ F, : static solution with averaged mesh stiffness (constant)

Xs, X, X:quasi-static, dynamic and total (elastic) displacement vector (time-dependent)
Z,,Z,: tooth number on pinion, on gear

« : small parameter representative of mesh stiffness variations, see (30)

@, apparent pressure angle

p, : base helix angle

F, . . . .
8, == =V"X, : static mesh deflection with average mesh stiffness

m

Se(M)=E,,« (t)—e(M): instantaneous initial equivalent normal gap at M
A(M) : mesh deflection at point M

&, : theoretical profile contact ratio

&, : overlap contact ratio

A= Cimn , deflection of reference
Rb,bk,

D, : p" eigenvector of the system with constant averaged stiffness matrix

¢p : damping factor associated with the p" eigenfrequency
I' : dimensionless extent of profile modification (measured on base plane)

t . . .
7 =—, dimensionless time

m

ot o . . .
o, p" eigenfrequency of the system with constant averaged stiffness matrix
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o
@, =——, dimensionless eigenfrequency
pn n
1

Q,,Q, : pinion, gear angular velocity

A : vector A completed by zeros to the total system dimension

* [
(o) = % , normalized displacement with respect to the average static mesh deflection

m

L]
(8)= Q , normalized stiffness with respect to the average mesh stiffness

m

3. Three-dimensional lumped parameter models of spur and helical gears
3.1 Rigid-body rotations — State of reference

It is well-known that the speed ratio for a pinion-gear pair with perfect involute spur or
helical teeth is constant as long as deflections can be neglected. However, shape errors are
present to some extent in all gears as a result of machining inaccuracy, thermal distortions
after heat treatment, etc. Having said this, some shape modifications from ideal tooth flanks
are often necessary (profile and/or lead modifications, topping) in order to compensate for
elastic or thermal distortions, deflections, misalignments, positioning errors, etc. From a
simulation point of view, rigid-body rotations will be considered as the references in the
vicinity of which, small elastic displacements can be superimposed. It is therefore crucial to
characterise rigid-boy motion transfer between a pinion and a gear with tooth errors and/or
shape modifications. In what follows, e(M) represents the equivalent normal deviation at the
potential point of contact M (sum of the deviations on the pinion and on the gear) and is
conventionally positive for an excess of material and negative when, on the contrary, some
material is removed from the ideal geometry. For rigid-body conditions (or alternatively
under no-load), contacts will consequently occur at the locations on the contact lines where
e(M) is maximum and the velocity transfer from the pinion to the gear is modified compared
with ideal gears such that:

(Rb, Q, + Rb,Q,)cos B, +dEM;l%:(t):O D

where E, . (t)=max,(e(M)) with max,(), maximum over all the potential point of
contact at time ¢

The difference with respect to ideal motion transfer is often related to the notion of no-load
transmission error NLTE via:

d

—(NLTE)=Rb,©, + Rb, 0, B S ) )

cosf, dt

Using the Kinetic Energy Theorem, the rigid-body dynamic behaviour for frictionless gears
is controlled by:

IlQlQ1+IZQZQ2:CrrIQl+CrQZ (3)
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with J,,],: the polar moments of inertia of the pinion shaft line and the gear shaft line

respectively. C,,,C, : pinion and gear torques.

m’

The system with 4 unknowns (Q,,9Q,,C
2 parameters have to be imposed.

C, ) is characterised by equations (2) - (3) only, and

m’

3.2 Deformed state — Principles

Modular models based on the definition of gear elements (pinion-gear pairs), shaft elements
and lumped parameter elements (mass, inertia, stiffness) have proved to be effective in the
simulation of complex gear units (Kiigtikay, 1987), (Baud & Velex, 2002). In this section, the
theoretical foundations upon which classic gear elements are based are presented and the
corresponding elemental stiffness and mass matrices along with the possible elemental
forcing term vectors are derived and explicitly given. The simplest and most frequently
used 3D representation corresponds to the pinion-gear model shown in Figure 1. Assuming
that the geometry is not affected by deflections (small displacements hypothesis) and
provided that mesh elasticity (and to a certain extent, gear body elasticity) can be transferred
onto the base plane, a rigid-body approach can be employed. The pinion and the gear can
therefore be assimilated to two rigid cylinders with 6 degrees of freedom each, which are
connected by a stiffness element or a distribution of stiffness elements (the discussion of the
issues associated with damping and energy dissipation will be dealt with in section 4.3).
From a physical point of view, the 12 degrees of freedom of a pair represent the generalised
displacements of i) traction: u,,u, (axial displacements), ii) bending: v,,w,,v,,w,
(translations in two perpendicular directions of the pinion/gear centre), @,,y,,9,,¥,
(bending rotations which can be assimilated to misalignment angles) and finally, iii) torsion:

Contact lines b

—

Fig. 1. A 3D lumped parameter model of pinion-gear pair.
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6,,6, which are small angles associated with deflections superimposed on rigid-body
t t

rotations ©, = I Q,(o)do (pinion) and ©, = I Q, (o )do (gear). Following Velex and Maatar
0 0

(1996), screws of infinitesimal displacements are introduced whose co-ordinates for solid k
(conventionally k=1 for the pinion, k=2 for the gear) can be expressed in two privileged
coordinate systems: i) (s,t,z) such that z is in the shaft axis direction (from the motor to

the load machine), § is in the centre-line direction from the pinion centre to the gear centre
and t=zxs (Fig.1) or, ii) (X,Y,z) attached to the base plane (Fig. 1):

(5.} u, (O )=vs+wt+uz o u, (0,) =V, X+ WY +u,z =12 @
N o, =g sty t+6,z @, =0, X+¥,Y+6,z ’

where O,,0, are the pinion and gear centres respectively

3.3 Deflection at a point of contact — Structural vectors for external gears

Depending on the direction of rotation, the direction of the base plane changes as illustrated
in Figure 2 where the thicker line corresponds to a positive rotation of the pinion and the
finer line to a negative pinion rotation about axis (O,,z) .

z @ \\\‘Xm

Fig. 2. Directions of rotation and planes (lines) of action. (the thicker line corresponds to a
positive rotation of pinion)

For a given helical gear, the sign of the helix angle on the base plane depends also on the
direction of rotation and, here again; two configurations are possible as shown in Figure 3.

Since a rigid-body mechanics approach is considered, contact deflections correspond to the
interpenetrations of the parts which are deduced from the contributions of the degrees-of-
freedom and the initial separations both measured in the normal direction with respect to
the tooth flanks. Assuming that all the contacts occur in the theoretical base plane (or plane
of action), the normal deflection A(M)at any point M, potential point of contact, is
therefore expressed as:

A(M)=u,(M).n, —u,(M).n, - 5e(M) (5)
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M/é\: P
n

A contact line

Fig. 3. Helix angles on the base plane.

where Se(M)=max,,(e(M))—e(M) is the equivalent initial normal gap at M caused by
tooth modifications and/or errors for example, n,is the outward unit normal vector to
pinion tooth flanks (Fig.3)

Using the shifting property of screws, one obtains the expression of A(M) in terms of the
screw co-ordinates as:

A(M)=u,(0,).n,; +(®,xOM).n, -u,(0,).n, - (0, xO,M).n, — 5e(M) 6)

which is finally expressed as:

nl 5 ul Ol)
O,Mxn (o)
A M — 1 1 1 _58 M
()= O] o) ®
-O,Mxn, W,
or, in a matrix form:
A(M)=V(M)' q-Se(M) ®)

where V(M) is a structural vector which accounts for gear geometry (Kiiciikay, 1987) and
q is the vector of the pinion-gear pair degrees of freedom (superscript T refers to the transpose
of vectors and matrices)

The simplest expression is that derived in the (X,Y,z) coordinate system associated with
the base plane leading to:

V(M)T:<cos,6'h, 0, esinf,, —{&Rbsing, n-ep,sinf,, ¢ Rb cosp,,
—cosf,, 0, —esinf,, —{&Rb,sing,, —[n+ep,sinp,], {Rb,cosp, )

qT:<Vl W, u © ¥ 6 V, W, u, o, ¥, 6’z> )
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where Rb,,Rb, are the pinion, gear base radii; S, is the base helix angle (always considered as
positive in this context); p,,p,,n are defined in Figure 3; & =+1 depending on the sign of the
helix angle; ¢ =+1 for a positive rotation of the pinion and ' =-1 for a negative rotation of
the pinion.

An alternative form of interest is obtained when projecting in the (s,t,z) frame attached to

the pinion-gear centre line:

V(M)T = <cosﬂb sina,, ¢cosf,cosa,, esinf,, —{eRbsinfgsina, —é’(r]—gpl sinﬂb)cosap
[—e Rb, sin ff, cosa, + (77 —&p,sin ﬂb)sinap}, ¢ Rb,cosf,, —cosf,sina,, —¢cosp,cosa,,
—esinf,, —¢&Rb,sinf, sina, + ;(77 +éep, sinﬂb)cosap

—[stzsin,Bbcosap+(77+gp2sinﬁb)sinap] ¢ Rb, cos g3, >

T

q :<Z71 W, U@y, 6 v, w, u, ¢ Yy, €2> (10)

3.4 Mesh stiffness matrix and forcing terms for external gears

For a given direction of rotation, the usual contact conditions in gears correspond to single-
sided contacts between the mating flanks which do not account for momentary tooth
separations which may appear if dynamic displacements are large (of the same order of
magnitude as static displacements). A review of the mesh stiffness models is beyond the
scope of this chapter but one usually separates the simulations accounting for elastic
convection (i.e., the deflection at one point M depends on the entire load distribution on the
tooth or all the mating teeth (Seager, 1967)) from the simpler (and classic) thin-slice
approach (the deflection at point M depends on the load at the same point only). A
discussion of the limits of this theory can be found in Haddad (1991), Ajmi & Velex (2005)
but it seems that, for solid gears, it is sufficiently accurate as far as dynamic phenomena
such as critical speeds are considered as opposed to exact load or stress distributions in the
teeth which are more dependent on local conditions. Neglecting contact damping and
friction forces compared with the normal elastic components on tooth flanks, the elemental
force transmitted from the pinion onto the gear at one point of contact M reads:

dF, ,(M)=k(M)A(M)dMn, (11)
with k(M): mesh stiffness at point M per unit of contact length
The resulting total mesh force and moment at the gear centre O, are deduced by integrating

over the time-varying and possibly deflection-dependent contact length L(t,q) as:

F,= [ k(M)A(M)dMn,
L(t,q) ~
{Fi) M,,,(0,)= | k(M)A(M)O,Mxn,dM (12

L(t,q)
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Conversely the mesh force wrench at the pinion centre O, is:

By [ K(M)A(M)dMn,
L(t.q) -
{F2/1} M2/1(01):_ J. k(M)A(M)OlMxnldM =

L(t.q)

The mesh inter-force wrench can be deduced in a compact form as:

(F }{{Fz“}z— [ k(M)A(M)V(M)dM (13)
" {Fl/z} L(t.q)

and introducing the contact normal deflection A(M)=V(M)' q—8e(M) finally leads to:

{Fu}=-[Ke(t)]Ja +E.(¢) (14)

where [Kq(t)]= I k(M)V(M) V(M) dM is the time-varying gear mesh stiffness matrix
L(t,q)

E,(t)= I k(M)Se(M)V(M)dM is the excitation vector associated with tooth shape

L(t,q)
modifications and errors
3.5 Mass matrix of external gear elements—Additional forcing (inertial) terms
For solid k (pinion or gear), the dynamic sum with respect to the inertial frame can be
expressed as:

=0 =m, [(vk — 6,0, 5in O, — 0} cosO, )5+ (i, + ¢, c0sO, — Q] sin®, )t + iikz] (15)

where 1, and e, are respectively the mass and the eccentricity of solid k

A simple expression of the dynamic moment at point O, can be obtained by assuming that
O, is the centre of inertia of solid k and neglecting gyroscopic components (complementary
information can be found in specialised textbooks on rotor dynamics (see for instance
(Lalanne & Ferraris, 1998)):

8, (0,) = Lighs+ Lyt + I, (O + 6, )z (16)

where I, is the cross section moment of inertia and I, is the polar moment of solid k

Using the same DOF arrangement as for the stiffness matrices, a mass matrix for the pinion-
gear system can be deduced as (note that the same mass matrix is obtained in the
(X,Y,z) coordinate system):

[M]=diag(m,,m,,m, I, 1,1y, m,,m,,m,,1,,1,,1,) (17-1)
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along with a forcing term associated with inertial forces (whose expression in (X,Y,z) has
the same form on the condition that angles ©, , are measured from Xand Y):

F;(t)= <mle1 (Ql sin®, +Q? cos@l) -m,e, (Ql cos@®, —-Q? sin@)l) 0 0 0 -I,Q
. , T
1m,e, (Qz sin®, +Q; cos@z) -m,e, (Qz cos®, - Q] sin@z) 000 —IOZQZ>
3.6 Usual simplifications

Examining the components of the structural vectors in (9) and (10), it can be noticed that
most of them are independent of the position of the point of contact M with the exception of
those related to bending slopes ¥,, ore, ,,w,,. Their influence is usually discarded
especially for narrow-faced gears so that the mesh stiffness matrix can be simplified as:

[Ks(t)]= [ k(M)dM V,V; =k(t,q)G (18)
(ta)

where V; represents an average structural vector and k(t,q) is the time-varying, possibly
non-linear, mesh stiffness function (scalar) which plays a fundamental role in gear dynamics.

3.6.1 Classic one-DOF torsional model

gear

pinion
Fig. 4. Basic torsional model.

Considering the torsional degrees-of-freedom only (Figure 4), the structural vector reads
(keeping solely the non-zero components):

¢ Rb,

V(M)=V0=LRb2

}cos B, (19)

and the following differential system is derived ({ ’= 1) :

o7 RK?  Rb,Rb, [0
01 ?1 +k(t,0,,6,)cos’ B, i b 2b2 s =
0 I |4, Rb,Rb,  Rb; |6,

X (20)
C Rbl IO] 1
{ C”: }+L(L)k(M)5e(M)dM L{ijcosﬁb _{ 9 }

IUZQZ
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Note that the determinant of the stiffness matrix is zero which indicates a rigid-body mode
(the mass matrix being diagonal). After multiplying the first line in (20) by Rb, I, , the second
line by Rb,I,, , adding the two equations and dividing all the terms by (I R +1 2URbf) , the
semi-definite system (20) is transformed into the differential equation:

dZ

mi +k(t,x)x =F, +¢ cos B, _[ k(M)&e(M)dM _KE(NLTE) (21)
L(t,x)

With x = Rb,0, + Rb,6, , relative apparent displacement

102101

fl=——
Rb1, + RB21,,

, equivalent mass

2

k=0 é(Z when the pinion speed Q, and the output torque C, are supposed to be
2

constant.

3.6.2 A simple torsional-flexural model for spur gears

The simplest model which accounts for torsion and bending in spur gears is shown in
Figure 5. It comprises 4 degrees of freedom, namely: 2 translations in the direction of the line
of action V,,V, (at pinion and gear centres respectively) and 2 rotations about the pinion and
gear axes of rotation 6,,6,. Because of the introduction of bending DOFs, some supports
(bearing/shaft equivalent stiffness elements for instance) must be added.

Fig. 5. Simplified torsional-flexural spur gear model.
The general expression of the structural vector V(M) (9) reduces to:
V,"=(1 ¢Rb, -1 (Rb,) (22)

Re-writing the degree of freedom vector as q*" :<vl Rb,6, v, Rb26’2> , the following
parametrically excited differential system is obtained for linear free vibrations:

Mg *+K(t)q* =0 (23-1)
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ny k(t)+k1 gk(t) 7k(t) é’k(f)
I /Rb; k(t)

Remark: The system is ill-conditioned since rigid-body rotations are still possible (no unique
static solution). In the context of 3D models with many degrees of freedom, it is not
interesting to solve for the normal approach Rb,6, + Rb,6, as is done for single DOF models.

The problem can be resolved by introducing additional torsional stiffness element(s) which
can represent shafts; couplings etc. thus eliminating rigid-body rotations.

4. Mesh stiffness models — Parametric excitations
4.1 Classic thin-slice approaches

From the results in section 2-5, it can be observed that, in the context of gear dynamic
simulations, the mesh stiffness function defined as k(t,q)= J. k(M)dM plays a key role.
L(t,q)

This function stems from a ‘thin-slice’ approach whereby the contact lines between the
mating teeth are divided in a number of independent stiffness elements (with the limiting
case presented here of an infinite set of non-linear time-varying elemental stiffness elements)
as schematically represented in Figure 6.

V=R,.

Fig. 6. “Thin-slice’ model for time-varying mesh stiffness.

Since the positions of the teeth (and consequently the contact lines) evolve with time (or
angular positions), the profiles slide with respect to each other and the stiffness varies
because of the contact length and the individual tooth stiffness evolutions. The definition of
mesh stiffness has generated considerable interest but mostly with the objective of
calculating accurate static tooth load distributions and stress distributions. It has been
shown by Ajmi and Velex (2005) that a classic ‘thin-slice” model is sufficient for dynamic
calculations as long as local disturbances (especially near the tooth edges) can be ignored. In
this context, Weber and Banascheck (1953) proposed a analytical method of calculating tooth
deflections of spur gears by superimposing displacements which arise from i) the contact
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between the teeth, ii) the tooth itself considered as a beam and, iii) the gear body (or
foundation) influence. An analytical expression of the contact compliance was obtained
using the 2D Hertzian theory for cylinders in contact which is singular as far as the normal
approach between the parts (contact deflection) is concerned. The other widely-used
formulae for tooth contact deflection comprise the analytical formula of Lundberg (1939),
the approximate Hertzian approach originally used at Hamilton Standard (Cornell, 1981)
and the semi-empirical formula developed by Palmgren (1959) for rollers. The tooth bending
radial and tangential displacements were derived by equating the work produced by one
individual force acting on the tooth profile and the strain energy of the tooth assimilated to a
cantilever of variable thickness. Extensions and variants of the methodology were
introduced by Attia (1964), Cornell (1981) and O’Donnell (1960, 1963) with regard to the
foundation effects. Gear body contributions were initially evaluated by approximating them
as part of an elastic semi-infinite plane loaded by the reactions at the junction with the tooth.
A more accurate expression for this base deflection has been proposed by Sainsot et al.
(2004) where the gear body is simulated by an elastic annulus instead of a half-plane. Figure
7 shows two examples of mesh stiffness functions (no contact loss) calculated by combining
Weber’s and Lundberg’s results for a spur and a helical gear example. It can be observed
that the stiffness fluctuations are stronger in the case of conventional spur gears compared
with helical gears for which the contact variations between the teeth are smoother.

3 A @ =
I - T N
— T
i

mesh stiffness (N/m)

I

a - Spur gear

mesh stifness (N/m)

b - Helical gear (4 =30°)

Fig. 7. Examples of mesh stiffness functions for errorless gears.
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Although the results above are based on simplified bi-dimensional approaches, they are still
widely used in gear design. For example, the mesh stiffness formulae in the ISO standard
6336 stem from Weber’s analytical formulae which were modified to bring the values in
closer agreement with the experimental results. Another important simplification brought
by the ISO formulae is that the mesh stiffness per unit of contact length k¢ is considered as
approximately constant so that the following approximation can be introduced:

[ k(M)am =k, | dM =k,L(t,q) (24)
L(t,q) L(t,q)

where L(t,q) is the time-varying (possibly non-linear) contact length.

4.2 Contact length variations for external spur and helical gears

Considering involute profiles, the contact lines in the base plane are inclined by the base
helix angle g, (Figure 8) which is nil for spur gears. All contact lines are spaced by integer
multiples of the apparent base pitch Pb, and, when the pinion and the gear rotate, they all
undergo a translation in the X direction at a speed equal to Rb, Q, .

;

L 7]
b (@ ® ® >

T
X
Contact line
&, Pb,
z g, Pb,
v

Fig. 8. Base plane and contact lines (b : face width; Z : axial direction (direction of the axes
of rotation); T,,T, : points of tangency on pinion and gear base circles and T;,T, : limits of
the contact area on base plane).

It transpires from this geometrical representation that the total length of contact between the
pinion and the gear is likely to vary with time and, based on the simple stiffness equation
(24), that mesh stiffness is time-varying and, consequently, contributes to the system
excitation via parametric excitations.

The extent of action on the base plane is an important property measured by the contact
ratio &, which, in simple terms, represents the ‘average number’ of tooth pairs in contact
(possibly non integer) and is defined by:
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TT, +Ra>—-Rb?+\Ra,?>~Rb,> ~Esina,

“ Pb zmmeosa,

a

(25-1)

with Ra,;,Ra,: external radius of pinion, of gear; Rb,,Rb,: base radius of pinion, of gear;

E=[0,0,

‘ : centre distance

In the case of helical gears, the overlap due to the helix is taken into account by introducing
the overlap ratio ¢, defined as:

. _btang, _1b tanp,

= 25-2
’ Py, 7 mcosa, (2>-2)
and the sum ¢ =¢, +¢,is defined as the total contact ratio.
. . . . t Pb, . C o
Introducing the dimensionless time z=—where T, =———"— is the mesh period i.e. the

m ="
time needed for a contact line to move by a base pitch on the base plane, a closed form
expression of the contact length L(7) for ideal gears is obtained under the form (Maatar &

Velex, 1996), (Velex et al., 2011):

LE) 225inc(kga)Sinc(kgﬁ)cos(zzk(ga +5,-27)) (26)

m k=1

. b
with: L, =, ——, average contact length
cos f3,

, sin(7x) . I . . s -
Sinc(x)= (7x) is the classic sine cardinal function which is represented in Figure 9.
X

Sine(x)

_Mﬂwﬂ,\/

sin(7x) .

Fig. 9. Evolutions of Sinc(x)=
7x
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The following conclusions can be drawn:

a. for spur gears, £, =0 and Sinc(ksﬂ) =1

b. it can observed that the time-varying part of the contact length disappears when either
&, or &,is an integer

c. harmonic analysis is possible by setting k=1,2,... in (27) and it is possible to represent
the contact length variations for all possible values of profile and overlap contact ratios
on a unique diagram. Figure 10 represents the RMS of contact length variations for a
realistic range of contact and overlap ratios. It shows that:
- contact length variations are significant when ¢, is below 2 and &, below 1
- contact length is constant when ¢, =2 (¢&,=1 has to avoided for a continuous

motion transfer) and /or ¢, =1

- for overlap ratios £, above 1, contact length variations are very limited.

25
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Fig. 10. Contour plot of the RM.S. of L(z)/L,, for a range of profile and transverse contact
ratios.

4.3 Approximate expressions — Orders of magnitude

Mesh stiffness can be determined using the Finite Elements Method but it is interesting to
have orders of magnitude or approximate values at the design stage. For solid gears made
of steel, an order of magnitude of the mesh stiffness per unit of contact length k, is =1.3
10" N/m2. More accurate expressions can be derived from the ISO 6336 standard which,
for solid gears, gives:

k, =cosp 08 (27)
q
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with
p : helix angle (on pitch cylinder)

g=C, + C + S +C4x1+Cszx—l+C6x2+QZx—2+ngf+C9x§

n, Zn, n, n,

coefficients C,,...,C, have been tabulated and are listed in Table 1 below

Zn, = Z; , i=1,2 are the number of teeth of the equivalent virtual spur pinion (i=1)
cos

and gear (i=2).
x; , 1=1,2, are the profile shift coefficients on pinion(i=1) and gear(i=2)

G G, G G G Cs G Cs G
0,04723 | 0,15551 | 0,25791 | -0,00635 | -0,11654 | -0,00193 | -0,24188 | 0,00529 | 0,00182

Table 1. Tabulated coefficients for mesh stiffness calculations according to ISO 6336.

5. Equations of motion — Dynamic behaviour
5.1 Differential system

The equations of motion for undamped systems are derived by assembling all the elemental
matrices and forcing term vectors associated with the gears but also the supporting
members (shafts, bearings, casing, etc.) leading to a parametrically excited non-linear
differential system of the form:

[M]X +[K(t,X)|X=F, +F,(t,X,5¢e(M))+F,(t,9, ,) (28)

where Xis the total DOF vector, [M] and [K(t,X)] are the global mass and stiffness
matrices. Note that, because of the contact conditions between the teeth, the stiffness matrix
can be non-linear (partial or total contact losses may occur depending on shape deviations
and speed regimes). F, comprises the constant nominal torques; F, (t,X,é‘e(M )) includes the
contributions of shape deviations (errors, shape modifications, etc.); Fz(t,Qm) represents
the inertial effects due to unsteady rotational speeds

5.2 Linear behaviour - Modal analysis

Considering linear (or quasi-linear) behaviour, the differential system can be re-written as:
[M]X +[K(t)]X=F, () +F,(t,0¢(M)) + F,(£,2, ,) (29)

The time variations in the stiffness matrix [K(t)] are caused by the meshing and, using the
formulation based on structural vectors, the constant and time-varying components can be
separated as:

[K(6)]=[K,]+ [ k(M)V(M)V(M)" aM (30)
L(r)
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where V(M) is the extended structural vector: structural vector completed by zeros to the
total number of DOF of the model

Using an averaged structural vector as in (18):

V, = Tll V(M)adt (1)
(30) can be simplified as:
[K(t)]=[K,]+ j k(M)dMV,V," =[K,]+k, (t)V,V," (32)

L(t)

The separation of the average and time-varying contributions in the mesh stiffness function
as k(t)=k, (1+ap(t)) leads to the following state equations:

[M]X + [[KU] +k,(1+ap(t))V, VUT]X =F, +F,(t,6¢(M))+E, (£, ,) (33)

For most gears, « is usually a small parameter (a <<1) and an asymptotic expansion of the
solution can be sought as a straightforward expansion of the form:

X=X, +aX, +a’X, +... (34)

which, when re-injected into (33) and after identifying like order terms leads to the
following series of constant coefficient differential systems:

Main order:

[M]X, +[[K,]+k,V, V," |X, =, +F,(t,6¢(M))+F,(£,Q, ,) (35-1)

m

fth order:
[M]X, +[[K,]+k,V, V" X, =k, 0(t)V, V,'X, (35-2)

Interestingly, the left-hand sides of all the differential systems are identical and the analysis
of the eigenvalues and corresponding eigenvectors of the homogeneous systems will
provide useful information on the dynamic behaviour of the geared systems under
consideration (critical speeds, modeshapes).

The following system is considered (the influence of damping on critical speeds being

ignored):
[M]X, +[[K,]+k,V, Vy |X, =0 (36)

from which the eigenvalues and eigenvectors are determined. The technical problems
associated with the solution of (36) are not examined here and the reader may refer to
specialised textbooks. It is further assumed that a set of real eigenvalues®,and real
orthogonal eigenvectors @, have been determined which, to a great extent, control the gear
set dynamic behaviour.
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Focusing on dynamic tooth loads, it is interesting to introduce the percentage of modal
strain energy stored in the gear mesh which, for a given pair (@, , @, ), is defined as:

oV, Vo k
P, =k, — = = Vg, 7" (37)
' @, [[K,]+k,V, V)" [@, 7k,
with v, =@ V=V'd,

k, ks, : average mesh stiffness and modal stiffness associated with (@, , ®@,)

m’

It as been shown (Velex & Berthe., 1989) that p, is a reliable indicator of the severity of one
frequency with regard to the pinion-gear mesh and it can be used to identify the potentially
critical speeds @, for tooth loading which are those with the largest percentages of modal
strain energy in the tooth mesh. If the only excitations are those generated by the meshing
(the mesh frequency is Z,Q, ), the tooth critical speeds can be expressed in terms of pinion
speed as:

Q=0 /kZ, k=12, (38)

Based on the contact length variations and on the transmission error spectrum, the relative
severity of the excitations can be anticipated.

Remark: The critical frequencies are supposed to be constant over the speed range
(gyroscopic effects are neglected). Note that some variations can appear with the evolution
of the torque versus speed (a change in the torque or load can modify the average mesh
stiffness especially for modified teeth).

For the one DOF tosional model in Figure 4, there is a single critical frequency o =\/k,,/m
whose expression can be developed for solid gears of identical face width leading to:

Q= 23?;; (,lcosﬂbf\/1+u (39)

where k=1,2,... represents the harmonic order; A = 8k (p is the density), for steel gears
\ 70

A=210° ms™; Mis the module (in meter); Bis the pinion or gear thickness (supposed
identical); b is the effective contact width (which can be shorter than B because of chamfers

Z .
for example); u = Z—l , speed ratio.
2

5.3 Dynamic response

5.3.1 The problem of damping

Energy dissipation is present in all geared systems and the amount of damping largely
controls the amplification at critical speeds. Unfortunately, the prediction of damping is still
a challenge and, most of the time; it is adjusted in order to fit with experimental evidence.
Two classical procedures are frequently employed:
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a. the assumption of proportional damping (Rayleigh’s damping) which, in this case,
leads to:

[C]=a[M]+b[[K,]+K,V, V," | (40)
with: a,b, two constants to be adjusted from experimental results

b.  the use of (a limited number of) modal damping factors ¢, :

The damping matrix is supposed to be orthogonal with respect to the mode-shapes of the
undamped system with the averaged stiffness matrix such that:

@, [C]®D, =2¢,,[k,,m,, (41-1)
@, [Cl®, =0 (41-2)

with: ¢, : modal damping factor associated with mode p

ky,,m,, : modal stiffness and mass associated with mode p

or introducing the modal damping matrix [Cg,] :

[Co]=diag(2¢, \Jky, s, ), p=1,Nmod (41-3)

Following Graig (1981), the damping matrix can be deduced by a truncated summation on a
limited number of modes Nr leading to the formula:

()= 3 2% (M, ) (M), ) )

p=1 ®p

with: @, = &

My,
Regardless of the technique employed, it should be stressed that both (41) and (42) depend
on estimated or measured modal damping factors ¢, for which the data in the literature is
rather sparse. It seems that 0.02<¢, <0.1 corresponds to the range of variation for modes
with significant percentages of strain energy in the meshing teeth. The methods also rely on
the assumption of orthogonal mode shapes which is realistic when the modal density
(number of modes per frequency range) is moderate so that inter-modal couplings can be

neglected.

5.3.2 Linear response

Based on the previous developments, the linear response of gears to mesh parametric
excitations can be qualitatively assessed. Response peaks are to be expected at all tooth
critical speeds and every sub-harmonic of these critical speeds because mesh stiffness time



94 Mechanical Engineering

variations may exhibit several harmonics with significant amplitudes. Figure 11, taken from
Cai and Hayashi (1994), is a clear example of such typical dynamic response curves when
the gear dynamic behaviour is dominated by one major tooth frequency @, (and can be

simulated by using the classic one DOF model). The amplifications associated with each
peak depends on i) the excitation amplitude (Eq. (27) can provide some information on the
amplitude associated with each mesh frequency harmonic) and ii) the level of damping for
this frequency. For more complex gear sets, interactions between several frequencies can
happen but, as far as the author is aware, the number of frequencies exhibiting a significant
percentage of modal strain energy in the tooth mesh seems very limited (frequently less

than 5) thus making it possible to anticipate the potential dangerous frequency coincidences
for tooth durability.
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Fig. 11. Examples of dynamic response curves (Cay & Hayashi, 1994).

5.3.3 Contact condition — Contact losses and shocks

Only compressive contact forces can exist on tooth flanks and using (11), this imposes the
following unilateral condition in case of contact at point M:

dF, ,(M)-n, =k(M)A(M)dM> 0 (43)
or, more simply, a positive mesh deflection A(M).

If A(M)<0, the contact at M is lost (permanently or temporarily) and the associated contact
force is nil. These constraints can be incorporated in the contact force expression by
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introducing the unit Heaviside step function H(x) such that H(x)=1 if x>0 and
H(x)=0 otherwise. Finally, one obtains:

dF,, (M) =k(M)A(M)H(A(M))dMn, (44)

It can observed that contact losses are related to the sign of A(M)=V;X-de(M), from

which, it can be deduced that two cases have to be considered:

a. Se(M)is larger than the normal approach VX which, typically, corresponds to large
amplitudes of tooth modifications reducing the actual contact patterns, to spalls on the
flanks (pitting) where contact can be lost, etc.

b. the amplitude of the dynamic displacement X is sufficiently large so that the teeth can
separate ( X is periodic and can become negative in some part of the cycle).

Momentary contact losses can therefore occur when vibration amplitudes are sufficiently
large; they are followed by a sequence of free flight within the tooth clearance until the teeth
collide either on the driving flanks or on the back of the teeth (back strike). Such shocks are
particularly noisy (rattle noise) and should be avoided whenever possible. Analytical
investigations are possible using harmonic balance methods and approximations of H(x)
(Singh et al., 1989), (Comparin & Singh, 1989), (Kahraman & Singh, 1990), (Kahraman &
Singh, 1991), and numerical integrations can be performed by time-step schemes (Runge-
Kutta, Newmark, etc.). The most important conclusions are:

a. contact losses move the tooth critical frequencies towards the lower speeds (softening
effect) which means that predictions based on a purely linear approach might be
irrelevant. The phenomenon can be observed in Fig. 11 where the experimental peaks
are at lower speed than those predicted by the linear theory.
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Fig. 12. Dynamic response curves by numerical simulations - Amplitude jumps - Influence
of the initial conditions (speed up vs speed down), 2% of the critical damping, Spur gears
Z,=30,2,=45, M =2mm, standard tooth proportions.



96 Mechanical Engineering

b. When contact losses occur, response curves exhibit amplitude jumps (sudden
amplitude variations for a small speed variation),

c.  Because of a possibly strong sensitivity to initial conditions, several solutions may exist
depending on the kinematic conditions i.e., speed is either increased or decreased

d. damping reduces the importance of the frequency shift and the magnification at critical
tooth frequency.

These phenomena are illustrated in the response curves in Figure 12.

6. Transmission errors
6.1 Definitions

The concept of transmission error (TE) was first introduced by Harris (1958) in relation to
the study of gear dynamic tooth forces. He realised that, for high speed applications, the
problem was one of continuous vibrations rather than a series of impacts as had been
thought before. Harris showed that the measure of departure from perfect motion transfer
between two gears (which is the definition of TE) was strongly correlated with excitations
and dynamic responses. TE is classically defined as the deviation in the position of the
driven gear (for any given position of the driving gear), relative to the position that the
driven gear would occupy if both gears were geometrically perfect and rigid.

NB: The concept embodies both rigid-body and elastic displacements which can sometimes be
confusing.
Figure 13 illustrates the concept of transmission error which (either at no-load or under

load) can be expressed as angular deviations usually measured (calculated) on the driven
member (gear) or as distances on the base plane.

PINION WHEEL
NUMBER OF TEETH z, z,
BASE RADIUS Rl R2
THEORETICAL ANGULAR A A=A .Z /2
POSITION . 2 1 e
ACTUAL ANGULAR A A_+ (TEMR
PDOSITION . 2 2
ACTUAL POSITION IN AR, AR, + (TED
PINION (DRIVING) LINEAR TERMS = A1R1 + (TED
WHEEL (DRIVEN)

Fig. 13. Concept of transmission error and possible expressions (after Munro, (1989)).

Figures 14 and 15 show typical quasi-static T.E. traces for spur and helical gears
respectively. The dominant features are a cyclic variation at tooth frequency (mesh
frequency) and higher harmonics combined with a longer term error repeating over one
revolution of one or both gears.
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Fig. 14. Examples of quasi-static T.E. measurements and simulations - Spur gear
(Velex and Maatar, 1996).
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Fig. 15. T.E. measurements at various loads - Helical gear example.
NASA measurements from www.grc.nasa.gov/ WWW /RT2001/5000/59500swald1.html.

6.2 No-load transmission error (NLTE)

No-load T.E. (NLTE) has already been introduced in (2); it can be linked to the results of gear
testing equipment (single flank gear tester) and is representative of geometrical deviations.
From a mathematical point of view, NLTE is derived by integrating (2) and is expressed as:

E t
NLTE = —%() (45)
cos f3,
6.3 Transmission errors under load

The concept of transmission error under load (TE) is clear when using the classic single
degree of freedom torsional model (as Harris did) since it directly relies on the angles of
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torsion of the pinion and the gear. For other models (even purely torsional ones), the
definition of TEis ambiguous or at least not intrinsic because it depends on the chosen
cross-sections (or nodes) of reference for measuring or calculating deviations between actual
and perfect rotation transfers from the pinion to the gear. Following Velex and Ajmi (2006),
transmission error can be defined by extrapolating the usual experimental practice based on
encoders or accelerometers, i.e., from the actual total angles of rotation, either measured or
calculated at one section of reference on the pinion shaft (subscript I) and on the gear shaft
(subscript II). TE as a displacement on the base plane reads therefore:

t t
TE = Rb, DQI dé + 91} +Rb, {jgz e+ 9,,} = Rb, 6, + Rb, 6, + NLTE (46)
0 0

with £, a dummy integration variable and ,,6,, , the torsional perturbations with respect to
rigid-body rotations (degrees of freedom) at node I on the pinion shaft and at node II on the
gear shaft.

Introducing a projection vector W of components Rb,and Rb, at the positions
corresponding to the torsional degrees of freedom at nodes I and II and with zeros
elsewhere, transmission error under load can finally be expressed as:

TE =W’ X+ NLTE (47-1)
which, for the one DOF model, reduces to:

TE = x+ NLTE (47-2)

6.4 Equations of motion in terms of transmission errors

For the sake of clarity the developments are conducted on the one-DOF torsional model.
Assuming that the dynamic contact conditions are the same as those at very low speed, one
obtains from (21) the following equation for quasi-static conditions (i.e., when Q, shrinks to
Zero):

k(t,x)x; =F+¢cosf, [ k(M)de(M)dM 48)
L(t,x)
which, re-injected in the dynamic equation (21), gives:
2

mi +k(t,x)x =k(t,x)x; —K%(NLTE) 49)

From (47-2), quasi-static transmission error under load can be introduced such that
xs =TE; — NLTE and the equation of motion is transformed into:

2
s+ k() x = (8, x)[TE, —NLTE]—K%(NLTE) (50)

An alternative form of interest can be derived by introducing the dynamic displacement
xp defined by x =x; +x, as:
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iy + k(6 x)x, = ;22 (TE,) + (i —K);—:Z(NLTE) (51)

The theory for 3D models is more complicated mainly because there is no one to one
correspondence between transmission error and the degree of freedom vector. It can be
demonstrated (Velex and Ajmi, 2006) that, under the same conditions as for the one DOF
model, the corresponding differential system is:

1

[M]X,, +[K(£,X)]X ;—[M]Ddtz (TEg)+ {Rb

2
I, + [M]D} d (NLTE) (52)
where D =k, cos 3, [If(Jil V, X, =X-X,, dynamic displacement vector

6.5 Practical consequences

From (51) and (52), it appears that the excitations in geared systems are mainly controlled by
the fluctuations of the quasi-static transmission error and those of the no-load transmission
error as long as the contact conditions on the teeth are close to the quasi-static conditions
(this hypothesis is not verified in the presence of amplitude jumps and shocks). The typical
frequency contents of NLTE mostly comprise low-frequency component associated with
run-out, eccentricities whose contributions to the second-order time-derivative of NLTE can
be neglected. It can therefore be postulated that the mesh excitations are dominated by
2
%(TES) . This point has a considerable practical importance as it shows that reducing the
dynamic response amplitudes is, to a certain extent, equivalent to reducing the fluctuations
of TE,. Profile and lead modifications are one way to reach this objective. Equation (50)

stresses the fact that, when total displacements have to be determined, the forcing terms are
proportional to the product of the mesh stiffness and the difference between TE; and
NLTE (and notTE,!). It has been demonstrated by Velex et al. (2011) that a unique

dimensionless equation for quasi-static transmission error independent of the number of
degrees of freedom can be derived under the form:

cos B, k(t,Xs) TEL(t) =1~ [ k(M)e*(M)dM (53)
L(t,Xs)
.on A . A . . L .
with A=—, A" =—, for any generic variable A (normalization with respect to the average

m m

mesh stiffness and the average static deflection).

Assuming that the mesh stiffness per unit of contact length is approximately constant (see
section 2-5), analytical expressions for symmetric profile modifications (identical on pinion
and gear tooth tips as defined in Fig. 16) rendering TE(t) constant (hence cancelling most
of the excitations in the gear system) valid for spur and helical gears with ¢, <2can be
found under the form:
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E=—- " (54)

. .. -1
submitted to the condition T" > Ea

2¢

a

with E: tip relief amplitude; T": dimensionless extent of modification (such that the length

of modification on the base plane is I'¢,Pb,) and A = : deflection of reference.

1 0

Extent of
modification Te,
Direction of line of
action (base plane)
ip relief : \
Tip relie CImTmTmTTTERRERERERETTET TS
amplitude  p« \\\\ .
S !
Q™ !
£, 1
i
Tooth tip Limit of active

profile

Fig. 16. Definition of profile relief parameters

Based on these theoretical results, it can be shown that quasi-static transmission error
fluctuations for ideal gears with profile relief depend on a very limited number of parameters:
i) the profile and lead contact ratios which account for gear geometry and ii) the normalised
depth and extent of modification. These findings, even though approximate, suggest that
rather general performance diagrams can be constructed which all exhibit a zone of minimum
TE variations defined by (54) as illustrated in Figure 17 (Velex et al., 2011).It is to be noticed
that similar results have been obtained by a number of authors using very different models
(Velex & Maatar, 1996), (Sundaresan et al., 1991), (Komori et al., 2003), etc.

The dynamic factor defined as the maximum dynamic tooth load to the maximum static
tooth load ratio is another important factor in terms of stress and reliability. Here again, an
approximate expression can be derived from (51-52) by using the same asymptotic
expansion as in (34) and keeping first-order terms only (Velex & Ajmi, 2007). Assuming that
TEs and NLTE are periodic functions of a period equal to one pinion revolution; all forcing
terms can be decomposed into a Fourier series of the form:

n 2
1 I, +[M]D }d(NLTE) =-07 > n*[A*, sinnQ,t+B*, cosnQ,t] (55)

Rb,

~ dz
- D—(TE
[M] dtZ ( 5)+|: dtZ ~

and an approximate expression of the dimensionless dynamic tooth load can be derived
under the form:

()= F[}:(t) =1+ pky, Y, (t) (56)

S
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Equation (56) makes it possible to estimate dynamic tooth loads with minimum
computational effort provided that the modal properties of the system with averaged
stiffness matrix and the spectrum of TE, (predominantly) are known. One can notice that
the individual contribution of a given mode is directly related to its percentage of strain
energy in the meshing teeth and to the ratio of its modal stiffness to the average mesh
stiffness. These properties can be used for identifying the usually limited number of critical
mode shapes and frequencies with respect to tooth contact loads. They may also serve to test
the structural modifications aimed at avoiding critical loading conditions over a range of
speeds. It is worth noting that, since « is supposed to be a small parameter, the proposed
methodology is more suited for helical gears.
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7. Towards continuous models
7.1 Pinion, gear distortions

In the case of wide-faced gears, gear body deflections (especially those of the pinion) cannot
be neglected and the torsion/bending distortions must be modelled since they can strongly
affect the contact conditions between the teeth. For solid gears, one of the simplest
approaches consists in modelling gear bodies by two node shaft finite elements in bending,
torsion and traction as described in Ajmi and Velex (2005) which are connected to the same
mesh interface model as that described in section 3 and Fig. 6. Assuming that any transverse
section of the pinion or gear body originally plane remains plane after deformation (a
fundamental hypothesis in Strength of Materials), gear bodies can then be sliced into elemental
discs and infinitesimal gear elements using the same principles as those presented in section 2.
The degrees of freedom of every infinitesimal gear element are expressed by using the shape
functions of the two-node, six DOFs per node shaft element. By so doing, all the auxiliary
DOFs attributed at every infinitesimal pinion and gear are condensed in terms of the degrees
of freedom of the shaft nodes leading to a (global) gear element with 24 DOFs.

7.2 Thin-rimmed applications

The approach in 6.1 is valid for solid gears but is irrelevant for deformable structures such
as thin-rimmed gears in aeronautical applications for example where the displacement field
cannot be approximated by simple polynomial functions as is the case for shafts. Most of the
attempts rely on the Finite Element Method applied to 2D cases (Parker et al., 2000),
(Kahraman et al., 2003) but actual 3D dynamic calculations are still challenging and do not
lend themselves to extensive parameter analyses often required at the design stage. An

Fig. 18. Example of hybrid model used in gear dynamics (Bettaieb et al., 2007).
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alternative to these time-consuming methods is to use hybrid FE/lumped models as
described by Bettaieb et al, (2007). Figure 18 shows an example of such a model which
combines i) shaft elements for the pinion shaft and pinion body, ii) lumped parameter
elements for the bearings and finally iii) a FE model of the gear + shaft assembly which is
sub-structured and connected to the pinion by a time-varying, non-linear Pasternak
foundation model for the mesh stiffness. The computational time is reduced but the
modelling issues at the interfaces between the various sub-models are not simple.

8. Conclusion

A systematic formulation has been presented which leads to the definition of gear elements
with all 6 rigid-body degrees-of-freedom and time-varying, possibly non-linear, mesh
stiffness functions. Based on some simplifications, a number of original analytical results
have been derived which illustrate the basic phenomena encountered in gear dynamics.
Such results provide approximate quantitative information on tooth critical frequencies and
mesh excitations held to be useful at the design stage.

Gear vibration analysis may be said to have started in the late 50’s and covers a broad range
of research topics and applications which cannot all be dealt with in this chapter: multi-
mesh gears, power losses and friction, bearing-shaft-gear interactions, etc. to name but a
few. Gearing forms part of traditional mechanics and one obvious drawback of this long
standing presence is a definite sense of déja vu and the consequent temptation to construe
that, from a research perspective, gear behaviour is perfectly understood and no longer
worthy of study (Velex & Singh, 2010). At the same time, there is general agreement that
although gears have been around for centuries, they will undoubtedly survive long into the
21st century in all kinds of machinery and vehicles.

Looking into the future of gear dynamics, the characterisation of damping in geared sets is a
priority since this controls the dynamic load and stress amplitudes to a considerable extent.
Interestingly, the urgent need for a better understanding and modelling of damping in gears
was the final conclusion of the classic paper by Gregory et al. (1963-64). Almost half a century
later, new findings in this area are very limited with the exception of the results of Li &
Kahraman (2011) and this point certainly remains topical. A plethora of dynamic models can
be found in the literature often relying on widely different hypotheses. In contrast,
experimental results are rather sparse and there is certainly an urgent need for validated
models beyond the classic results of Munro (1962), Gregory et al. (1963), Kubo (1978), Kiictikay
(1984 &87), Choy et al. (1989), Cai & Hayashi (1994), Kahraman & Blankenship (1997), Baud &
Velex (2002), Kubur et al. (2004), etc. especially for complex multi-mesh systems. Finally, the
study of gear dynamics and noise requires multi-scale, multi-disciplinary approaches
embracing non-linear vibrations, tribology, fluid dynamics etc. The implications of this are
clear; far greater flexibility will be needed, thus breaking down the traditional boundaries
separating mechanical engineering, the science of materials and chemistry.
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1. Introduction

A machine is a system realized by many parts with different functions, linked each other to
reach a defined task. Depending on the task, a classification of machines equipped with
moving parts can be done. In particular, one can distinguish:

e Drive machines (motors): these machines deliver mechanical power from other forms of
energy. If their purpose is simply to make placements or generate forces/torques, they are
called actuators.

e Working machines (users): these machines absorb mechanical power to accomplish a
specific task (machine tools, transportation, agricultural machinery, textile machinery,
machine packaging, etc.).

e Mechanical transmissions: these machines transmit mechanical power by appropriately
changing values of torques and speed. Mechanical transmissions are generally made up
of mechanisms that have been studied (mainly from the point of kinematic view) to connect
motors and users.

The combination of a motor, a transmission and a mechanical user is the simplest form of
machine.

In servo-actuated machines, the choice of the electric motor required to handle a dynamic
load, is closely related to the choice of the transmission Giberti et al. (2011).

The choice of the transmission plays an important role in ensuring the performance of the
machine. It must be carried out to meet the limitations imposed by the motor working range
and it is subjected to a large number of constraints depending on the motor, through its rotor
inertia Jjs or its mechanical speed and on the speed reducer, through its transmission ratio T,
its mechanical efficiency 7 and its moment of inertia J7.

This chapter critically analyzes the role of the transmission on the performance of an
automatic machine and clarifies the strategies to choose this component. In particular, it is
treated the general case of coupled dynamic addressing the problem of inertia matching and
presenting a methodology based on a graphical approach to the choice of the transmission.

The identification of a suitable coupling between motor and transmission for a given load
has been addressed by several authors proposing different methods of selection. The most
common used procedure are described in Pasch et al. (1984), Van de Straete et al. (1998),
Van de Straete et al. (1999), Roos et al. (2006). In these procedures, the transmission is
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Direct Power Flow Transmission

Backward Power Flow

Fig. 1. A scheme of a simple transmission

approximated to an ideal system in which power losses are neglected, as the effects of the
transmission inertia. Only after the motor and the reducer are selected, the transmission
mechanical efficiency and inertia are considered to check the validity of the choice. Naturally,
if the check gives a negative result, a new motor and a new transmission should be selected
and the entire procedure has to be performed again. Differently, in Giberti et al. (2010a) the
effects of transmission efficiency and inertia are considered since the beginning.

This chapter is structured as follows. Paragraph 2 gives an overview of main features of a
mechanical transmission, while Par.3 describes the functioning of a generic machine when a
given load is applied. Paragraph 4 describes the conditions, in terms of useful transmission
ratios, for which a motor-load combination is feasible. Paragraph 5 gives the guidelines for the
selection of both the gearbox and the electric motor, neglecting the effects of the transmission
mechanical efficiency and inertia. Theoretical aspects are supported by a practical industrial
case. Paragraphs 6 and 7 extend results previously reached considering the effects of the
transmission mechanical efficiency and inertia. Finally conclusions are drawn in paragraph 8.

All the symbols used through the chapter are defined in Par.9.

2. The transmission

To evaluate the effect of the transmission in a motor-load coupling, the transmission can
be considered as a black box in which the mechanical power flows (Figures 1, 2, 4). The
mechanical power is the product of a torque (extensive factor) for an angular speed (intensive
factor).

A mechanical transmission is a mechanism whose aim is:
1. to transmit power

2. to adapt the speed required by the load
3. to adapt the torque.
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and it is characterized by a transmission ratio T and a mechanical efficiency 7.

Conventional mechanical transmissions with a constant ratio involve the use of friction wheels,
gear, belt or chains. The choice of the most suitable transmission for a given application
depends on many factors such as dimensions, power, speed, gear ratio, motor and load
characteristics, cost, maintenance requirements. Table 1 gives an overview of the most
common applications of mechanical transmissions.

Power max|t Dimensiong Cost Efficiencyt.oad on
(kW) minimum bearings
Friction 1/6 20 low medium|0.90 high
wheels
Spur gear 750 1/6 low high 0.96 low
Helical gears |50000 1/10  |low high  ]0.98 low
Worm gears 300 1/100 |low high  ]0.80 medium
Belt 200 1/6 high low 0.95 high
Trapezoidal  [350 1/6 medium  |low 0.95 high
belt
Toothed belt  [100 1/6 medium  |low 0.90 low
Linkages 200 1/6 medium  |medium|0.90 low

Table 1. Typical characteristics of mechanical transmissions.

2.1 The transmission ratio
The transmission ratio T is defined as:
_ Wout
T=—— 1)
Win

where w;,, and wyy; are the angular velocity of the input and the output shafts respectively.
This value characterizes the transmissions. If T < 1 the gearbox is a speed reducer, while if
T > 1itis a speed multiplier.

The mechanical transmission on the market can be subdivided into three main categories:
transmissions with constant ratio 7, transmissions with variable ratio T and transmissions
that change the kind of movement (for example from linear to rotational).

Since it is generally easier to produce mechanical power with small torques at high speeds,
the transmission performs the task of changing the distribution of power between its extensive
and intensive factors to match the characteristics of the load.

It is possible to define the term y as the multiplication factor of force (or torque):

_ Tout
T;

2
where Tj;,, and Ty, are respectively the torque upstream and downstream the transmission.

2.2 The mechanical efficiency

If the power losses in the transmission can be considered as negligible, it results:

= @)
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However, a more realistic model of the transmission has to take into account the inevitable
loss of power to evaluate how it affects the correct sizing of the motor-reducer coupling and
the resulting performance of the machine.

In general, transmissions are very complex, as the factors responsible for the losses of power.
In this chapter they are taken into account just considering the transmission mechanical
efficiency 1 defined as the ratio between the power outgoing from the transmission (Wot)
and the incoming one (W;,), or through the extensive factors (Tj,, Tout) and the intensive ones
(Win, woyt) of the power itself:

_ Wour Tout Wout

= =utr <1 4)
Win Tin Win .

The loss of power within the transmission leads to a reduction of available torque downstream
of the transmission. Indeed, if the coefficient of multiplication of forces for an ideal
transmission is ¢ = 7!, when 5 # 1 it becomes y/ < p, thus leading to a consequent
reduction of the transmitted torque (T}, < Tout).

Let’s define Wj; and Wy respectively as the power upstream and downstream of the
transmission. When the power flows from the motor to the load the machine is said to
work with direct power flow, otherwise, the functioning is said to be backward. Depending on
the machine functioning mode, the transmission power losses are described by two different
mechanical efficiency values 77; and 7,, where:

W, W
Na = L (direct power flow) 0y = oM (backward power flow). (5)
Wi W

L

3. A single d.o.f. machine

An automatic machine is a system, usually complex, able to fulfill a particular task. Regardless
of the type of machine, it may be divided into simpler subsystems, each able to operate only
one degree of freedom and summarized by the three key elements: motor, transmission and
load (Fig. 2).

3.1 The load and the servo-motor

The power supplied by the motor depends on the external load applied T} and on the inertia
acting on the system [y wy. Since different patterns of speed wy, and acceleration w; generate
different loads, the choice of a proper law of motion is the first project parameter that should
be taken into account when sizing the motor-reducer unit. For this purpose, specific texts are
recommended (Ruggieri et al. (1986), Melchiorri (2000)).

Once the law of motion has been defined, all the characteristics of the load are known.

Electric motor, and among these brushless motors, are the most widespread electrical
actuators in the automation field, and their working range can be approximately subdivided
into a continuous working zone (delimited by the motor rated torque) and a dynamic zone
(delimited by the maximum motor torque Tpfqx). A typical shape of the working zones is
displayed in Fig.3. Usually the motor rated torque decreases slowly with the motor speed
wy from Ty N, to Ty n. To simplify the rated torque trend and to take a cautious approach,
it’s usually considered constant and equal to Ty up to the maximum allowed motor speed
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Fig. 2. Scheme of a generic machine actuated by an electric motor
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Continuous working zone

WM, max

Fig. 3. An example of a speed/torque curve of a common brushless motor

WM, max, Whereas Tpf qx decreases from a certain value of wp;. The nominal motor torque
Ty, N, which is specified by the manufacturer in the catalogs, is defined as the torque that can
be supplied by the motor for an infinite time, without overheating. Conversely, the trend of
the maximum torque Ty yuqx is very complex and depends on many factors. For this reason it
is difficult to express it with an equation.

3.2 Conditions to the right coupling between motor and load

Frequently in industrial applications, the machine task is cyclical with period t; much
smaller than the motor thermal time constant. Once the task has been defined, a motor-task
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Fig. 4. Scheme of a generic single degree of freedom machine

combination is feasible if there exists a transmission ratio such that:

1. the maximum speed required from the motor is smaller than the maximum speed
achievable (wpf max);

WM < WM,max (6)
2. a certain p-norm ! of the motor torque | Tas(t) I

specific limit Tp. The norms that have most physical meaning for motor torques are Van
de Straete et al. (1998):

is smaller than a corresponding motor

1 rta 3
”TM(t)HZ = Tyms = (5/0 T}%A(f)df) (7)
[ Trm(t, )l = TMax(w) = max [Ty (t,w)| 0<t<t, ®)

Since the motor torque is proportional to the current, 2-norm is a measure of mean square
current through the windings and it should be limited by the nominal torque Ty x to avoid
overheat. The co-norm is a measure of peak current and its limit is the maximum torque
that can be exerted Ty ;4. These limits translate into:

Trms < TM,N (9)
TMax(w) < TM,max(w) Vew (10)
where T ;0x depends on w as shown in Fig. 3.

While the terms on the right of inequalities (6), (9), (10) are characteristics of each motor, wjy,,
Tyms and Ty, depend on the load and on the mechanical features of the motor and the speed
reducer.

3.3 Mathematical model of a machine

The machine functioning can be described as an instantaneous balance of power. In the case
of direct power flow it can be expressed as:

T w
Wd(ﬂ_]M L

= 2 ) =T+ (Ju+]r)wr (11)

! In general, the p-norm ||-|| p of a time function f (t) over the period ¢, is defined as:

ol = ([ o)’
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while in backward power flow it is:

(Tim Iveh

T 2 ) =1 [Te+(Jo +Jr) @i (12)

Equations (11), (12) can be written as:

TT5# (bL
Thvd = —= +Jm— (13)
M Nd T
w
Taay = TT{0 + Ju " (14
where:
T =T+ (Ju+Jr)@r (15)

is the total torque applied to the outgoing transmission shaft.

To unify these different operating conditions, a general mechanical efficiency function is
introduced by Legnani et al. (2002). It is defined as:
_ Jma  (direct power flow) (16)
=11/ 77y (backward power flow)

where 1, 17; and 7, are constants.

In the case of backward power flow it results 7 > 1. Note that this does not correspond to
a power gain, but it is simply an expedient for unifying the equations of the two working
conditions (direct/backward power flow). In fact, in this case, the effective efficiency is
ng=1/1 <1

4. Selecting the transmission

Conditions (6), (9), (10) can be expressed, for each motor, as constraints on acceptable
transmission ratios. However, each transmission is characterized not only by its reduction
ratio, but also by its mechanical efficiency and its moment of inertia. This chapter analyzes
how these factors affect the conditions (6), (9), (10) and how they reduce the range of suitable
transmission ratios for a given motor.

4.1 Limit on the maximum achievable speed

Since each motor has a maximum achievable speed wpymay, a limit transmission ratio Ty,
can be defined as the minimum transmission ratio below which the system cannot reach the

requested speed:
WL,ma:
Tkin = —— (17)
WM, max

The condition of maximum speed imposed by the system can be rewritten in terms of
minimum gear ratio 7y;, to guarantee the required performance. Eq.(6) becomes:

T 2 Tkin (18)
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4.2 Limit on the root mean square torque

When the direction of power flow during a working cycle is mainly direct or mainly backward,
using the notation introduced in eq. (16), the root mean square torque can be expressed as:

te T2 te 1 (TT* W\
T? :/ —Mdt:/ —(—L+ —L) dt 19
rms 0t 0t " ]M T ( )

Developing the term in brackets and using the properties of the sum of integrals, it is possible
to split the previous equation into the following terms:

/ta 1 (TT;)Zdt T
0 fa Ui 2

ta 1 wr, 2 ]%/1 .2
— =) dt=* 20
[y o et .
te 1 (2T} Tamr |2 IM o
/0 E ( 7 ) dt = 27 (TEWL)nzean

In cases in which the power flow changes during the cycle it is not possible to choose the
proper value of 77 and eq.(19) is no longer valid. In this circumstance, any individual working
cycle must be analyzed to check if one of the two conditions (eq.(11) or eq.(12)) can be
reasonably adopted. For example, in the case of purely inertial load (T, = 0) it is?:

[ Taal = | Tarl 1)

and the equation for direct power flow can be prudentially adopted. Same considerations
can be done when the the load is mainly resistant (limited inertia). For all these cases, the
condition of eq.(9) becomes:

2 2 2 *
Tun o T T Lrms WL rms 2<TLwL)meun

Jm M 7 T2 (22)

4.2.1 The accelerating factor and the load factor

Considering eq.(22) two terms can be introduced: the accelerating factor Legnani et al. (2002)

TZ
MN (23)

2 For purely inertial load eq.(15) can be written as:
T; = (L +]r)wL

Then eq.(21) becomes:

+

<r(h +Jr) M
d T

Vil = (e e+ 2 il
and thus:

1
’7‘17’%

which is always true since both 77, and 7, are defined as positive and smaller than 1.
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that characterizes the performance of a motor Giberti et al. (2010b), and the load factor:
ﬁ =2 [‘bL,rmsTZ,rms + (wLTZ)mean} (24)

defining the performance required by the task. The unit of measurement of both factors is
W/s.

Coefficient « is exclusively defined by parameters related to the motor and therefore it does
not depend on the machine task. It can be calculated for each motor using the information
collected in the manufacturers’ catalogs. On the other hand, coefficient f depends only on the
working conditions (applied load and law of motion) and it is a term that defines the power
rate required by the system.

4.2.2 Range of suitable transmission ratios

Introducing « and f, equation (22) becomes:

2
Tz,rms T . \/m
e () o (r)} )

Since the term in brackets is always positive, or null, the load factor  represents the minimum
value of the right hand side of equation (25). It means that the motor accelerating factor « must
be sufficiently greater than the load factor /7, so that inequality (22) is verified. This check
is a first criterion for discarding some motors. If « > /7, a range of useful transmission ratio
exists and can be obtained by solving the biquadratic inequality:

1x>é+

o

Tf s B T;
rms 4 rms - 2 -2
S | T+ | = a2 wp, ™+ Imw <0 (26)
( 72 Tm ) (17 1 ””s> Lorms

Inequality (26) has 4 different real solutions for 7. As the direction of the rotation is not of
interest, only the positive values of T are considered. A range of suitable transmission ratios
is included between a minimum T,,;,, and a maximum gear ratio Tj;4x for which the condition
in equation (9) is verified:

\/DC _ g + 4er'";;TZ,rms :l: o — g
Tnins Tmax = 1V Im 2T (27)
L,rms
Tnin < T < Tnax (28)

>From equation 27 it is evident that a solution exists only if & >

=

4.2.3 The optimum transmission ratio

The constraint imposed by equation (25) becomes less onerous when a suitable transmission
is selected, with a transmission ratio T that annuls the terms in brackets. This value of T is
called optimum transmission ratio. Considering an ideal transmission (7 = 1, Jr = 0 kgm?) one
gets:

]MdJL,rms
T*

L,rms

T = Topt = (29)
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that, for a purely inertial load (T1 = 0), coincides with the value introduced in Pasch et al.

(1984):
M
T = —]L (30)

The choice of the optimum transmission ratio allows system acceleration to be maximized
(supplying the same motor torque) or to minimize the torque supplied by the motor (at the
same acceleration).

For real transmissions, eq.(29) takes the general form:

[Imwr,
T = Toptyy = Trmsﬂ = Topt\/ﬁ (31)
JFms

showing the dependence of the optimum transmission ratios on the mechanical efficiency 7.
Eq. (81) shows how the optimization of the performance of the motor-reducer unit through
the concept of inertia matching is considerably affected by the mechanical efficiency. In the
following (par. 6.3) this effect will be graphically shown.

4.3 Limit on the motor maximum torque

As shown in Fig.3, each motor can supply a maximum torque T mqax(wn) that depends on
the speed w)s. However this relationship cannot be easily described by a simple equation. As
a result, it is difficult to express condition (10) as a range of suitable transmission ratios.

Moreover the maximum torque that can be exerted depends on the maximum current
supplied by the drive system. For this reason, these conditions will be checked only once
the motor and the transmission have been chosen. It has to be:

T—TLJF(L”TNL—T) wL‘ V. (32)
U T 1

This test can be easily performed by superimposing the motor torque Tys(wps) on the motor
torque/speed curve.

TM,max(wM) > max

4.4 Checks

Once the transmission has been chosen, it is important to check the operating conditions

imposed by the machine task satisfy the limits imposed by the manufacturers. Main limits

concern:

¢ the maximum achievable speed;

¢ the maximum torque applicable on the outcoming shaft;

¢ the nominal torque applicable on the outcoming shaft;

¢ the maximum permissible acceleration torque during cyclic operation (over 1000/h) using
the load factor.

There is no a standard procedure for checking the transmission. Each manufacturer, according
to his experience and to the type of transmission produced, generally proposes an empirical
procedure to check the right functioning of his products.

These verifications can be carried out by collecting information from catalogs.
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5. ldeal transmission

If both the inertia of the transmission and the power losses are negligible, the gearbox can
be considered as ideal (J7 = 0 kgmz, # = 1). In this cases the problem is easier and the
equations describing the dynamical behavior of the machine and the corresponding operating
conditions can be simplified.

The limit on the maximum achievable speed remains the same (6), since it arises from
kinematic relationships, while limits on the root mean square torque (7) and maximum torque
(8) are simplified. Inequality (22) can be written as:

B T, 8
, 1S IS .
v >T Tm +m 2 + Z(TZWL)meun' (33)

whose solutions are between

Tmins Tmax = % [\/IX -B+ 4d)L,rmSTz,yms +a— .B] . (34)
L,rms

Accordingly, the condition on the maximum torque can be expressed as:

TM,max(wM) > max Yw. (35)

T

T + (]M +]LT) wr,

5.1 Selection of gearbox and motor
The main steps to select the gear-motor are:

STEP 1: Creation of a database containing all the commercially available motors and reducers
useful for the application. For each motor the accelerating factor («;) must be calculated.
Once the database has been completed it can be re-used and updated each time a new
motor-reducer unit selection is needed.

STEP 2: Calculation of the load factor 3, on the basis of the features of the load (T7).

STEP 3: Preliminary choice of useful motors: all the available motors can be shown on a
graph where the accelerating factors of available motors are compared with the load
factor. All the motors for which « < B can be immediately rejected because they cannot
supply sufficient torque, while the others are admitted to the next selection phase. Figure
7 is related to the industrial example discussed in par.5.2 and displays with circles the
acceleration factors «; of the analyzed motors, while the horizontal line represents the load
factor B.

STEP 4: Identification of the ranges of useful transmission ratios for each motor preliminarily
selected in step 3. For these motors a new graph can be produced displaying for each motor
the value of the transmission ratios Tiax, Tmin, Topt and Tpg ;- The graph is generally
drawn using a logarithmic scale for the y-axis, so 7, is always the midpoint of the
adoptable transmission ratios range. In fact:

log Tyin + 10g Tinax
2

A motor is acceptable if there is at least a transmission ratio T for which equations (18,

28) are verified. These motors are highlighted by a vertical line on the graph. Figure 8 is

related to the same industrial example and shows the useful transmission ratios for each

motor preliminarily selected.

2
Topt = TminTmax = 108 Topt = (36)
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Fig. 5. CNC wire bending machine

STEP 5: Identification of the useful commercial speed reducers: the speed reducers available
are represented by horizontal lines. If one of them intersects the vertical line of a motor,
this indicates that the motor can supply the required torque if that specific speed reducer
is selected. Table 2 sums up the acceptable combinations of motors and speed reducers for
the case shown in figure 8. These motors and reducers are admitted to the final selection
phase.

STEP 6: Optimization of the selected alternatives: the selection can be completed using
different criteria such as economy, overall dimensions, space availability or any other
depending on the specific needs.

STEP 7: Checks (see Sec.4.4).

5.2 Example

Fig. 5 shows a CNC wire bending machine. The system automatically performs the task of
bending in the plane, or three-dimensionally, a wire (or tape) giving it the desired geometry.
The machine operation is simple: semi-finished material is stored in a hank and is gradually
unrolled by the unwinding unit. The straightened wire is guided along a conduit to the
machine’s bending unit, which consists of a rotating arm on which one or more bending heads
are mounted. Each head is positioned in space by a rotation of the arm around the axis along
which the wire is guided in order to shape it in all directions 6.

The production capacity of the machine is related to the functionality of the heads, while
bending productivity depends strongly on arm speed, which allows the heads to reach the
position required for bending. The design of the system actuating the rotating arm (selection
of motor and speed reducer) is therefore one of the keys to obtaining high performance.
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Fig. 6. The moving arm and mechanical system layout

Consider now only the bending unit: the motor, with its moment of inertia [y, is connected
through a planetary reducer with transmission ratio 7 to a pair of gear wheels that transmits
the rotation to the arm.

The pair of gear wheels has a ratio 7, = 1/5 which is dictated by the overall dimension of
the gearbox and cannot be modified. Putting J; = 0.0076 [kgmz], > = 1.9700 [kgmz] and
J3 = 265 [kgm2] respectively as the moment of inertia referred to the axes of rotation of the
two wheels and of the arm, the comprehensive moment of inertia referred to the output shaft
of the planetary gear is:

Jo =1 + (Ja + J3)7T% = 1.1464 [kgm?]

Since the load is purely inertial?, the load factor can easily be calculated as:

p= 4]L":)%,rms (37)

where wy ;s is a function of the law of motion used. The choice of the law of motion depends
on the kind of operation requested and, in the most extreme case, it consists of a rotation of
h = 180°int, = 0.6 [s]. After this, a stop of ts = 0.2 [s] before the next rotation is normally
scheduled.

The value of wr ;s can be expressed through the mean square acceleration coefficient (cgmus)

using the equation:
. h1l | t
WL,rms = Ca,rms 5 — a
tg oV ta+ts

As isknown (Van de Straete et al., 1999), the minimum mean square acceleration law of motion
is the cubic equation whose coefficient is ¢;ms = 24/3. Moreover, this law of motion has
the advantage of higher accelerations, and therefore high inertial torques, corresponding to
low velocities. Substituting numerical values in eq.(37) one gets: B = 7.8573 - 10* [W/s].

3 In the selecting phase frictions are not considered.
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Considering the same law of motion, maximum acceleration and maximum speed can easily
be obtained by:

h1 h1
WL,max = Cay — = 261.8 [rad/s?]; Wi max = o — =~ 39.3 [rad/s] (38)
21 ta T

where ¢, = 6and ¢, = 1.5.

Knowing the load factor B and after selecting the motors and transmissions available from
catalogs, the graph shown in Fig.7 can be plotted. Available motors for this application
are synchronous sinusoidal brushless motors*. Manufacturer’s catalogs give information
on motor inertia, maximum and nominal torque. A first selection of suitable motors can
be performed. Motors whose accelerating factor «; is lower than the load factor B can be
discarded.

For all the accepted motors a new graph can be produced. It displays, for each motor,
the corresponding minimum and maximum transmission ratios and the optimum and the
minimum kinematic transmission ratios.

They can be obtained using the simplified expression for the purely inertial load case:

Tmins Tmax = ZT# [\/& +Va— ,B] . (39)
L,rms

and eq.(29),(17). Commercial transmissions considered for the selection are planetary

reducers’.

The graph in Fig.8 shows all the available couplings between the motors and transmissions
considered. Three of the eleven motors (M1, M2 e M7) are immediately discarded, since their
accelerating factors « are too small compared with the load factor . Motors M3, M4, M5, and
M6 are eliminated because their maximum speed is too low. Suitable motors are M8, M9, M10
and M11. The selection can be completed evaluating the corresponding available commercial
speed reducers whose ratio is within the acceptable range. Motor M8 is discarded since no
transmission can be coupled to it. Suitable pairings are shown in Tab.2.

Motor Speed reducer

M9 T=1/10,t=1/7
M10 t=1/5t=1/4
M1l |t=1/5,t=1/4,1t=1/3

Table 2. Combination of suitable motors and speed reducers for the industrial example
discussed in par.5.2

The final selection can be performed using the criterion of cost: the cheapest solution is motor
M9 and a reducer with a transmission ratio T = 1/10. The main features of the selected motor®
and transmission’ are shown in table 3.

4 Produced by “Mavilor”, http://www.mavilor.es/.

5 produced by “Wittenstein”, http://www.wittenstein.it/.
6 Model Mavilor BLS 144.

7 Model Alpha SP+140.
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Fig. 7. A first selection of suitable motors

Motor M9

moment of inertia

nominal torque

maximum Torque
maximum achievable speed

Jm = 0.0046 [kgm?]
TM,N = 26.7 [Nm]
TIH = 132 [Nm]

WM, max = 5000 [rpm]

Speed reducer

T=1/10

moment of inertia

nominal torque

maximum Torque
maximum endurable speed
nominal speed

mechanical efficiency

Jr = 5.8-10~% [kgm?]
TT,N = 220 [Nm]
TT,max = 480 [Nm]
WT,max = 4000 [rpm]
wr,N = 2600 [rpm]

n = 0.97

Table 3. Main features of selected motor and transmission

Figure 9 shows the required motor torque as a function of speed during the working cycle.
It has been calculated considering the inertia of both the motor and the gearbox and the
mechanical efficiency of the transmission. Since the mechanical efficiency of the speed reducer
in backward power flow mode is not available, it is assumed to be equal to that in direct power
flow. To verify the condition on the maximum torque reported in eq.(32), the curve has to be
contained within the dynamic working field. Note how the maximum torque achieved by the
motor is limited by the drive associated with it. From Fig.9 it is possible to check that the
condition on the maximum torque is verified.
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Fig. 9. Checkouts on maximum and nominal torque.

The motor root mean square torque can now be updated, considering the inertia of the
transmission and its mechanical efficiency.
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Finally, checks should be carried out on the reducers following the manufacturer’s guidelines.
In this case they mainly consist of verifying that both the maximum and the nominal torque
applied to the transmission incoming shaft are lower than the corresponding limits shown in
the catalog (TT uax, TT,N)-

Tinax = 300[Nm] < Tr pyax = 480[Nmi]

Ty ~ 150[Nm] < Trn = 220[Nm]

In addition, the maximum and the mean angular speed of the incoming shaft have to be lower
than the corresponding limits on velocity (W7 max, WT,N)-

Mgy, rid = 3750[rpm] < WT max = 4000[rpm]

Mean rid = 1873[rpm] < wr N = 2600[rpm]

The selected motor-transmission pairing satisfies all the checks and provides margins for both
the motor (= 20% on the nominal torque) and the reducer.

6. Real transmission

For machines working with direct power flow, a decrease of the performance of the
transmission that corresponds to an increase in the power dissipation may result in a motor
overhead which makes it non longer adequate.

6.1 The mechanical efficiency limit

A motor which is able to perform the task planned in ideal conditions ( = 1), when
coupled with a transmission characterized by poor efficiency, could be discarded. Referring
to equation (27), once B is known, a minimum transmission mechanical efficiency exists,
for each motor, below which 7,,;, and Ty, are undefined. The limit value is called the
transmission mechanical efficiency limit and it is defined as the ratio between the load factor
and the accelerating factor:

N2> Mim = g (40)
This parameter gives to the designer a fundamental indication: if the task required by the
machine is known (and thus the load factor can be calculated), for each motor there is a
minimum value of the transmission mechanical efficiency below which the system can not
work. This limit is not present in the case of backward power flow functioning.

6.2 Restriction of the range of useful transmission ratios

For each selectable motor it is possible to graphically represent the trend of both the minimum
and maximum transmission ratios. Combining equations (27) and (40), the two functions T,
and Tyqy are respectively defined as:

\/D( _ é + 4erV"‘5lerms :t o — é
7 n % /.
Tnins Tmax = § 1V M T+ if 7> Mim (41)
L,rms

undefined if 1 < im
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Fig. 10. Trends of T,,;, and Ty as functions of mechanical efficiency (using the notation
introduced in eq. (16)), for a certain motor.

For each motor it is possible to plot T,,;;, and Tiuax as functions of the mechanical efficiency,
highlighting a region in the plane 17 satisfying the condition on the root mean square torque
(Fig.10). Depending on the machine functioning mode (direct or backward power flow) the
left side or the right side of the graph should be taken into account. On the same graph the
trends of the optimum transmission ratio Topt,; and the breadth At of the range of useful
transmission ratios is shown. Note that the range grows monotonically with the difference
between the accelerating and load factors. In particular, the range breadth is:

At(n) = I{W nyfa (42)

and decreases appreciably with the transmission mechanical efficiency. However, while the
limit on the maximum transmission ratio T;;4y varies considerably, the minimum transmission
ratio T,,;, remains almost constant. This behavior is clearly visible in the #T graph which plots
the asymptotes of the two functions (Fig. 10) described respectively by:

. Tm,Nn . Jm .
Tnax = 71 Tmin = T—WL,rms (43)
L,rms M,N

It is interesting to observe that, while 7,5 depends on the reducer, 1,;, depends only on the
chosen motor and on the law of motion defined by the task. This is because the transmission
ratio T is so small that the effect of the load is negligible compared to the inertia of the motor.
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The power supplied, therefore, is used just to accelerate the motor itself. Note that, for values
of 7 > 1, that is backward power flow functioning, the range of suitable transmission ratios is
wider than in the case of direct power flow functioning, which is the most restrictive working
mode. For this reason, in all cases where the direction of power flow is not mainly either direct
or backward, the first functioning mode can be considered as a precautionary hypothesis on
the root mean square torque and the left side of the 77 graph (7 < 1) can be used.

6.3 The extra-power rate factor

Inequality (25) can be written as:
w> v ) (a4)

where:

T} ?
(T, ) = {Lﬂ (ﬁﬂ) — @Lms (@)} (45)

The term 1y is called the extra-power rate factor and represents the additional power rate that
the system requires if the transmission ratio is different from the optimum (7 # 1)

Figure 11 shows the trends of the terms of the < function when the transmission efficiency
changes. Note that, when the transmission ratio is equal to the optimum (T = o), the curve
v reaches a minimum. For this value the convexity of the function is small and, even for large
variations of the transmission ratio, the extra-power rate factor appears to be contained in
eq.(44).

With the mechanical efficiency decreasing, two effects take place: first the optimum
transmission ratio decreases, moving on the left of the graph, secondly the convexity of the
curve 7y is more pronounced and the system is more sensitive to changes in T with respect to
the optimum. For transmissions characterized by poor mechanical efficiency, in the case of the
direct power flow mode, the choice of a gear ratio different from the optimum significantly
affects the choice of the motor.

6.4 Effect of the transmission inertia

The inclusion of the transmission inevitably changes the moment of inertia of the system. With
Jr as the moment of inertia of the speed reducer, referred to its outgoing shaft, the resistive
torque is generally given by eq.(15). Entering this new value in eq.(24), the load factor can be
updated. This change makes the system different from that previously studied with the direct
consequence that the limit on the mean square torque can no longer be satisfied.

In particular, for the it" transmission, characterized by a moment of inertia Jr;, the limits
on the transmission ratio to satisfy the root mean square torque condition can be expressed
as Tyin,i and T4y Let’s consider, as example, a machine task characterized by a constant
resistant load (T, = cost). Figure 12 shows how the range of suitable transmission ratios is
reduced when the inertia of the transmission increases. The same reduction can be observed
in the #7 graph (Fig. 13) for a purely inertial load. Note that, even for the moment of inertia,
there is a limit value beyond which, for a given motor, there is no suitable transmission ratio.
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Fig. 11. Variation of the extra-power rate factor as a function of the transmission ratio and
mechanical efficiency.

7. Guidelines for the motor-reducer selection

The theoretical steps presented can be summarized by a series of graphs for evaluating the
effect of the transmission on the choice of the motor that make the selection process easy to
use.

Firstly, to ensure the condition on the root mean square torque it should be verified that the
accelerating factor « of each available motor is greater than the limit /7. However, since the
transmission has not yet been selected and thus its efficiency and inertia are still unknown, it
is possible to perform only a first selection of acceptable motors, eliminating those for which
x < B.

For each selectable motor a 17 graph can be plotted (Fig. 14), with the limits on the
transmission ratio defined by equations (18), (28). Since these functions depend on the
transmission moment of inertia, such limits are plotted for each available transmission.

Available transmissions can be inserted in the 7 graph (there is an example in Fig. 14) using
their coordinates (174, T;) and (77,4, T;) which can easily be found in manufacturers’ catalogs.
Each speed reducer appears twice: to the left of the dashed line for direct power flow, to the
right for backward power flow.

Remember that for tasks characterized by mainly backward power flow, only the
transmissions on the right half plane should be considered (7 > 1). For all other cases only
the transmissions on the left half plane (7 < 1) should be taken into account.
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Fig. 12. A - reduction of range of useful transmission ratio as function of J1/ [ (for
Ty, = cost); B - percentage change of maximum and minimum transmission ratios as function
of J1/]m (for Ty = cost).
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Fig. 13. Effect of the transmission moment of inertia on the 7 graph (for T} = cost).

The i" speed reducer is acceptable if it lies inside the area limited by the limit transmission
ratio (73;,) and the corresponding maximum and minimum ratios (Tuaxi, Tmin)- These
reducers are highlighted on the graph with the symbol ®, unacceptable ones with ®

Table 4 resumes all the alternatives both for the direct and backward power flow modes.

Note that, for the direct power flow mode, transmissions which would be acceptable with
normal selection procedures, are now discarded (e.g. transmission T, because of insufficient
efficiency, reducer T, because of its excessively high moment of inertia).

Moreover it is evident that, for the motor considered, there are no acceptable transmissions
with a ratio equal to the optimum. More generally it could happen that a motor, while meeting
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Fig. 14. Graph 57 for the selection of the speed reducer for a specific motor: (® acceptable
transmission, ® unacceptable transmission)

Transmission |Direct P.F. Cause Backward P.E. Cause
Ty unaccept. T1 > Tmax unaccept. T1 > Tmax
T unaccept. T > Tmax accept. —
T3 accept. — accept. —
Ty unaccept. Ty > Tpaxd accept. —
Ts unaccept. T5 < Tkin unaccept. T5 < Tkin
Te unaccept. |Tg < Tpin N Te < Tppin| unaccept. |Tg < Tijn N T < Tyin

Table 4. Overview of acceptable and unacceptable transmissions for the example in Fig. 14

all the constraints mentioned, may have a range of acceptable gear ratios within which there
is no reducer commercially available. For this reason it cannot be chosen.

The choice of the motor-reducer unit is made easy by comparing the #7 graphs for each

selectable motor.

The resulting graphs give an overview of all the possible pairings of motors and transmissions
that satisfy the original conditions. They allow the best solution to be selected from the
available alternatives, in terms of cost, weight and dimensions, or other criteria considered
important according to the application.

Once the motor and the transmission have been selected and all their mechanical properties
are known, the final checks can be performed.
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8. Conclusions

The correct choice of the motor-reducer unit is a key factor in automation applications. Such
a selection has to be made taking into account the mechanical constraints of the components,
in particular the operating ranges of the drive system and the mechanical features of the
transmission. The paper investigates the effects of these constraints on the correct choice of
the motor-reducer unit at the theoretical level and illustrated a method for its selection that
allows the best available combination to be chosen using a practical approach to the problem.

It identifies the influence of the transmission’s mechanical efficiency and inertia on the
coupling between motor and reducer itself, showing how they affect the optimum solution.
The procedure, based on the production of a chart containing all the information needed for
the correct sizing of the system, sums up all the possible solutions and allows them to be
quickly compared to find the best one.

9. Nomenclature

Symbol Description

Ty motor torque

Im motor moment of inertia

Tam,N motor nominal torque

T max motor maximum torque

WM,OM motor angular speed and acceleration

T load torque

L load moment of inertia

T} generalized load torque

T} s generalized load root mean square torque

TL max load maximum torque

wr, Wi, load angular speed and acceleration

WL rms load root mean square acceleration

ta cycle time

T = wr/w) transmission ratio

Topt optimal transmission ratio

7 transmission mechanical efficiency

14 transmission mechanical efficiency (direct power flow)
Ny transmission mechanical efficiency (backward power flow)
IT transmission moment of inertia

o accelerating factor

B load factor

0 extra-power rate factor

Tyins Tmax ~ Minimum and maximum acceptable transmission ratio
Tkin minimum kinematic transmission ratio

W M, max maximum speed achievable by the motor

W, max maximum speed achieved by the load

Wum motor side power

14%3 load side power
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1. Introduction

A crane is the type of machine mainly used for handling heavy loads in different industry
branches: metallurgy, paper and cement industry. By the construction, cranes are divided
into the overhead and gantry cranes. An overhead crane, also known as a bridge crane, is a
type of crane where the hook and line mechanism runs along a horizontal beam that itself
travels on the two widely separated rails. Often it is in a factory building and runs along
rails mounted on the two long walls. A gantry crane is similar to an overhead crane
designed so that the bridge carrying the trolley is rigidly supported on two or more legs
moving on fixed rails embedded in the floor. Stationary or mobile units can be installed
outdoors or indoors. Some industries, for example port containers application or open
storage bins, require wide span gantry cranes. In outdoor applications, the influence of the
wind on the behavior of the drive may be considerable (Busschots, 1991). Wind and skew
can significantly influence a safe operation of the crane. This will certainly dispose the type
design of the crane (lattice or box type design) from a mechanical aspect as well as the
selection, size and control of crane electrical drives.

Electrical technology for crane control has undergone a significant change during the last
few decades. The shift from Ward Leonard system to DC drive technology and the advent of
powerful Insulated Gate Bipolar Transistors (IGBTs) during the 1990s enabled the
introduction of the AC drive (Backstrand, 1992; Paul et al., 2008). Conventional AC operated
crane drives use slip ring induction motor whose rotor windings are connected to power
resistance in 4 to 5 steps by power contactors. Reversing is done by changing the phase
sequence of the stator supply through line contactors. Braking is achieved by plugging. The
main disadvantage is that the actual speed depends on the load. An electronic control
system has recently been added to continuously control rotor resistor value. Nowadays,
these systems are replaced by frequency converters supplied squirrel-cage induction motors
for all types of motion (Paul et al.,, 2008). Control concept based on application of
Programmable Logic Controllers (PLC) and industrial communication networks (Field-
buses) are a standard solution which is used in complex applications (Slutej et al.,1999).

An overhead and gantry cranes are typically used for moving containers, loading trucks or
material storage. This crane type usually consists of three separate motions for transporting
material. The first motion is the hoist, which raises and lowers the material. The second is
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the trolley (cross travel), which allows the hoist to be positioned directly above the material
for placement. The third is the gantry or bridge motion (long travel), which allows the entire
crane to be moved along the working area. Very often, in industrial applications additional
drives as auxiliary hoist, power cable reel and conveyer belt are needed. Therefore,
generally, a crane is complex machinery.

Depending on the crane capacity each of the mentioned drives, can be realized as multi-
motor. The term multi-motor drive is used to describe all the drives in a technological
process. If the controlled operation of the drives is required by the process based on the
controlled speed of the individual drives, the expression controlled multi-motor drives is
adequate. For many of such drives, the mechanical coupling on the load side is typical
(Jeftenic et al., 2006; Rockwell, 2000). In applications with cranes, coupling of the individual
motors is realized by the mechanical transmition device, and it is usually technologically
unbreakable.

2. Possible load sharing configurations overview

Controlled drives are usually fed from the power converter, which is also true for controlled
multi-motor drives. The kind, the type and the number of converters used depend on the
type of motors, their power ratings, and of the kind of the multi-motor drive. The control
and regulation also depend on the type of the multi-motor drive, but also on the type of the
converter selected, therefore the selection of the converter and the controller for these drives
must be analyzed together. Regarding the power supply of the motor, the following cases
are possible (Jeftenic et al., 2006):

e  multiple motors fed by a single converter (multiple motors - single converter),
¢ motors controlled by separate converters (multiple motors - multiple converters).

In crane applications multi-motor drives are used very often and a proportional share of
power between motors is required. Load sharing is a term used to describe a system where
multiple converters and motors are coupled and used to run one mechanical load (Rockwell,
2000). In the strictest sense, load-sharing means that the amount of torque applied to the
load from each motor is prescribed and carried out by each converter and motor set.
Therefore, multiple motors and converters powering the same process must contribute its
proportional share of power to the driven load.

Multiple motors that are run from a single converter do not load share because torque
control of individual motors is not possible. The load distribution, in that case, is influenced
only by the correct selection of the torque-speed mechanical characteristic. For the squirrel-
cage induction motors, there is no economical method for the adjustment of the mechanical
characteristic of the ready-made motors, but this has to be done during the selection. For the
slip-ring induction motor, the mechanical characteristic can be adjusted afterwards, with the
inclusion of the rotor resistors. Motors that are controlled by separate converters without
any interconnection also do not share the load. The lack of interconnection defeats any
possible comparison and error signal generation that is required to compensate for the
differences in the load that is applied to any single drive and motor set.

Control topologies for load sharing consider the presence of interconnection, i.e. information
knowledge about load (motor current or torque). There are three categories of load sharing
techniques: common speed reference, torque follower and speed trim follower.
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The common speed reference is the simplest the least precise and the less flexible form of
load sharing to set up, Fig. 1a). The precision of this control depends on the drives control
algorithm, the motor characteristics and the type of load to be controlled.

Follower 1  Follower 2 Master Follower 1
Speed —»ﬂ ﬂ Speed —»ﬂ q Torque ’T
Reference Reference Reference
a)
Master Follower1  Follower 2 Master Follower1  Follower 2

H | |E
f Vo [ - Hrorgue " | Yrorquel

Reference Reference Reference
Speed _—» Speed _—»
Reference Reference

) d)

Fig. 1. Load sharing configuration a) Common speed reference, b) Torque follower, c) and d)
Speed trim follower.

The torque follower type of load sharing requires the frequency converter to have the
capability of operation in "torque mode", Fig. 1b). If speed regulation is required, one of the
converters ("master") may be in "speed mode". In speed mode controller provides a torque
command at output which can be distributed to the other converters ("slaves" or "torque
followers"). The second converter operates in torque regulation mode with the torque
reference of the master as command. This torque signal may be scaled to divide load sharing
in any desired ratio.

In speed trim follower configuration, Fig. 1.c) and d), all converters are operated in speed
regulation mode and receive the same speed reference. The torque reference of the master is
sent to the follower converters. Each follower converter compares its own torque reference
with that of the master, Fig. 1c). The output of the comparator is an error signal that trims
the speed of the follower. Alternative configuration cascades the torque reference
comparison, Fig. 1d). The first follower compares the master to its internal value. The second
follower compares the foregoing follower to its internal value etc.

2.1 Torque and power requirements for crane drives

Speed control is an essential feature in crane drives. It is required for allowing soft starting
and stopping of the travel motions for enabling its correct positioning of load. For the lifting
drive the speed control in a wide speed range, from zero to nominal values, is required.
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Because of the precision when raising and lowering load, the possibility of working at a very
low speed and hold a load in the standstill is required, without using the mechanical brakes.

The torque and power that have to be delivered by the drive may be obtained from the
torque versus speed characteristic from the load (so-called mechanical characteristics) and
the differential equation of motion, (Belmans et al., 1993; Mitrovic et al., 2011).

The differential equation of motion, describing the behavior of the drive is:
do
— =T -T, 1
] dt e 1 ( )

where T, is the electromagnetic torque of the motor, T; is the torque of the load, | is the
inertia of the drive. If T, > T}, the system accelerates (dw/dt > 0), if T;/T, <0 it decelerates
(do/dt>0). The stedy state operation is reached if T; = T, and @ = const.

Multiplying equation (1) by the rotating speed w, yields the power:
dow
P, = T, =a)T,+w]E=Pm + P, 2

This equation shows that the mechanical power P.=wT,, obtained after the electromechanical
conversion in the motor, is equal to the power absorbed by the load P,,=wT; only when the
speed does not change. Otherwise, the amount corresponding to change in kinetic energy
must be added (if the speed increases) or subtracted (if the speed decreases):

dEy; Jdow
P, = kin _ o J* 3
“Tar ®

In the following, the travel and hoist motion of the crane drives will be analyzed.

The mechanical characteristic is given in Fig.2a) for travel motion. Apart from the zone
around zero, the torque is constant. The available torque is used for accelerating the system.
For a travel in one direction, braking and reversing to full speed in other direction, the speed
reference signal is given by top curve of Fig.2b). The torque reference signal is generated by
converter (second curve), leading to the machine actual speed. Multiplying the actual and
torque reference, yields the actual power (third curve). The peak power is found at the end
of the acceleration period. If wind forces are taken into consideration, the torque versus
speed curve is shifted horizontally as shown in Fig.2c). The torque and speed reference
remain the same, as well as the actual speed. However, the torque reference and the actual
power differ, as shown on Fig.2d).

During acceleration, kinetic energy is stored in the system. To stop the crane, this energy
must be absorbed by the drive. In the indoor situation, this energy is well known and only
present for a short period of time. For outdoor applications, the wind forces may become
very important. When travelling in the same direction as the wind, the wind drives the
crane and a situation may occur, where a continuous electrical braking is required. The
drive must be capable of handling this inverse power direction either by consuming the
power in a resistor or preferably by feeding it back to the supply.
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The hoist torque-speed characteristic is shown in Fig.3a) for an unloaded hook. The
characteristic resembles the one for the travel motion. However, it is always asymmetric
with respect to the vertical axis, due to the gravitation force. This asymmetry becomes more
pronounced when the hook is loaded (Fig.3c). For both unloaded and loaded situation, the
speed, torque and power are given in Fig.3b) and Fig.4d). Again the amount of braking
power is indicated. The worst braking case with a hoist motion, is when sinking a loaded
hook. It should be noted that the weight of the hook may be considerable. The hook may be
simple, or may consist of several parts to handle the load. For the hoist motion, the speed



136 Mechanical Engineering

control is very important in the low speed range: avoiding damage to the load when putting
it down and minimizing the stress on the mechanical brakes.

2.2 Frequency converters for induction motor drives

Today’s adjustable speed drives (ASD) in the low and mid power range are normally based
on the concept of variable voltage, variable frequency (VVVF). Fig.4 shows the basic concept
of a single variable speed drive. The three-phase AC supply network is rectified. The DC
capacitor, which links the supply rectifier to the inverter, assures that the inverter sees a
constant DC voltage from which it generates the required supply voltage and frequency to

Inverter

Ll

Supply L, {ERectifer
L,

A

' v 1

Monitoring <+ Control electronics
Control —{»|control, monitoring and communication

Fig. 4. Basic concept of a variable speed drive.

General classification divides induction motor control schemes into scalar and vector-based
methods (Petronijevic et al., 2011). Opposite to scalar control, which allows control of only
output voltage magnitude and frequency, the vector-based control methods enable control
of instantaneous voltage, current and flux vectors. In numerous industrial applications, such
as HVAC (heating, ventilation and air conditioning), fan or pump applications, good
dynamic performances are not usually the main control objective. Fig. 5a) illustrates a V/Hz
open loop control scheme, where pulse-width modulation (PWM) is realised applying the
space vector technique (SVPWM) and output voltage fundamental component amplitude is
modified with a voltage drop compensation Uy at low output frequencies. Basic control
structure of rotor field oriented control (RFO) is illustrated in Fig. 5b). Two inner PI-
controlled current loops for d and g stator current components are shown, as well as
synchronous speed estimator (w., based on reference stator currents components). In its
basic version, direct torque control (DTC) consists of a three-level hysteresis comparator for
torque control and a two-level hysteresis comparator for flux control as shown in Fig.5.c).

Type of the front end converter, regardless of the control schemes, depends on the power
and torque requirements of the drive. Adjustable speed drives in industrial applications are
usually characterized by a power flow direction from the AC distribution system to the load
(Rashid, 2001). This is, for example, the case of an ASD operating in the motoring mode. In
this instance, the active power flows from the DC side to the AC side of the inverter.
However, there are an important number of applications in which the motor begins to act as
a generator and regenerates energy back into the DC bus of the drive. Moreover, this could
be a transient condition as well a normal operating condition. This is known as the
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regenerative operating mode. For example, these regenerative conditions can occur when
quickly decelerating a high inertia load and this can be considered as transient condition.
The speed control of a load moving vertically downward (hoist) can be considered as
normal operating condition.
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Fig. 5. Control scheme: a) V/Hz, b) vector control, ¢) DTC control.

Drive applications can be divided into three main categories according to speed and torque.
The most common AC drive application is a single quadrant application where speed and
torque always have the same direction, i.e. the power flow from inverter to process. The
second category is two-quadrant applications where the direction of rotation remains
unchanged but the direction of torque can change, i.e. the power flow may be from drive to
motor or vice versa. The third category is fully four-quadrant applications where the
direction of speed and torque can freely change. These applications are typically elevators,
winches and cranes (ABB, 2011).

In order for an AC drive to operate in quadrant II or IV in speed-torque plane, a means must
exist to deal with the electrical energy returned to the drive by the motor. The typical pulse
width modulated AC drive is not designed for regenerating power back into the three phase
supply lines. Electrical energy returned by the motor can cause voltage in the DC link to
become excessively high when added to existing supply voltage. Various drive components
can be damaged by this excessive voltage. These regenerative conditions can occur when:
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e  quickly decelerating a high inertia load,

e controlling the speed of a load moving vertically downward (hoist, declining conveyor),
a sudden drop in load torque occurs,

the process requires repetitive acceleration and deceleration to a stop,

e  controlling the speed of an unwind application.

In standard drives the rectifier is typically a 6-pulse diode rectifier only able to deliver
power from the AC network to the DC bus but not vice versa. If the power flow changes as
in two or four quadrant applications, the power fed by the process charges the DC
capacitors and the DC bus voltage starts to rise. The capacitance is a relatively low value in
an AC drive resulting in fast voltage rise, and the components of a frequency converter may
only withstand voltage up to a certain specified level.

In order to prevent the DC bus voltage rising excessively, the inverter itself prevents the
power flow from process to frequency converter. This is done by limiting the braking torque
to keep a constant DC bus voltage level. This operation is called overvoltage control and it is
a standard feature of most modern drives. However, this means that the braking profile of
the machinery is not done according to the speed ramp specified by the user.

There are two technologies available to prevent the AC drive from reaching the trip level:
Dynamic braking and active front end regeneration control. Each technology has its own
advantages and disadvantages.

3. Dynamic braking

A dynamic brake consists of a chopper and a dynamic brake resistor. Fig.6 shows a
simplified dynamic braking schematic. The chopper is the dynamic braking circuitry that
senses rising DC bus voltage and shunts the excess energy to the dynamic brake resistor. A
chopper contains three significant power components: The chopper transistor is an IGBT.
The chopper transistor is either ON or OFF, connecting the dynamic braking resistor to the
DC bus and dissipating power, or isolating the resistor from the DC bus. The current rating
of the chopper transistor determines the minimum resistance value used for the dynamic
braking resistor. The chopper transistor voltage control regulates the voltage of the DC bus
during regeneration. The dynamic braking resistor dissipates the regenerated energy in the
form of heat.
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Fig. 6. Voltage source inverter with diode front end rectifier and dynamic brake module.
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As a general rule, dynamic braking can be used when the need to dissipate regenerative
energy is on an occasional or periodic basis. In general, the motor power rating, speed,
torque, and details regarding the regenerative mode of operation will be needed in order to
estimate what dynamic braking resistor value is needed. The peak regenerative power of the
drive must be calculated in order to determine the maximum resistance value of the
dynamic braking resistor.

The peak breaking power required to decelerate the load, according to equation (4) is:

p,= %;_0’0) (4)

where t, represents total time of deceleration, w, and g initial and final speed in the
process of braking.

The value of P, can now be compared to the drive rating to determine if external braking
module is needed. If peak braking power is 10% greater than rated drive power external
braking module is recommended. Compare the peak braking power to that of the rated
motor power, if the peak braking power is greater than 1.5 time that of the motor, then the
deceleration time, needs to be increased so that the drive does not go into current limit.

The peak power dynamic brake resistance value can be calculated as:

Rop =% ©)

The choice of the dynamic brake resistance value should be less than the value calculated by
equation (5). If a dynamic braking resistance value greater than the ones imposed by the
choice of the peak regenerative power is made and applied, the drive can trip off due to
transient DC bus overvoltage problems. Once the approximate resistance value of the
dynamic braking resistor is determined, the necessary power rating of the dynamic braking
resistor can be calculated. The power rating of the dynamic braking resistor is estimated by
applying what is known about the drive’s motoring and regenerating modes of operation.

To calculate the average power dissipation the braking duty cycle must be determined. The
percentage of time during an operating cycle (t) when braking occurs (t,) is duty cycle
(e=tv/tc). Assuming the deceleration rate is linear, average power is calculated as follows:

_hBaotae

(©)

Tt 2 o,
Steady state power dissipation capacity of dynamic brake resistors must be greater than that
average. If the dynamic braking resistor has a large thermodynamic heat capacity, then the
resistor element will be able to absorb a large amount of energy without the temperature of
the resistor element exceeding the operational temperature rating.

Fig.7a) shows the experimental results (DC voltage and chopper current) for the variable
frequency drive with braking module in DC link and external braking resistor, under a step
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change of induction motor load in regenerative regime. Danfoss frequency (series VLT 5000)
converter is used in experimental set-up. For the supply voltage of 400 V, DC link voltage is
about 540 V. When negative load torque is applied, DC link voltage rises. The chopper
transistor voltage control regulates the voltage of the DC bus during regeneration to near
800V allowing current flow in the resistor. Regenerative energy is then realised into heat.
After the end of the regenerative period, DC voltage returns to a value that corresponds to a
motor regime. The Fig.7b) shows the line voltage and current at the input of the diode rectifier.
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Fig. 7. a) DC voltage and chopper current, b) line voltage and current.

A voltage source PWM inverter with diode front-end rectifier is one of the most common
power configurations used in modem variable speed AC drives, (Fig. 6). An uncontrolled
diode rectifier has the advantage of being simple, robust, and low cost. However, it allows
only unidirectional power flow. Therefore, energy returned from the motor must be
dissipated on a power resistor controlled by a chopper connected across the dc link. A
further restriction is that the maximum motor output voltage is always less than the supply
voltage.

4. Active front end rectifier

Various alternative circuits can be used to recover the load energy and return it to power
supply. One such scheme is shown in Fig. 8 and presents the most popular topology used in
ASD. The diode rectifier is replaced with PWM voltage source rectifier. This is already an
industrially implemented technology and known as most successful active front end (AFE)
solution in ASD if regenerative operation is needed (e.g. for lowering the load in crane) and
therefore was chosen by most global companies: Siemens, ABB, and others.

The term Active Front End Inverter refers to the power converter system consisting of the
line-side converter with active switches such as IGBTs, the DC link capacitor bank, and the
load-side inverter. The line-side converter normally functions as a rectifier. But, during
regeneration it can also be operated as an inverter, feeding power back to the line. The line-
side converter is popularly referred to as a PWM rectifier in the literature. This is due to the
fact that, with active switches, the rectifier can be switched using a suitable pulse width
modulation technique.
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The PWM rectifier basically operates as a boost chopper with AC voltage at the input, but
DC voltage at the output. The intermediate DC-link voltage should be higher than the peak
of the supply voltage. The required DC-link voltage needs be maintained constant during
rectifier as well as inverter operation of the line side converter. The ripple in DC link voltage
can be reduced using an appropriately sized capacitor bank. The AFE inverter topology for
a motor drive application, as shown in Fig.8, has two three-phase, two-level PWM
converters, one on the line side, and another on the load side. The configuration uses 12
controllable switches. The line-side converter is connected to the utility through inductor.
The inductor is needed for boost operation of the line-side converter.
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Fig. 8. Active front end inverter topology.

For a constant dc-link voltage, the IGBTs in the line-side converter are switched to produce
three-phase PWM voltages at a4, b, and ¢ input terminals. The line-side PWM voltages,
generated in this way, control the line currents to the desired value. When DC link voltage
drops below the reference value, the feed-back diodes carry the capacitor charging currents,
and bring the DC-link voltage back to reference value.

The steady state characteristics as well as differential equations describing the dynamics of
the front-end rectifier can be obtained independent of an inverter and motor load. This is
because the DC-link voltage can be viewed as a voltage source, if V. is maintained constant
for the full operating range. The inverter is thus connected to the voltage source, whose
terminal voltage Vg4, remains unaffected by any normal inverter and motor operation (Jiuhe
et al., 2006).

Furthermore, as shown in Fig.8, the rectifier can also be viewed as connected to the voltage
source Vg. Thus, the rectifier is able to control magnitude and phase of PWM voltages V.
irrespective of line voltages E123.

The dynamic equations for each phase can be written as,

El d il il VaO
Ey [=Llis |+R i | +] Vig %)
E3 i3 i3 VCO

In synchronous rotating d-g reference frame Equations 8 and 9 represent the dynamic d-q
model of an active front end inverter in a reference frame rotating at an angular speed of .
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dig, ) )

L—t=E,, ~oLig, = Ri, ~V,, ®)
dide . .

L—dt =E, +a)L1qe —Riy, -V, )

The differential equation governing DC link voltage also needs to be added to the above set
of system equations to completely define system dynamics:

av,.
dt

C

=iy —iy (10)

where, iz is the total DC link current supplied by the rectifier, while iy is the load-side DC
current which is the result of induction motor operation.

In Equations 8 and 9, the terms E, and E; are computed from source voltages, E1, E», and Es.
Since line voltages are known, the angular frequency o, can be easily estimated. The PWM
voltages V. and Vg are the two inputs to the system which are generated using the sine-
triangle PWM controller. L and R represent series impedance.

Equations (8 and 9) shows that d-g current is related with both coupling voltages wLi; and
oLig, and main voltage E; nd E;, besides the influence of PWM voltage V. and V. Voltage
Vg and Vi, are the inputs, controlled in such a way as to generate desired currents. Now
define new variables V', and V' such that (Hartani & Miloud, 2010):

V, =-V'~aLi, +E, (11)

Vie=-V'p+oLiy, +E, (12)

So that the new system dynamic equations become:

di, ,

L =iy R4V, (13)
dl’ﬁf H 1

Lo =iy R+ V', (14)

We can see from equations that the two axis current are totally decoupled because V' and
V'4 are only related with i, and i, respectively.

The simple proportional-integral (PI) controllers are adopted in the current and voltage
regulation, Fig.9. The control scheme of the PWM rectifier is based on a standard cascaded
two-loop control scheme implemented in a d-g rotating frame: a fast control loop to control
the current in the boost inductors and a much slower control loop to maintain constant dc-
link voltage. The reference angle for the synchronous rotating d-q frame 6, is calculated,
based on the three input phase voltages.

For the current control loop d-g synchronously rotating reference frame with the
fundamental supply voltage frequency is used (Odavic et al., 2005). The line currents (i1, iz,
i3) are measured and transformed to the d-g reference frame, Fig.10.
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Fig. 10. Simplified block diagram of the AFE.

To get information about the position of the line voltage vector PLL (phase locked loop) is
implemented. PI controllers for the d-g components of line current are identical and ®L
terms are included to eliminate the coupling effect among the d and g components. Outputs
of the line current PI controllers present d and g components of the voltage across the line
inductance. Subtracting this voltage from the supply voltage gives the converter voltage
from the AC side that is used to get the modulation signal for proper switching of six
switching devices.

The main task of the sinusoidal front end is to operate with the sinusoidal line current; so d
and g components of the line current reference are DC values. Using this approach of control
it is possible to control the output voltage of converter as well as the power factor of
converter in the same time. To achieve unity power factor the reference of g current
component need to be set on zero.

Based on analysis, the simulation model of the whole is built using Matlab/Simulink to test
the performance of the active front end rectifier. On the load side is the field oriented
induction motor drive with topology as shown in Fig.5c). The whole system behavior is
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simulated as a discrete control system. The AC source is an ideal balanced three phase
voltage source with frequency 50 Hz. The phase to phase voltage is 400 V. capacitor in DC
link is 4700 pF. The line resistor and line inductance of each phase is 0.1 Q and 3 mH
respectively. The induction motor rated power is 30 kW.

The induction machine is initially running at a constant speed reference (100 rad/s) and
under a no load regime. From this situation, we apply a rated load torque during a time
interval of 0.5 s and then we remove the load. This case corresponds to a step up and a step
down torque perturbation.

The following figures summarize the results of the simulation. Fig. 11 and Fig.12 shows the
behavior of the rectifier under a step change of the induction motor load. Fig.11 refers to the
motor mode of operation (lifting) and Fig.2 to the generator mode (lowering).
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Fig. 11. Behavior of the rectifier under a step change of the induction motor load
(motor operation).

Fig. 11b) and Fig. 12b) show the behavior of the DC link voltage of the PWM rectifier in
response to a step change in the load. Fig. 11c) and Fig. 12c) presents the active and reactive
power on the line side of converter. Since that the q component of the set point current is
I;re=0 (Fig.11e and Fig.12e) there is only d current component (Fig.11d and Fig.12d), reactive
power is zero. Fig.11f) and Fig.12f) show the behavior of steady state voltage and current
delivered by the source when the line side converter works in the rectifier and regenerative
mode. The input current is highly sinusoidal and keeps in phase with the voltage, reaching a
unity power factor.
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The simulation results show that the rectifier has excellent dynamic behavior and following
advantages:

- Power flow between the motor and the mains supply is possible in both directions, and
so this makes the drive more efficient than when a braking resistor is used. As well as
recovering energy during deceleration, it is possible to recover energy from overhauling
load such as a crane when the load is being lowered.

- Good quality input current waveforms are possible with unity power factor.

- Itis possible to boost the DC link voltage to a level that is higher than would be possible
with a simple diode rectifier.
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Fig. 12. Behavior of the rectifier under a step change of the induction motor load
(generator operation).

5. Case study 1: Derrick crane

The experimental behavior analysis of some drives is considered in a derrick crane, which
serves for load handling in many industry branches. The main task in adjustable speed
drives design is a safe, multi-axis movement that allows material handling throughout the
working area. The derrick crane with following technical details has been taken for
experimentation with adjustable frequency drive:

e Main hoist load capacity: 60 t;
e  Auxiliary load capacity: 12.5 t;
e Main hoist height: 46 m;

e Auxiliary hoist height: 49 m;
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e  Jib boom radius: 0-82.5°;
¢ Length of runway rail path: 350 m
e  Working conditions: outdoor.

Using AFE rectifier/regenerative unit on common DC bus, six groups of inverter-motor
combinations are supplied:

- hoist motion with 2x55 kW vector control inverter, the motor is a six pole, 2x45 kW,

- auxiliary hoist motion with a 55 kW vector control inverter, supplying a four pole, 45
kW motor,

- jib motion with 2x55 kW vector control inverter, the motor is a six pole, 2x45 kW,

- travel motion with 3x7.5 kW vector control inverter, the motor is six pole, 3x7.5 kW,

- motor driven cable reel with 3 kW vector control inverter supplying 3 kW motor,

- auxiliary drives with 8x1.1 kW and motors (8x1.1 kW).

The rating of the AFE rectifier/regenerative unit output at cosp=1 and 400 V supply voltage
is 177 kW. This is far less than the sum of the ratings of the individual invertors, being
300 kW. In the Fig.13 crane with indicated drives is shown.
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Fig. 13. Derrick crane with indicated drives.

Fig. 14 shows the power circuit topology of the derrick crane using AFEs at the input side.
The AFE is connected upstream to the standard frequency inverter and consists of three
components:
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o Active Infeed Converter.
¢ Line Filter Module (EMC filter, line contactor and charging circuit).
e Line Filter Choke

Power flows from the line through the input transformer and the input reactance into AFE,
creating a common DC bus. The inverters take energy from the common DC bus to control
the induction motors for the different movements.

AFE | !
i @ - Line supply
:—————T:ﬁ ———————————— : Profibus Network DC Bus
IO SN G SN G Y SN G Y SR
AR R RN R
KT k) ] T T L) T T Tk
3 A A S SO A s £ S S A ¢ S )
OO OOO OOO® OM
[ [ | | |
Main hoist :Auxiliary: Jib motion : Motion : Cable :Auxiliary
| [ [

hoist | reel weel | drive x8

Fig. 14. Single line power circuit topology.

Fig.15a) shows a hoist movement with the 30% of full load and Fig.15b) for auxiliary hoist
with an unloaded hook measured in similar conditions. In Fig.15a), curve 1 gives the actual
speed signal (reference speed signal is given at 100% from the crane driver joystick
command). Curves 2, 3 and 4 show the torque, power and motor current, respectively. After
an acceleration period (ending at 5 s), a constant torque is delivered. This transition in
torque level coincides with reaching the prescribed speed. At 17.5 s, the speed reference
signal is made zero (stop command). The driving torque becomes zero and the system
decelerates due to gravity. After 20 s, zero speed is reached, and the drive has to deliver the
torque required for holding the load before closing the mechanical brake. After that the
same the same measurements were performed during lowering. Due to high friction losses,
torque was required to start the decent. After short initial period, only the dynamic friction
is present, yielding a small driving torque. After the acceleration, the power flow is reversed
and the drive lowers the load at a constant speed. From 43 s on, the system is braked with
maximum torque, until standstill.

The same measurements were performed during lowering and hoist movement with the
30% of full load, Fig. 16a). The reference speed was 25, 50, 75 and 100% of rated speed. As on
the Fig.15 actual speed, motor torque, power and current are shown. After that for jib-boom
motion the same signal was record as shown on Fig.16b). In both figure regenerative periods
during the lowering, at any reference speed, can be seen.

From the Fig.15 and Fog.16, can be seen periods when the energy recovery occurs at the
point of load lowering. It is very important to point out that the AFE topology allows for
fully regenerative operation, which is quite important for crane application.
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Different tests have been performed on the system to show some of the capabilities in the
AFE inverter system. The measurements are done at steady-state operation. During
experiments, the DC link voltage is boosted to 650 V. The first test is rectifier system
operation when the induction machine operates as motor during lifting of the load, Fig.17a),
and second test is regenerative operation during lowering of the load, Fig.17.b). Both figures
show the measured line currents, line voltages and DC voltage. It can be observed a high
stationary performance both in motor and generator operation. The line current is nearly a
sine wave with unity power factor while DC voltage is unchanged.
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Fig. 17. Waveforms under steady-state operation: Line voltage, line current and dc link
voltage a) motor operation, b) generator operation.

6. Case study 2: Wide span gantry crane

The experimental behavior analysis of some drives is considered on the example of crane
with wide span, which in sugar factory serves for continuous transport of sugar beet from
the reception position to the factory storage.

The crane with following details has been taken for experimentation with adjustable
frequency drive:

¢  Handling capacity: 500 t/h;

¢ Gantry span: 64.5 m;

¢  Runway rail path: 300 m;

¢  Hoist height: 18 m;

e  Working conditions: outdoor.

Gantry crane for sugar beet storage is designed from the following functional parts:

1. Gantry drive (16 m/min) with four induction motors of 5.5 kW, two per leg.

2. System conveyor belts (2m/s) with “battered” (30kW), horizontal (30kW) and
“butterfly” conveyor (11kW).

Trolley drive (12 m/min) with four motors of 1.1kW.

“Butterfly” hoist (3 kW).

Motor driven cable reel (1.1 kW).

Decentralized crane control system with appropriate PLC, Profibus communication
between converters and other intelligent devices (encoders, operator panels etc.).

SRS e
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In the Fig.18 gantry crane with indicated drives is shown. All motors are three phase fed by
frequency converters.

Certainly, the most complicated is the gantry drive, from following reasons:

e that is multi motor drive which consists of two motors on each side,

e the spanis wide,

e  construction is lattice, therefore it is elastic,

e plant is located outdoor so the influence of the wind may be considerable,
o the length of runway rail path is 300 m.

Basic requirements set in front of this drive are: equal load distribution between motors
located on the same side, as well as skew elimination between fixed and free gantry leg.

Command cabins Horizontal conveyor: Electrical cabinet

Trolley drive

=L ¢

Fig. 18. Gantry crane with indicated drives.

6.1 Load sharing

Although the motors have the same power, there are few necessary reasons to do the load
distribution: different wheel diameter, unequal adhesion, geometrical imperfection of the
construction, slipping of the pinion wheel due to wet or frozen rails. Load distribution is
resolved by using speed trim load sharing configuration, Fig.lc). Load distribution
controller is realized by PLC.

In the Fig.19 the principle block scheme for load distribution between two rail coupled
induction motors (IM; and IMy) fed by frequency converters (FC1 and FC2) is shown.
Starting point at design of load sharing controller is that the less loaded motor should
accelerate in order to take over the part of load from the more loaded motor. Information
about the load can be obtained in different ways. The easiest one is by motor current.
Modern converters used in drives, enable to obtain information about the motor torque in
percentage in relation to rated torque.

As we can see in the Fig.19, the speed reference of only one motor (1) is updated in relation
to the main speed reference (n"=n";). Reference correction An" is proportional to the
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difference of estimated electromagnetic torque (AT, =Te-ATe). Proportional gain of load
sharing regulators is denoted as Kis .

In order to ensure the stabile operation of the motors during the large external
disturbances, especially at low speed when estimation of electromagnetic torque in speed
sensorless drives looses on accuracy, it is necessary to limit the correction value An", as
shown in Fig.19.

For the purpose of suggested algorithm verification the trolley load sharing is analyzed.
Because of the short distance between left and right side the skew may be neglected. Trolley
drive consists of four motors, two on each side (IM;-IM; on left and IM3-IM; on right side).
Frequency converters are set on speed sensorless vector control mode. Motors have the
common reference speed. In the Fig.20a) motors torque without load distribution is shown.
At reference speed, in steady state, we can see that even the motors have the same rated
power, load torques are different. Estimated motor torque is not applied in control
algorithm. Speed between left and right side is different because it depends of motor
characteristics and load, as shown in Fig.20a).
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Fig. 19. The principle of load sharing based on estimated torque.

Effect of load sharing is shown in Fig.20b). The approximately equal motors torque on the
same leg can be easily seen. Used system enables that speed of every motor is regulated, but
also the load difference is controlled. In this way the load difference is being maintained on
the desired accuracy.

Depending on the purpose of drives and needed accuracy of maintaining load distribution,
load controller can be with only proportional effect, but also with proportional integrated
effect. In our case only proportional controller with K;s=1 p.u. is used. Output from the load
controller is restricted on only several percentages of maxsimum speed reference (in our
example Afmin-max=2%). That is quite enough to provide necessary load regulation and not to
“break” the drive speed regulation by too big effect on the speed reference. This solution can
be applied for all kinds of multi motor drives on cranes.
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Fig. 20. Motors torque and speed: a) without load sharing; b) with load sharing.

6.2 Skew elimination

On most rails mounted wide span gantry cranes skewing problem is associated with poor
rail conditions, uneven wheel wear, wind influence, wheel slippage or unequal load
conditions when the trolley is operating at one end of the crane bridge. The skewing of the
crane can cause excessive wheel abrasion and stress, especially to the wheel flanges. It can
also produce horizontal or lateral forces that can result in unusual stresses to the crane
runway beams and building structure. This often results in differing diameters of drive
wheels, which subsequently cause the crane to skew.

The crane construction consists of opposed pairs of end truck assemblies (left hand side is
named as free leg and right hand side is named as fixed leg). These are movable along a
track and a long transverse support member between the end truck assemblies. Each end
truck assembly includes two sets of trolleys and an upper load bar laterally interconnects
the two sets of trolleys.

The hardware for skew elimination consists of a PLC with Field-bus communication, two
absolute multi-turn encoders, two proximity sensors and four frequency converters for
motor supply of trolley drives, as shown in Fig.21). On each end truck, one of the converters
is master and the other one is slave. The master-slave references distribution is modified
according to the load sharing principle as shown in Fig.1c).

The main devices for skew tracking are two absolute encoders (E; and Ey) installed on a
special, non-tractive wheel (so called free wheel), in order to avoid slipping. Encoders
measure the traveled distance, and absolute position is transferred to the anti-skew control
subsystem in PLC, as shown in Fig.21). The fixed leg frequency converter (FC;) is set as a
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master for gantry drive skew elimination algorithm; while in this case, the speed reference
for the frequency converter on the free leg (FC) is modified with the anti-skew controller
output.

The control scheme for skew elimination between the master and slave motor of gantry
drive is shown in detail in Fig.22). As it can be seen, we propose a simple proportional (P)
controller acting as an additional, outer correction loop, which supplies speed control loop.
The speed reference of one motor (1) is updated in relation to the main speed reference
(n"=n"1) with reference correction value An". If the encoder position difference AE related to
maximum allowed skew is known, the controller gain Ksc can be calculated, (Mitrovic et al.,
2010).

In order to ensure the stabile and safe operation of the motors during the large external
disturbances and at low speed, when estimation of electromagnetic torque in speed sensor-
less drives looses on accuracy, it is necessary to limit the correction value An".

-
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Fig. 21. Block scheme of gantry drive.

A reliable operation (even in terms of key components failure - for example encoders)
requests an additional external disturbance compensator (EDC) which includes several pairs
of position bars (or markers, M) and inductive proximity sensors (IPS). The EDC takes into
account all external influences on the position difference of the two encoders: the free
wheels diameter difference and an accidental wheel and encoder joint slipping.

The proximity sensors are fitted on the end truck holders, while the position bars are
equidistantly mounted along the rails. During the crane movement, proximity sensors
detect the moment when the fixed (or free) leg passes above the markers and so register the
crane actual skew. Now when both legs are positioned on the markers, absolute encoders
measure the trajectory difference, as shown in Fig.22). In fact, this difference is the real
skew (s) of the crane, determined at each crossing over the markers. If the difference is
greater than the length of the markers (I,;) that means the crane skew is bigger than allowed.
For this reason it is required that the length of markers matches the allowed skew of the
crane. The distance between successive markers (I,,) depends on the length of marker and
maximum expected liner speed difference between the legs.
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Fig. 22. The principle block diagram of skew controller.

The limited number of the necessary input data for the calculation and design of the skew
controller allows quick adjustment of parameters and the choice of EDC components, and
the proposed algorithm makes it suitable for industrial applications.

In the analyzed example, the loads of fixed and free legs are different, partly because of
asymmetry of gantry, but mostly because of the trolley moving along the gantry. The
calculated critical skew of gantry structure is 100 cm, but during normal operation the
maximum allowed skew is 50 cm. A preview of gantry drive parameters, controller design
and set-up values are taken from reference (Mitrovic et al., 2010).

At the beginning, we analyzed the behavior of gantry drives without a skew controller and
the main results are shown in Fig.23a).

In this case, the load-sharing controllers for the fixed and free gantry leg are applied. Three
working sections are noticeable: crane acceleration, steady state operation, and crane
deceleration. The encoder measures the motor speed, while torque is estimated from the
frequency converters. The measured data are collected in PLC SCADA system. The
observed variables are master motor (IM;) speed ni, speed difference ni-n, between the
master motor (IMj) on the fixed leg and the master motor (IM) on the free leg, torque
differences between motors on the same leg (IM;-IM3, IM>-IMy) and the value of actual skew
(s). In this case, as the skew is not controlled, it can be seen the increase of the value. During
the crane skew, motors (IM; and IM3) on the fixed leg are more loaded than the motors (IM»
and IMy) on the free leg. In addition to that, the effects of the load-sharing controller can be
noticed because the motors on the same leg share loads approximately, i.e. torque difference
oscillates about zero value.

The next experiment was performed including the skew controller and under the similar
operational regimes as in the previous case: acceleration, steady state operation and
deceleration. The experimental results are shown in Fig.23b). During the crane
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acceleration/deceleration, due to different loads between the fixed and free leg temporarily
skew can be observed. The skew controller action eliminates this start-up disturbance in a
few seconds. Simultaneously, with the action of a skew regulator, load-sharing controllers
provide motor loading in proportion to their rated power. At constant speed operation, the
trolley moves between the fixed and free leg, which causes additional differences in loads,
but the proposed controller successfully compensates for these disturbances. In the case of
crane deceleration, it can be seen that the characteristic case of the free leg stopping is
postponed in order to complete the elimination of skew and for the fine position adjustment.
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Fig. 23. Behavior of gantry drives: a) without skew controller; b) with skew controller.

7. Conclusion

The application of squirrel cage induction motors supplied from the frequency converters (also
known as adjustable speed drive) have become the standard solution for the modern crane
drives. However, the standard configuration of the inverter can not be used for some drives
primarily due to regenerative operation, which in some cases may be intermittent (long travel
and cross travel) and continuous (lowering). The power and torque requirements in details are
described and analyzed for such drives. From the aspect of the required power crane drives
are often implemented as a multi motor. One of the important issue in this case is load
distribution between the motor proportional to the motor power rating which can be resolved
by applying the modern converters in one of the master-follower configuration.

This chapter describes the solutions that are commonly used in modern crane drives. In case
that it is a casual recuperating the dynamic braking is used. If continious regeneretation
occur active front end rectifier capable to returning energy into the supply network is used.
The following two case studies are selected. Case study 1 is typical because the AFE is used
which in addition of power recovery possibility also serves to supply all the drives on the
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common DC bus. Case study 2 deals with gantry cranes that have a large span. Solutions of
two problems that occur in these types of cranes are shown as follows: load distribution
between multiple motor and skew problem as a result of a large span.
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1. Introduction

Layered manufacturing (LM) methods have traditionally been used for rapid prototyping (RP)
purposes, with the primary intention of fabricating models for visualization, design
verification, and kinematic functionality testing of developing assemblies during the product
realization process (Caulfield et al., 2007). Without any need for tooling or fixturing, LM allows
for the computer-controlled fabrication of parts in a single setup directly from a computerized
solid model. These characteristics have proven beneficial in regard to the objective of reducing
the time needed to complete the product development cycle (Chua et al., 2005).

There are numerous LM processes available in the market today, including
stereolithography (SLA), fused deposition modeling (FDM), selective laser sintering (SLS),
and three-dimensional printing (3DP), all of which are additive processes sharing important
commonalities (Upcraft & Fletcher, 2003). For each of these processes, the object design is
first represented as a solid model within a computer aided design (CAD) software package
and then exported into tessellated format as an STL file. This faceted model is then imported
into the relevant LM machine software where it is mathematically sliced into a series of
parallel cross-sections or layers. The software creates a machine traverse path for each slice,
including instructions for the creation of any necessary scaffolding to support overhanging
slice portions. The physical part is then fabricated, starting with the bottom-most layer, by
incrementally building one model slice on top of the previously built layer. This additive
layering process is thus capable of fabricating components with complex geometrical shapes
in a single setup without the need for tooling or human intervention or monitoring,.

In recent years, layered manufacturing processes have begun to progress from rapid
prototyping techniques towards rapid manufacturing methods, where the objective is now
to produce finished components for potential end use in a product (Caulfield et al., 2007).
LM is especially promising for the fabrication of specific need, low volume products such as
replacement parts for larger systems. This trend accentuates the need, however, for a
thorough understanding of the associated mechanical properties and the resulting
behaviour of parts produced by layered methods. Not only must the base material be
durable, but the mechanical properties of the layered components must be sufficient to meet
in-service loading and operational requirements, and be reasonably comparable to parts
produced by more traditional manufacturing techniques.
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Fused deposition modeling (FDM) by Stratasys Inc. is one such layered manufacturing
technology that produces parts with complex geometries by the layering of extruded
materials, such as durable acrylonitrile butadiene styrene (ABS) plastic (Figure 1). In this
process, the build material is initially in the raw form of a flexible filament. The feedstock
filament is then partially melted and extruded though a heated nozzle within a temperature
controlled build environment. The material is extruded in a thin layer onto the previously
built model layer on the build platform in the form of a prescribed two-dimensional (x-y)
layer pattern (Sun et al., 2008). The deposited material cools, solidifies, and bonds with
adjoining material. After an entire layer is deposited, the build platform moves downward
along the z-axis by an increment equal to the filament height (layer thickness) and the next
layer is deposited on top of it.

Temperature-controlled environment
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Fig. 1. Schematic of the FDM process

If the model requires structural support for any overhanging geometry, a second nozzle
simultaneously extrudes layers of a water soluble support material in this same manner.
Once the build process is completed, the support material is dissolved and the FDM part can
be viewed as a laminate composite structure with vertically stacked layers of bonded fibers
or rasters (Sood et al., 2011). Consequently, the mechanical properties of FDM parts are not
solely controlled by the build material of the original filament, but are also significantly
influenced by a directionally-dependent production process that fabricates components with
anisotropic characteristics associated with the inherent layering.

Several researchers have specifically considered the anisotropic characteristics of FDM parts
in recent years. Rodriguez et al. (2001) investigated the tensile strength and elastic modulus
of FDM specimens with varying mesostructures in comparison with the properties of the
ABS monofilament feedstock. They determined that the tensile strength was the greatest for
parts with fibers aligned with the axis of the tension force. Ahn et al. (2002) designed a
factorial experiment to quantify the effects of model temperature, bead width, raster
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orientation, air gap, and ABS color on both tensile and compressive strengths of FDM parts.
It was determined that both air gap and raster orientation had significant effects on the
resulting tensile strength, while compressive strength was not affected by these factors.
Their results include a set of recommended build rules for designing FDM parts. A similar
study was completed by Sood et al. (2010), with varying factors of layer thickness, build
orientation, raster angle, raster width, and air gap. These researchers implemented a central
composite experiment design and analyzed the functional relationship between process
parameters and specimen strength using response surface methodology. Their results
indicate that the tested factors influence the mesostructural configuration of the built part as
well as the bonding and distortion within the part. On the basis of this work, Sood et al.
(2011) further examined the effect of the same five process parameters on the subsequent
compressive strength of test specimens. Their work provides insight into the complex
dependency of compressive stress on these parameters and develops a statistically validated
predictive equation. Results display the importance of fiber-to-fiber bond strength and the
control of distortion during the build process. Lee et al. (2005) concluded that layer
thickness, raster angle, and air gap influence the elastic performance of compliant ABS
prototypes manufactured by fused deposition. A study conducted by Es Said et al. (2000)
analyzed the effect of raster orientation and the subsequent alignment of polymer molecules
along the direction of deposition during fabrication. These researchers considered the issue
of volumetric shrinkage and raster orientation with respect to tensile, flexural and impact
strengths. Lee et al. (2007) focused on the compressive strength of layered parts as a function
of build direction. They determined that the compressive strength is greater for the axial
FDM specimens than for the transverse. The foregoing studies reveal the directional
dependence or anisotropy of the mechanical properties of FDM parts as a result of
mesostructure and fiber-to-fiber bond strength, and provide numerous insights and
recommendations regarding significant process parameters and the development of
component build rules.

The goal of this project is to quantitatively analyze the potential of fused deposition
modeling to fully evolve into a rapid manufacturing tool. The project objective is to develop
an understanding of the dependence of the mechanical properties of FDM parts on raster
orientation and to assess whether these parts are capable of maintaining their integrity while
under service loading. The study utilizes the insights provided by previous researchers and
further examines the effect of fiber orientation on a variety of important mechanical
properties of ABS components fabricated by fused deposition modeling. This study uses
FDM build recommendations provided in previous work, as well as the defined machine
default values, in order to focus analysis specifically on the significant issue of fiber or raster
orientation, i.e. the direction of the polymer beads (roads) relative to the loading direction of
the part. Tensile, compressive, flexural, impact, and fatigue strength properties of FDM
specimens are examined, evaluated, and placed in context in comparison with the properties
of injection molded ABS parts.

2. Experimental procedure
2.1 Materials

All of the FDM specimens tested and analyzed in this study were acrylonitrile butadiene
styrene (ABS). ABS is a carbon chain copolymer belonging to styrene ter-polymer chemical
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family. It is a common thermoplastic that is formed by dissolving butadiene-styrene
copolymer in a mixture of acrylonitrile and styrene monomers, and then polymerizing the
monomers with free radial initiators (Odian, 2004). The result is a long chain of
polybutadiene crisscrossed with shorter chains of poly(styrene-co-acrylonitrile). The
advantage of ABS is that it combines the strength and rigidity of the acrylonitrile and
styrene polymers with the toughness of the polybutadiene rubber. The proportions can vary
from 15 to 35% acrylonitrile, 5 to 30% butadiene, and 40 to 60% styrene. In this study, the
resulting composition was 90-100% acrylonitrile/butadiene/styrene resin, with 0-2%
mineral oil, 0-2% tallow, and 0-2% wax.

2.2 Specimen preparation and equipment

This project included five different mechanical tests: tension, compression, flexural (3-point
bend), impact, and tension-tension fatigue. Three unique specimen designs were required.
The tension, flexural, and fatigue specimens were all thin rectangular slabs (Figure 2a)
fabricated to be 190.5 mm long, 12.7 mm wide, and 2.6 mm thick in accordance with ASTM
D3039 (ASTM, 1998), ASTM D790 (ASTM, 2007), and ASTM D3479 (ASTM, 2007a) standards
respectively. Compression specimens were cylindrical and fabricated with dimensions
conforming to the ASTM D695 standard (ASTM, 1996). Each cylinder was 25.4 mm long and
12.7 mm diameter (Figure 2b). Impact specimens were fabricated with dimensions
conforming to the ASTM D256 standard (ASTM, 2010). The geometry was a v-notched
rectangular block of 63.5 mm long, 25.4 mm wide, and 25.4 mm thick (Figure 2c). The v-
notch was modeled within the computer solid model of the specimen and was produced
directly on the FDM machine.

. /7 (0 (——71

@) (b) ©)

Fig. 2. Specimen geometries associated with each test

All FDM specimens were fabricated with a Stratasys Vantage-i machine. Solid models were
first created using Pro/Engineer® software, and then tessellated and exported in STL
format. Digital models were then sliced using the Vantage machine’s Insight software, and
layer extrusion tool paths were generated, i.e. raster patterns used to fill interior regions of
each layer, to represent the four different fiber orientations studied in each test.

Layered specimens were all fabricated in a build orientation that aligned the minimum part
dimension with the z-axis of the machine, i.e. perpendicular to the build platform. In this
orientation, five to ten replicate specimens were built with each of four different raster
patterns relative to the part loading direction, for each of the five different tests completed.
The four raster orientations included: (a) longitudinal or 0° i.e. rasters aligned with long
dimension of the specimen, (b) diagonal or 45°, i.e. rasters at 45° to the long dimension of the
specimen, (c) transverse or 90° i.e. rasters perpendicular to long dimension of the specimen,
and (d) default or +45°/-45° criss-cross, i.e. representing the machine’s default raster
orientation (Figure 3).
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Fig. 3. Four different raster orientations investigated

All FDM specimens were built while holding all other machine process settings at the
recommended or default values displayed in Table 1.

Factor Value/Level

Air gap 0.0 mm

Nozzle T12

Road width 0.3048 mm

Slice height 0.1778 mm

Part interior fill style  Solid normal
Part fill style Perimeter /raster

Liquefier temperature 320 °C
Envelope temperature 80 °C

Table 1. Fixed FDM process settings

In order to measure the reference strength and behaviour of the ABS filament material, for
comparisons with the layered parts, additional specimens were fabricated by injection
molding for the same five tests. Aluminium molds for each of the three previously described
geometries (Figure 2) were designed using Pro/Engineer® software, and manufactured on a
Haas VF-1 CNC machining center. Mold cavity dimensions were the same as those
described for the FDM specimens, with slight increases to compensate for the shrinkage of
molded ABS at approximately 0.005 cm/cm. Parting lines and runners were located with an
effort to avoid potential stress concentrations or anomalies in the resulting specimens that
might affect test results. All molded specimens were fabricated from the same material as
the layered models by feeding the FDM-ABS filament into a polymer granulator and cutting
it into pellets of 3-5 mm in length. The pellets were then fed into the hopper of a Morgan
Press G-100T injection molding machine. Molding parameters were set to the recommended
values for ABS plastic, including nozzle temperature of 270 °C, mold preheat temperature of
120° C, clamping force of 71 kN (16,000 Ib), and injection pressure of 41 MPa (6000 psi). Ten
replicate specimens were molded for each of the five tests.

Tensile, compressive, flexural, and tension-fatigue tests were performed on an Instron
model 3366 dual column uniaxial material testing with .057 micron displacement precision
and up to 0.001 N force accuracy. The machine has a 10kN load force capacity. Impact
strength was studied on a TMI impact tester. Resulting fracture surfaces were subsequently
prepared by gold sputtering and analyzed with a JSM 500-type JEOL Scanning Electron
Microscope (SEM).
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3. Results and discussion
3.1 Tension testing

The tension specimens were thin rectangular slabs made in compliance with ASTM D3039
(ASTM, 1998). Fabrication utilized the FDM T12-nozzle, providing an individual layer or
slice height of 0.1778 mm. The specimen thickness of 2.6 mm was subsequently achieved
with a total of 15 layers (Figure 4).

Fig. 4. SEM image displaying 15 layer thickness

A summary of the tension test results for the four raster orientations is displayed in Table 2.
The mean ultimate and yield strengths (0.2% offset) were largest for the longitudinal (0°)
raster orientation, 25.72 and 25.51 MPa respectively, and weakest for the transverse (90°)
raster orientation, 14.56 and 14.35 MPa respectively. The mean ultimate strength of the 90°
specimens represented only 56.23% of that of the 0° raster specimens, followed by the 45°
specimens at 61.45% and the +45°/-45° specimens at 74.09%.

Raster Orientation ~ Mean Yield Strength Meg;zrgnlgtr}rlmte Mez/ilio?z;elgtlve
(MPa), Std Dev (MPa), Std Dev (MPa), Std Dev
Longitudinal (0°) 25.51,0.73 25.72,0.91 987.80, 19.98
Diagonal (45°) 15.68, 0.27 16.22,0.27 741.78, 20.28
Transverse (90°) 14.35, 0.08 14.56, 0.05 738.77,7.91
Default (+45°/-45°) 18.90, 0.53 19.36, 0.39 768.01, 33.31

Table 2. Tension test results

A one-way analysis of the variance (ANOVA) was completed in order to consider the
equivalence of the population means for the four raster orientations. The results, appearing
in Table 3, include a calculated F-test statistic of F(3,16) = 490.98 and a p-value of 0.0001,
indicating a significant difference between some or all of the mean ultimate strength (UTS)
values associated with the four raster orientations at a level of significance of o = 0.05. The
coefficient of determination associated with this analysis was R2 = 0.9886.
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Source DF SS MS F P
Raster Angle 3 363.991 121.330 460.98 0.0001

Error 16 4211 0.263

Total 19 368.202

Table 3. ANOVA results comparing mean ultimate tensile strengths of 4 raster orientations

Further analysis in the form of post hoc comparisons was performed to determine which
raster orientations differed in mean UTS. Tukey’s method (Montgomery, 2009), creating a
set of 95% simultaneous confidence intervals for the difference between each pair of means,
indicated that the difference was significant for all pairwise comparisons of mean UTS
values (Table 4). The difference between the mean UTS of the longitudinal rasters (25.72)
and that of the transverse rasters (14.56) was the most significant. These results confirm that
raster orientation has a significant effect on the tensile strengths of the FDM specimens.
Tensile strength is thus verified to be affected by the directional processing and subsequent
directionality of the polymer molecules, signifying an anisotropic property.

95% Confidence Interval
Raster Raster Difference of

Orientation (i) Orientation (j) Mean UTS (i-j) Lower Upper
Bound Bound

Longitudinal 45-Degree 9.50* 8.579 10.437
Transverse 11.16* 10.235 12.093

Default 6.36* 5.438 7.296

45-Degree Transverse 1.66* 0.727 2.585
Default -3.14* -4.07 -2.212

Transverse Default -4.8*% -5.726 -3.868

* Mean difference is significant at the 0.05 level

Table 4. Post hoc Tukey HSD multiple comparisons of mean tensile strengths

The quantitative data analysis was followed by detailed physical inspection of the
specimens at both macro and microscopic levels. Macroscopically, the fracture patterns of
the specimens varied somewhat as a function of the raster orientation of the two-
dimensional layers and the resulting weakest path for crack propagation (Figure 5). The 90°
specimens failed in the transverse direction and the 45° specimens failed along the 45° line.
The 0° specimens failed primarily in the transverse direction, although there was some fiber
pullout and delamination intermittently evident as well. The +45°/-45° specimens broke at
intersecting fracture paths along +45° resulting in a saw-tooth fracture pattern across the
specimen width. It is likely that fracture paths controlled by weak interlayer bonding are
affected by the residual stresses that result from the volumetric shrinkage of the polymer
layers during solidification and cooling. In addition, interlayer porosity and air gaps serve
to reduce the actual load-bearing area across the layers, providing an easy fracture path.

In specimens with the longitudinal (0°) raster orientation, the molecules tend to align along
the stress axis direction. This produces the strongest individual two-dimensional layers
subjected to tension loading. During the testing of these specimens, stress whitening due to
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+45/-435°

Fig. 5. Failure modes of the specimens with each of the four raster orientations

craze formation and growth was observed to develop prior to reaching the yield stress.
Failure occurred at whitened areas from plastic deformation where some evidence of
localized fiber delamination was observed. The fracture surfaces were further analyzed with
a scanning electron microscope, and displayed failure that was predominantly brittle in
nature with localized micro-shearing on each fiber face (Figure 6). The tensile strength of
these specimens is thus more heavily dependent on the strength of the ABS monofilament
than specimens with fibers running at orientations other than 0° with the stress axis
(Rodriguez et al., 2001).

15kV X120 100pm 22/JuLi1

Fig. 6. SEM image of fracture surface of a 0° raster specimen

In contrast, the specimens with transverse (90°) raster orientations did not display obvious
crazing during testing, and failure occurred predominantly at the weak interface between
layered ABS fibers (Figure 7). These specimens experienced brittle interface fracture. Weak
interlayer bonding or some amount of interlayer porosity was evident in the failure of many
of the specimens with raster orientations other than 0°, and appeared to be the cause of layer
delamination along the fiber orientation during loading. The tensile strength of these
specimens depended much more heavily upon the fiber-to-fiber fusion and any air gap
resulting between the fibers, as opposed to the strength of the fibers themselves.
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Fig. 7. SEM image of fracture surface of a 90° raster specimen

Under microscopic examination, the +45°/-45° specimens displayed multiple failures of
individual raster fibers in both shear and tension (figure 8a). Failure occurred by the pulling
and eventual rupturing of individual fibers whereby the material separated at a +45°/-45°
angle relative to the tensile load, creating the saw-tooth like appearance evident at the
macro-scale (figure 5). Failure of the 45° raster specimens was similar to that of the default
+45°/-45° in that it was a brittle shear failure on each of the individual fibers at the
microscopic level, as each raster was pulled in tension and failed at 45 degrees relative to the
loading axis (figure 8b). Macroscopically, the samples also displayed a characteristic shear
failure along the 45° line with the tensile load (figure 5).

X80 2210001
@) (b)

Fig. 8. SEM image of fracture surfaces of (a) +45°/-45° and (b) 45° raster specimen

The air gap that forms during fabrication and remains present between fibers of the FDM
specimens is a significant factor in considering tensile ultimate and yield strengths and
comparing these properties to those of injection molded ABS specimens. Although the FDM
machine setting indicated a desired air gap of 0.0 mm, the fiber geometry inherently causes
the presence of triangular air voids as seen in the SEM image in Figure 9. These voids
influence the effective tensile strengths and effective elastic moduli of the FDM parts by
decreasing the physical cross-sectional area of material specimens. This is in part why the
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injection molded specimens displayed tensile strengths greater than that of any of the FDM
parts, achieving a mean yield and ultimate tensile strength of 26.95 and 27.12 MPa
respectively. The mean UTS achieved by the 0° raster specimens was closest to that of the

injection molded specimens, representing 94.8% of its value.
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Fig. 9. SEM image of air voids seen on fractured 0° raster specimen

3.2 Compression testing
A summary of the compression test results, as displayed in Table 5, shows strengths that are
higher than those obtained in tension testing. Higher compressive strengths are often
observed in polymers, and specifically for bulk ABS materials (Ahn et al.,, 2002). In this
study, the average tensile yield strength for FDM specimens was 56% of the average
compressive yield strength for FDM specimens. The mean compressive ultimate and yield
strengths (0.2% offset) were found to be the largest for the 90° raster orientation, 34.69 and
29.48 MPa respectively. The 45° raster specimens displayed the smallest mean yield
strength, 24.46 MPa, representing 82.97% of the yield strength of the 90° raster specimens.
The mean yield strength for the injection molded specimens was 35.50 MPa, a value higher
than any of the FDM specimens tested. The 90° raster specimens performed the most closely
to the injection molded parts, achieving a mean yield strength that was 83.0% of that of the

molded specimens.
. . Mean Yield Strength ~ Mean Ultimate Strength ~ Mean Effective
Raster Orientation (MPa), Std Dev (MPa), Std Dev Modulus
Longitudinal (0°) 28.83,1.16 32.32,0.58 402.64, 3.64
Diagonal (45°) 24.46, 0.30 33.43,0.20 417.20 10.06
Transverse (90°) 29.48, 0.75 34.69, 0.99 382.21,10.31
Default (+45°/-45°) 28.14, 0.64 34.57, 0.86 410.44,11.23

Table 5. Compression test results

Although mean ultimate strengths are provided in Table 5, it is typically difficult to pinpoint
the instance of rupture in compression loading. Most plastics do not exhibit rapid fracture in
compression and the focus is therefore on measuring the compressive yield stress at the
point of permanent yield on the stress-strain curve (Riley et al., 2006). Although many of the
FDM specimens failed by separation between layers, resulting in two or three distinct
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pieces, yield stresses were analyzed for consistency and to allow for comparisons with that
of the injection molded specimens. As a result, a one-way ANOVA was conducted to
compare the effect of raster orientation on mean compressive yield strengths in 0°, 45°, 90°,
and +45°/-45° conditions. The test indicated that raster orientation had a significant effect on
mean compressive yield strength at the p < 0.05 level for the four conditions, F(3, 16) = 31.25,
p = 0.0001. Post hoc comparisons using the Tukey HSD test indicated that this significance
was limited to and specifically in regard to comparisons with the 45° diagonal condition.
The mean yield strength for the 45° raster orientation (24.46 MPa) was significantly different
(lower) than that of the other three raster orientations (Table 6), while all other paired
comparisons indicated statistically insignificant differences in the mean yield strengths.

Inspection of the failed compression specimens provided additional evidence that the 45°
raster specimens were significantly weaker in compression than the other raster
orientations. The specimens ultimately separated into two or three pieces, following the
displacement of the cylinder’s top relative to its bottom, as seen in Figure 10. This distortion
occurred as a result of the shearing or sliding along the 45° rasters as the specimens was
subjected to an axial compressive load. The other three raster orientations displayed less
distortion prior to failure and had mean compressive yield strengths that were significantly
larger than that of the 45° raster specimens.

Raster Raster Difference of 95% Confidence Interval
. . . . . . Mean Yield
Orientation (7) Orientation (f) L.
Strength (i-j) Lower Bound | Upper Bound

Longitudinal 45-Degree 4.365* 2.739 5.991

Transverse -0.653 -2.279 0.973

Default 0.683 -0.943 2.309

45-Degree Transverse -5.018* -6.644 -3.392

Default -3.682* -5.308 -2.056

Transverse Default 1.336 -0.290 2.962

* Mean difference is significant at the 0.05 level

Table 6. Post hoc Tukey HSD multiple comparisons of mean yield compressive strengths

Fig. 10. Photos of failed 45° raster specimens under compression loading
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3.3 Flexural testing

Three-point bend tests were completed in order to study the flexural properties of the FDM
specimens. Following preliminary testing, a three-inch gage length or span between the
outermost points was used for all tests (Figure 11). Flexural strengths were found to be
greater than tensile strengths for each raster orientation because the specimens are subjected
to both tensile and compressive stresses during bending (Riley et al., 2006). In addition, the
three-point test configuration results in the measurement of the maximum strength at the
outermost fiber of the beam specimens.

Fig. 11. Three-point bend test configuration

The results of the three-point bend flexural tests are displayed in Table 7. The mean ultimate
strength value is the highest for the 0° fiber orientation (38.1 MPa), as was the case during
tensile testing. The +45°/-45° orientation had the next highest flexural strength values,
followed by 45° and then 90° (23.3 MPa) orientations. Consequently, the flexural test results
in Table 7 display the same trend as the tensile test results in Table 2. The flexural strength
of the 90° raster specimen was only 60.9% of that of the 0° specimen.

Raster Mean Yield Strength Mean Ultimate Mean Effective
Orientation (MPa), Strength (MPa) Modulus
Std Dev Std Dev (MPa), Std Dev
Lon%‘},‘)dm"‘l 342,26 38.1,2.3 1549.0,327.3
Diagonal (45°) 21.3,0.2 25.7,0.6 1250.0, 36.1
Transverse (90°) 20.8,0.9 23.3,1.6 1269.7, 149.6
Defa“;gg)*“ - 26.5,0.7 322,05 1438.6, 34.7

Table 7. Flexural test results

Similar to compression testing, however, not all of the specimens ruptured at failure. The 0°
raster specimens and the +45°/-45° specimens never fractured, warranting further analysis to
be based upon yield rather than ultimate strengths for consistency. A one-way ANOVA was
completed and determined that raster orientation had a significant effect on mean flexural
yield strengths at the p < 0.05 level for the four conditions, with F(3, 16) = 96.44 and p = 0.0001
(Table 8). The coefficient of determination associated with this analysis was R2 = 0.9476.
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Source DF SS MS F P
Raster 3 582.55 194.18 9644  0.0001
Angle

Error 16 32.22 2.01

Total 19 614.77

Table 8. One-way ANOVA results for flexural testing

Post hoc analysis further indicated a significant difference between all paired mean
comparisons other than that of the 45° raster condition (21.3 MPa) in comparison to the 90°
raster condition (20.8 MPa). These flexural strength results further confirm that the raster
orientation of the FDM specimens contributes to directionally dependent performance. The
specimen fracture patterns for the 45° and the 90° specimens were similar to those described
for the tensile testing. In contract, the 0° and the +45°/-45° specimens never fractured during
three-point bend testing, but retained some degree of permanent deformation.

Examination of the fracture surfaces of those specimens that broke into two pieces, i.e. the
45° raster specimens and the 90° specimens, revealed that failure initiated on the side of the
part that was under tension loading. As fracture began, the specimen initially remained
together by unbroken fibers on portion of it that was in compression. Crack propagation
along load direction was erratic and not uniform. This is apparent in Figure 12, which
displays clusters of fibers that have bent and then ruptured individually in a
catastrophically brittle manner.

Fig. 12. SEM image of the fracture surface of a 45° raster specimen after flexural loading

Specimens with 0° raster orientation will have fibers that are able to offer more resistance to
bending because they are parallel to the bending plane. There is more fiber length over
which the load can be distributed. As the raster angle increases to 45° or 90°, the fiber
inclination relative to the plane of bending produces rasters with smaller lengths. This
results in a net decrease in the ability of the specimen to resist the load. This effect is
observed in Figure 13 where the 90° raster specimen shows little evidence of bending. The
bottom of the specimen shows a large flat area initially affected by the failure of several
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Fig. 13. SEM image of fractured 90° flexural specimen magnified (a) 25X and (b) 400X

rasters, from which the crack then splits to the right and left and eventually climbs, as seen
in the shear failure of individual rasters in layers. Upon closer microscopic examination, it
was observed that individual rasters showed shear failure with a clearly defined
exaggerated shear lip on the top of each fiber; something that was not observed in the
analysis of 90° raster specimens that failed in tension testing (Figure 7). In both the 45° and
the 90° raster specimens, there is little localized plastic deformation before failure initiates
and fibers begin to break.

3.4 Impact testing

The impact study utilized an Izod test configuration with a notched specimen held as a
vertical cantilevered beam as shown in Figure 14. In this position, the material was subjected
to a load in the form of an impact blow from a weighted pendulum hammer striking the
notched side of the specimen. The test measures the impact energy or notch toughness, and
the results are expressed in energy absorbed per unit of thickness at the notch in units of
J/cm. The impact energy absorbed by the specimen during failure is measured by
calculating the change in the potential energy of the hammer. The change in potential
energy is proportional to difference in the height of the hammer from its initial position to
the maximum height achieved after impact.

4

Fig. 14. Izod impact test configuration
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Impact tests were completed on 10 specimens with each of the four raster orientations. The
mean impact energy results are displayed in Table 9. The absorbed energy was the highest
for the longitudinal (0°) fiber orientation (2.989 J/cm) and the lowest for the transverse (90°)
orientations (1.599 J/cm). The 45° and +45°/-45° default specimens broke with mean impact
resistances between those of the 0° and 90° specimens.

Raster Orientation Mean Impact Standard Fracture
Energy (J/cm) Deviation Type
Longitudinal (0°) 2991 0.103 Hinged
Diagonal (45°) 2.339 0.483 Hinged & Complete
Transverse (90°) 1.599 0.014 Complete
Default (+45°/-45°) 2.514 0.338 Hinged & Complete

Table 9. Impact test results

The relative impact strengths of the four raster orientations correlated well with the tensile
strength results. In addition, the variation of the impact strengths was smallest for the
transverse orientation (Figure 15), coinciding with the variation of the tensile test results.

Interval Plot of Impact Energy
95% CI for the Mean
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2.7
275 ] 2.9166 2 6848 559
E 2501 25143
% . .
% 225 2.3390
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Fig. 15. Interval plot of impact test results

A one-way ANOVA was conducted to compare the effect of raster orientation on mean
impact energies in 0°, 45° 90°, and +45°/-45° conditions. There was a significant effect of
raster orientation on impact energies at the p < 0.05 level for the four conditions, with F(3,
36) = 37.23, p = 0.0001. Post hoc comparisons using indicated that the mean impact energy
for the 45° diagonal condition (2.339 J/cm) did not significantly differ from that of the +45°/-
45° condition (2.514 J/cm), applying a 95% confidence interval (Table 10). All other paired
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comparisons indicated statistically significant differences in mean impact energies. These
results suggest that impact strength has anisotropic characteristics.

Raster Raster Difference of 95% Confidence Interval
Orientation (i) Orientation (j) Mean ImI.)a'ct Lower Bound Upper
Energy (i-j) Bound
Longitudinal 45-Degree 0.652* 0.291 1.012
Transverse 1.392*% 1.031 1.753
Default 0.473* 0.116 0.837
45-Degree Transverse 0.740* 0.379 1.101
Default -0.175 -0.536 0.184
Transverse Default -0.916* -1.276 -0.555

* Mean difference is significant at the 0.05 level

Table 10. Post hoc Tukey HSD multiple comparisons of mean impact energies

Inspection indicated that the fracture patterns of the specimens varied as a function of the
raster orientations. The longitudinal (0°) and transverse (90°) pieces fractured along a path
oriented 90° to the length of the specimen. The fracture surface appeared smooth along the
layers of each of the transverse specimens, all of which experienced clean and complete
separation of the specimen into two discrete pieces. Weak interfaces parallel to the crack
front affected the transverse raster specimens by providing a straightforward path for crack
propagation, resulting in the least amount of energy absorption. Failure initiated from the
side on the notch where the energy absorption was greatest, thus causing the rasters to
fracture longitudinally along the length of the fiber through several layers until the energy
adsorption decreased significantly and the sample broken in half (Figure 16a). Upon closer
examination, it can be seen that individual fibers plastically deformed and twisted at the
ends upon catastrophic failure, whereby halves of the samples separated (Figure 16b).

29/JULM1 15KV X160  100um 29/JUL/11
@) (b)
Fig. 16. SEM image of fractured 90° impact specimen magnified (a) 20X and (b) 160X

The fracture surfaces of the 0° raster specimens were macroscopically rougher, in contrast,
displaying slightly jagged edges of individual broken fibers along the transverse fracture
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plane. Interlayer delamination was also evident and resulted in hinged specimens at failure.
Figure 17 displays a 0° specimen where the slightly varied fiber length is evident, along with
the formation of a hinge. The longitudinal specimens had the highest mean impact strength,
correlating well with the results of three-point bend tests.

1mm FELILILMA
Fig. 17. SEM image of impact fractured 0° raster specimen

Weak interfaces running at #45° to the crack front require relatively high amounts of energy
as a result of a mixed fracture mode. As a result, a rougher texture was evident for the
fracture surfaces of the default raster specimens, and several hinged as shown on the bottom
of Figure 18a. The fracture patter of the 45° specimens, in contrast, fractured more
consistently along the 45° maximum shear plane as shown on the top of Figure 18a. The
macroscopic roughness of the fracture surface was the result of the varying fiber lengths,
evident in the SEM image of Figure 18b.

(@) (b)
Fig. 18. (a) Fracture patterns of 45° & +45°/-45° specimens; (b) SEM image of impact
fractured 45° raster specimen
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3.5 Tension-tension fatigue testing

In analyzing the feasibility of fused deposition modeling to fully evolve into a rapid
manufacturing tool, it is important to assess the fatigue properties of FDM specimens and
their dependence upon raster orientation. A comprehensive fatigue study is warranted and
is currently underway by the authors. At this time, however, a pilot fatigue study utilizing a
tension-tension loading configuration has been completed. The fatigue tests utilized
specimens originally with natural undamaged surfaces. The maximum load of the fatigue
cycles was set to 70% of the mean failure load as determined in the static tensile tests for
each specific raster orientation. The minimum cycle load was set as 1/10 of the maximum
load, and the resulting stress ratio R for the fatigue tests was 0.1. The value of 70% of the
mean failure load was selected following a preliminary study focused on determining a
reasonable compromise between the occurrences of excessively long fatigue lives and being
too close to the static strength.

All fatigue tests were performed at room temperature. To eliminate any heating effects due
to considerable strains, the fatigue loading was applied at a low frequency, 0.25 Hz. The
specimen surface was observed during testing and the number of cycles to final failure was
determined. The test results appear in Table 11. The 45° raster orientation fractured with the
smallest mean number of cycles to failure (1312), representing only 26.7% of that of the
+45°/-45° raster orientation (4916).

Raster Orientation Mean No. Standard
Cycles to Failure Deviation
Longitudinal (0°) 4557 694
Diagonal (45°) 1312 211
Transverse (90°) 1616 195
Default (+45°/-45°) 4916 150

Table 11. Tension-tension fatigue test results

A one-way ANOVA was completed in order to consider the equivalence of the mean
number of cycles to failure for the four raster orientations. The results, appearing in Table
12, provide a calculated F-test statistic of F(3,16) = 124.95 and a p-value of 0.0001, indicating
a significant difference between some or all of the mean cycle values associated with the
four raster orientations at a level of significance of a = 0.05. The resulting coefficient of
determination associated with this analysis was R2 = 0.9591.

Source DF SS MS F P
Raster Angle 3 54093034 18031011 124.95 0.0001
Error 16 2308959 144310
Total 19 56401993

Table 12. One-way ANOVA results for tension-tension fatigue testing

Tukey post hoc comparisons indicated that the difference between the mean number of
cycles to failure was not significant for the pairwise comparisons of 0° with +45°/-45°, or 45°
with 90° raster specimens. All other pairwise comparisons were significantly different.
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These results confirm that certain raster orientations have a significant effect on the tension-
fatigue properties of the FDM specimens.

The failure modes of the specimens were similar to those for static tension testing (Figure 5),
except that several of the 0° raster specimens fractured with a more uneven and almost
toothed appearance during fatigue testing. This is shown in Figure 19a where the clusters of
rasters have broken at various fiber lengths showing an erratic crack path most probably
driven by the areas of weakest fiber bonds and voids between fibers. This SEM image also
shows the smooth, brittle, tensile failure on each individual raster face.

The fracture surfaces of the +45°/-45° raster specimens, in contract, showed a mixed mode
repeated failure of individual fibers by shearing and tension (Figure 19b). Upon close
examination of the individual raster faces, failure initiation sites can be observed at multiple
locations. In areas of closely bonded clusters of fibers, “river patterns” can be observed and
are believed to occur at large crack growth rates. At the same time, patterns resembling “fish
scales” are observed and are often an indication of small crack growth rates. This change of
the pattern indicates the existence of a dynamic transition of failure mode.

15kVv 08/AUG/11

Fig. 19. SEM images of fatigue fractured specimens with: (a) 0° rasters (b) +45°/-45° rasters

There was some level of correlation between the tension-tension fatigue results and the
static tension test results. While the 0° raster orientation achieved the maximum tensile
strength, the +45°/-45° specimens survived the most fatigue cycles to failure on average.
However, the mean number of cycles to failure for the 0° raster orientation was not found to
be statistically different than the +45°/-45° specimens at a level of significance of o = 0.05.

Although these fatigue tests only serve the purpose of a pilot study, the results indicate that
the directionality of the polymer molecules and the presence of air gaps and porosity result
in anisotropic behaviour of FDM specimens under tension-fatigue loading.

4. Conclusion

The mechanical properties of ABS specimens fabricated by fused deposition modelling
display anisotropic behaviour and are significantly influenced by the orientation of the
layered rasters and the resulting directionality of the polymer molecules. The presence of air
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gaps and the quantity of air voids between the rasters or fibers additionally influences the
strength and effective moduli in regard to all of the tests completed in this study.

a. Tension tests indicate that the ultimate and yield strengths are the largest for the 0°
raster orientation, followed by the +45°/-45°, 45°, and 90° orientations in descending
order. The differences between mean ultimate tensile strengths are significant for all
pairwise comparisons of different raster orientations. Fracture paths are affected by the
directionality of the polymer molecules and the strength of individual layers. The
longitudinal specimens benefit from the alignment of molecules along the stress axis.

b. The compression test data indicates that the 45° raster specimens are significantly weaker
in compression than the other raster orientations, and they distort prior to failure as a
result of shearing along the raster axes. The other three raster orientations have mean
yield strengths that are significantly larger than that of the 45° raster specimens, and that
are statistically equal to each other at a level of significance of a. = 0.05.

c. The results of both three-point bend and impact tests correlate well with tension test
results, again indicating that the yield strengths are the largest for the 0° raster
orientation, followed by the +45°/-45°, 45°, and 90° orientations in descending order.
The 0° rasters offer the most resistance to bending due to the largest effective raster
lengths. As raster angle increases, the effective length and associated flexural and
impact strengths decrease. Mean flexural and impact strengths are significantly affected
by raster orientations, with the pairwise comparison of 45° and 90° rasters as the only
one with no statistical difference.

d. Preliminary tension-tension fatigue tests indicate anisotropic behaviour on the basis of
raster orientations. The difference between the mean number of cycles to failure was
statistically significant for all pairwise comparisons other than 0° with +45°/-45°, and 45°
with 90° raster specimens. Failure modes are similar to those seen in static tension tests.

The results of this project are useful in defining the most appropriate raster orientation for
FDM components on the basis of their expected in-service loading. Results are also useful to
benchmark future analytical or computational models of FDM strength or stiffness as a
function of void density. Additional research currently in progress includes a thorough
fatigue analysis of FDM specimens with varying raster orientations.
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1. Introduction

Atherosclerosis is one of the most prominent diseases that induce dysfunction of circulation,
and it is a disease of large and medium size arteries. If cholesterol presenting at high
concentration in a blood injures an intima, a white corpuscle, i.e. a monocyte, goes into the
intima and mutates into a foam cell. Then, smooth muscle cells migrate from the media to
the intima, and they grow proliferously there. Based on these phenomena, cholesterol and
other lipid materials accumulate in the intima. Atherosclerosis has become a serious
problem in the developed countries that are aging. Therefore, countermeasures to the
atherosclerosis have become important. Although there are various medical treatments for
the atherosclerosis, a stent placement has received much attention as a minimally invasive
procedure for vascular stenotic lesion based on the coronary atherosclerosis, the
arteriosclerosis obliterans, etc. A stent is a cylindrical tube-shaped medical device that can
expand the stenotic lesion in a blood vessel continuously. When considering the expansion
method of a stent, two types are available. One is a self-expanding type that can expand by
itself when released from the sheath of a catheter. Another is a balloon-expandable type that
must be expanded forcibly using a balloon catheter. Because the self-expanding stent
continues to expand to the memorized diameter at the stenotic lesion, it has the long-term
patency of a vascular wall. In the present study, the main target is the self-expanding type.

Recently, the severe problem of in-stent restenosis has arisen in a blood vessel with a stent
placed and left in it. In-stent restenosis results from the neointimal thickening in the blood
vessel based on the hyperplasia of smooth muscle cells. The hyperplasia of smooth muscle
cells is caused by a mechanical stimulus from the stent to the vascular wall. The drug-
eluting stent (DES) containing immunosuppressive agents is already in clinical use to
resolve this problem (Morice et al., 2002). It can be said that the DES is more effective in
preventing the development of restenosis than a bare metal stent (BMS). However, it can be
said that the DES does not help to improve the life prognosis or to prevent myocardial
infarction (Babapulle et al.,, 2004; Kastrati et al., 2007; Lagerqvist et al., 2007). It is also
reported that the DES might cause deterioration in the life prognosis, although the BMS
does not (Nordmann et al., 2006). Depletion of immunosuppressive agents has been pointed
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out for longer use. When using a DES, such serious problem as side effects occurring by
drugs must be considered as well. As described above, there have been many reports about
the use of a DES to prevent in-stent restenosis. However, there have been few studies to
prevent in-stent restenosis by designing and modifying a BMS itself. Most of studies have
been undertaken to try improvement or optimization of the BMS. Shape, location, and
mechanical properties of a stenotic lesion depend on each patient. Optimization, which
derives one specified stent shape, is not always the best for the patient. It is thus necessary
to design a stent shape suitable for each patient. Using a suitable stent can reduce the risk of
in-stent restenosis. However, there has been no study that has tried to design a stent shape
in response to each patient’s symptom.

For providing a bare metal stent with lower risk of in-stent restenosis, two objectives were
set up. The first objective of our research is establishment of a method to design a stent for
each patient’s symptom. The second objective is establishment of a method to select a
suitable stent from commercially available stents based on their mechanical properties. In
this chapter, we describe the design method and selection method of a stent suitable for
patient’s symptom based on mechanical engineering.

2. Method to select stent suitable for clinical manifestation based on
evaluation of stent rigidities

It is important to evaluate mechanical properties of a stent for selecting one suitable for
patient’s condition. There have been many studies that have evaluated mechanical
properties of a stent. (Duda et al., 2000) reported that the important properties of a stent
include acceptable weight, stiffness in its radial direction, ease of insertion into the blood
vessel, and radiation transmittance capability. They then proposed a method to evaluate
stent and its performances. (Mori & Saito, 2005) performed a four-point bending test using a
stainless steel stent to assess flexural rigidity for each different stent structure. (Carnelli et
al.,, 2010) performed two mechanical tests on six kinds of carotid stents. They carried out a
four-point bending test to assess flexibility of the stent. Their method of bending test was
similar to that by (Mori & Saito, 2005). They also conducted a three-point compression test
to measure the radial stiffness of the stent. Based on measurement results, they considered
the relation between geometrical features of the stent and its mechanical properties. The
results of these results provide a medical doctor the important information. If there exists a
selection method of stent by using these evaluation results efficiently, the doctor can select a
suitable stent easily in a large proportion of cases. However, there has been no study that
has tried to propose the method to select a suitable stent by efficiently using evaluated
mechanical properties. In this section, we introduce a method to select a stent suitable for
patient’s symptom based on mechanical properties of the stent.

2.1 Target stents

Four kinds of commercially available stents, which are already in clinical use, are
evaluatedin addition to two types of SENDAI stents having different diameters. One of the
evaluated stent is Protege® GPS™ (ev3 Endovascular, Inc., Plymouth, Minnesota, U.S.). The
Protege® GPS™ has been developed for a bile duct. Zilver® (COOK MEDICAL Inc.,
Bloomington, Indiana, U.S.) and JOSTENT® SelfX (Abbott Vascular Devices, Redwood City,
California, U.S.) are also biliary stents. Bard® Luminexx™(C. R. Bard, Inc., Murray Hill,
New Jersey, U.S.) has been developed as a vascular stent. All six kinds of stents are self-
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expanding stents made of NiTi shape memory alloy, namely Nitinol. Name, diameter, and
length of each target stent are summarized in Table 1.

Stent Code | Diameter (mm) | Length (mm)
SENDAI SD10 80
Protege® GPS™ 10 | GPS 10 80
Zilver® ZIL 80
SENDAI SD8 80
JOSTENT® SelfX JsX 8 60
Bard® Luminexx™ | BLU 100

Table 1. Dimensions of target stents

2.2 Radial compression test and stent stiffness in radial direction

The stent stiffness in radial direction was measured by using the radial compression test
machine designed by reference to the method proposed by (Duda et al.,, 2000). A stent is
mounted on the polytetrafluoroethylene stage with slit and wrapped in a sheet. As illustrated
in Fig. 1, one end of the sheet is fixed, and the other end is pulled by the linear actuator
(ESMC-A2; ORIENTAL MOTOR Co., LTD., Tokyo, Japan). By applying tensile force to the
sheet, the stent is compressed in its radial direction. This tensile force can be measured by
using the load cell (LUR-A-200NSAL1, load rated capacity: 200 N; KYOWA ELECTRONIC
INSTRUMENTS CO., LTD., Tokyo, Japan). In addition, the reduction of the stent diameter is
measured by using the LED displacement sensor (Z4WV; OMRON Corporation, Tokyo,
Japan). The sheet to wrap the stent consists of a polyethylene film 50 pm thick and a
polyethylene terephthalate (PET) film 12 um thick. Test temperature is 34 ‘C +1 °.

LED displacement sensor LED displacement sensor
< //”E"i\
I, V }l
u I
i Tensile force @ / i
Sheet Fixed Sheet "\ Fixed
PTFE stage
Load cell Load cell
Before test During test

(Tensile force is applied to sheet)

Fig. 1. Schematic view of the measuring method

(Duda et al., 2000) defined two kinds of forces for evaluating the scaffolding property of a
self-expanding stent. One of the defined forces is chronic outward force, which is necessary
to subtract 1 mm from a stent diameter. The other, namely radial resistive force, is needed to
subtract 1 mm from a stent diameter. (Yoshino et al., 2008) defined the radial stiffness based
on the radial pressure exerted on a stent for evaluating the scaffolding property. Based on
these evaluation indicators, the stent stiffness in radial direction is defined as follows.

2xF
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Here, F is the tensile force measured by using load cell, I; is the stent length, and Ar; is the
radius reduction of the stent.

The stent stiffness in radial direction was obtained from the measurement result by using
equation (1). Figure 2 shows the comparison of the stent stiffness with each stent. For stent
diameter of 10 mm, Protege® GPS™ has the highest stent stiffness in radial direction. On the
other hand, for the stent diameter of 8 mm, the stent stiffness of Bard® Luminexx™ is the
highest. Note that there is a difference of the stent stiffness in each stent.
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Fig. 2. Stent stiffness in radial direction of each target stent

2.3 Bending test and flexural rigidity
The flexural rigidity was measured by using the designed four-point bending test machine.

As illustrated in Fig. 3, stent is bent by using two pin indenters and a pair of support pins.
The load to bend a stent and deflection of the stent are measured by using the micro load
capacity load cell (LTS-1KA, load rated capacity: 10 N; KYOWA ELECTRONIC
INSTRUMENTS CO., LTD.) and contact displacement transducers (Head: AT-110,
Amplifier: AT-210, measurement range: +5 mm, measuring force: 0.28 N; Keyence
Corporation, Osaka, Japan). Here, the interval between support pins ls,, and that between
pin indenters linq are set for 40 mm and 12 mm, respectively. In addition, the diameter of
these pins is 3 mm. Test temperature is 35 ‘C £ 1°.

Bending load
IS
W2 WI2" ndenter

Stent ;x_ . }_Deflection
T of stent

Bending load is applied to stent

Support pin
Fig. 3. Schematic view of the bending test
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On the four-point bending test, shear force does not act on a stent between pin indenters.
This enables us to apply a uniform bending moment to a stent. When considering the stent
deformation as the problem of a simply supported beam, the differential equation of the
deflection curve at the loading point is presented as follow.

. (Foup + zlinig g;up i)’ W o

Here, W is bending load. The product of Young’s modulus E of the stent material and the
moment of inertia of cross sectional area of the stent I exactly denotes the flexural rigidity K,
of the stent. Therefore, the flexural rigidity of the stent is derived from equation (2) as
follow.

Kb _ (lsup + ZZindzglsup - Zind )2 % (3)

The flexural rigidity was obtained from measurement results by using equation (3). Figure 4
shows the comparison of the flexural rigidity with each stent. For the stent diameter of 10
mm, Protege® GPS™ has the highest flexural rigidity. On the other hand, the flexural
rigidity of Bard® Luminexx™ is the highest in the stents with 8 mm diameter.
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Fig. 4. Flexural rigidity of each target stent

2.4 Method to select stent suitable for clinical manifestation

Figure 5 shows flow of the proposed method to select a suitable stent based on mechanical
properties. As preparation for selecting a suitable stent, the map of stent rigidity is made.
The selection method is described below according to the flow illustrated in Fig. 5.
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Fig. 5. Flow of selecting stent suitable for clinical manifestation

Step 1. Determination of stent stiffness in radial direction necessary to expand stenotic part: First,
the stent stiffness in radial direction necessary to expand stenotic part is determined based
on information of the patient’s symptom. Requirements are the stent diameter d;, the outer
diameter D,, the inner diameter D;, and the least inner diameter D; of the stenotic part. The
pressure strain elastic modulus E,. of the diseased blood vessel is also needed. Other
important information is the percentage by which to improve the blood flow level, namely
the target diameter D; after treatment. Given all the values listed above, the necessary radial
stiffness can be obtained by the following equation (see in Section 6 for details).

Dt_DZ

K, =2E, ,——t —“L
4 p,UlDo(ds_Dt)

)
Equation (4) is derived from the radial pressure necessary to expand the stenotic part in the
blood vessel. In this chapter, the radial force necessary to expand the stenotic part is
considered as a standard. Therefore, K,* of equation (4) is converted into the necessary stent

stiffness K,/ using the circumferential length of the vascular inside wall after treatment as
follow.

Dt(Dt_Dl)

K ;=2zE, ——~t "1
Pt " Pt Da(ds_Dt)

®)
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With the symptom information assumed as shown in Table 2, the necessary stent stiffness
K, can be calculated using equation (5) as K, = 0.87 N/mm/mm (d; = 8 mm), and K,/ =
0.48 N/mm/mm (ds = 10 mm).

Artery Carotid artery
Outer diameter, D, (mm) 6.82
Inner diameter, D; (mm) 5.60
The least inner diameter of stenotic part, D; (mm) 2.80
Rate of stenosis by ECTS method (%) 50
Pressure strain elastic modulus of diseased artery E,.; (MPa) 0.145
Target inner diameter after treatment, D (mm) 5.60

Table 2. Information of symptom assumed for selecting of stent

Step 2. Cross-checking of stent stiffness in radial direction with map of stent rigidity: The calculated
K, values are plotted onto the map of stent rigidity, and indicated by broken lines
presented in Fig. 6. It is difficult that the stent stiffness of a commercially available stent
matches the calculated K,/ value.

Step 3. Determination of adequate range of stent stiffness in radial direction: As described above,
there exist few stents that have the stent stiffness value equal to the calculated K,/ value.
Therefore, the necessary stent stiffness K,/ is widened to the extent adequate to expand the
stenotic part in the blood vessel. The doctor should normally determine this adequate range of
the stent stiffness. In this case, it is determined that the range of £10 % for the necessary stent
stiffness K, is adequate. The shaded areas shown in Fig. 6 are the setup adequate ranges.

Adequate range of stent stiffness
for stent diameter of 8 mm
Adequate range of stent stiffness
for stent diameter of 10 mm

x10° Mean +SD (n=3)
150 ————\qr——— T
" [e SD10 : : T
i AG!F’S 1 1 b
N r|= ZIL 1 1 . h
£ - |losDs |[1 1| i,
Z 100 {0 JSX . ol
¥ | |=BLU : : ]
_g - 1 I .
i} A 1 I i
2 | I 1 |
= 1 1
5 50 I I
3 L 1 1 ]
L I [ 1 4
L %‘- 1 p
i I 1 i
Py IR 1 || I A
0 0.5 1 15

Stent stiffness in radial direction K, ; N/mm/mm

Fig. 6. Selection of suitable stent using map of stent rigidity
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Step 4. Selection of stent with the lowest flexural rigidity in adequate range: If the stent, which is in
the adequate range, is selected, it can expand the stenotic part in the blood vessel
sufficiently. The stent sometimes has too high flexural rigidity for the lesion because of
selection only in terms of the stent stiffness in radial direction. When selecting a stent, its
flexural rigidity should be considered. But we have no basis of the flexural rigidity for
selecting a stent. Therefore, it is decided to select the stent that has the lower flexural rigidity
than any other stent being in the adequate range. For the assumed symptom, SENDAI (SD8,
ds =8 mm) and Zilver® (ZIL, d; = 10 mm) are most suitable.

In this section, we introduced the method to select a stent suitable for the patient’s symptom
based on mechanical properties of the stent. It is considered that the selection method can
help doctors greatly in clinical sites. Commercially available stents are targeted for this
selection method. There are limitations to selecting a suitable stent using this method.
Therefore, a novel stent has to be designed for providing the stent more suitable for the
patient’s symptom. The method to design more suitable stent will be described in the
following sections.

3. Design support system for self-expanding stents

A design support system for a self-expanding stent using CAD and CAE is introduced in
this section. This support system can improve the efficiency of the suitable stent design.

3.1 Design variables of SENDAI stent

Figure 7 shows a two-dimensional diagram of a SENDAI stent. Each wire section is
constructed from 12 loosely curved S-shaped wires. The strut section of the stent connects
them using three bridge wires. On the two-dimensional shape of the SENDAI stent in Fig. 7,
the design variables that might affect the mechanical properties of the stent are set. Here, [,
and I, are the length of the wire and the bridge wire along the axial direction, 8, and & are
the angle of the wire and the bridge wire to the axial direction, t, and f; are line element
width of the wire and the bridge wire, and r; and r, are the inner radius and the outer radius
of the wire end part. Every wire is structured in an arc shape. When the design variables I,
6, and others are given, the arc shape is determined and wire section is constructed
through laying out these arc shapes continuously. Furthermore, the number of wires #, the
number of bridge wires 1, and the thickness of the tube material f; are also design variables.

Fig. 7. Two-dimensional diagram of SENDAI stent (a) and main design variables for
SENDAI stent (b)
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3.2 Framework of design support system

Figure 8 shows the design support system for a self-expanding stent. The left-hand side of
the figure shows the production process of the SENDAI stent. It has three production stages:
a 'manufacture’ stage, during which the NC data are created based on the two-dimensional
diagram to manufacture the initial stent shape while the initial stent is manufactured by
using laser processing; an 'expansion’ stage, during which the initial stent is forcibly
expanded in the radial direction by inserting a tapered rod into the stent as it is given shape-
memory treatment; and an 'evaluation” stage, during which the performance of the
expanded stent is tested. The right-hand side of Fig. 8 shows the flow of the shape design for
self-expanding stents being proposed. A three-dimensional model of the initial stent
manufactured by using laser processing is created from the two-dimensional shape by using
3D CAD. Then, by dividing into finite elements, the finite element model representing the
initial stent is created based on the 3D CAD model, and the expanded stent shape is
predicted by applying an expansion analysis using the finite element method for large
deformation. Based on this prediction, a rigidity analysis is conducted using a non-linear
finite element method. The mechanical properties of the stent are evaluated from the results.
This process corresponds to the actual production process of the 'manufacture,” 'expansion,’
and 'evaluation’ stages.
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Fig. 8. Design support system for self-expanding stent. The left-hand side shows the
production process of the SENDAI stent. The right-hand side shows the flow of the
proposed design support system.
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This support system has design method of a self-expanding stent suitable for the patient’s
symptom based on mechanical properties of a stent. This method is available to introduce into
the existing design support system described above, and has two stages which are the design
and modification methods. In the first stage, a stent shape with mechanical properties suitable
for the patient’s symptom is determined and designed. In the second stage, to modify the stent
shape in consideration of the risk of in-stent restenosis realizes designing the stent shape more
suitable for the patient’s symptom. The risk of in-stent restenosis is evaluated based on a
mechanical stimulus to a vascular wall by insertion of a stent. These two stages of the design
method will hereinafter be described in more detail (see in Section 6).

After the two-stage design method, the design support system ends with the generation of the
NC data of the designed stent necessary for moving onto the actual production process. For
change in a stent shape, a subsystem for generating the two-dimensional shape of the initial
stent was introduced, and this is available for changing the two-dimensional shape flexibly. It
can also be used to generate a two-dimensional diagram of the stent in the first place.

4. Mechanical properties of stent

It is important to obtain sensitivities of mechanical properties of a stent to design variables
when designing the stent suitable for patient’s symptom. In this section, important
mechanical properties, namely, radial stiffness, flexural rigidity, and shear rigidity, are
evaluated and the maps of their sensitivities are made. The expanded stent shape is used for
evaluation of mechanical properties. The expanded shape is predicted from the expansion
analysis (see in (Yoshino & Inoue, 2010) for details).
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Fig. 9. Sensitivities of the mechanical properties of the SENDAI stent 6 mm diameter to
thedesign variables: (a) radial stiffness, (b) flexural rigidity, and (c) shear rigidity
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We must know the relationship between the mechanical properties of a stent and the design
variables in order to design a stent with specific properties. The mechanical properties of the
SENDAI stent, such as radial stiffness, flexural rigidity, and shear rigidity, were evaluated,
and their sensitivities to the design variables were also defined, as shown in Fig. 9 (Yoshino
& Inoue, 2010). The wire length along the axial direction and the wire width were selected as
design variables. Isolines on the maps of mechanical properties are very important for
proposing designs. The isoline is plotted onto the maps based on the required mechanical
property, and design variables of the proposed design are determined from the isoline. In
addition, we assumed the mechanical properties of the stent material as illustrated in Fig.
10: Young’s modulus of 28 GPa, and Poisson’s ratio of 0.3.
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Fig. 10. Assumed stress-strain relationship for the stent material

5. Estimation of force on vascular wall caused by insertion of self-expanding
stent

The forces on a blood vessel are classified into two categories: internal pressure caused by
the expansion of the stent and the force resulting from the straightening of the blood vessel,
which is a phenomenon whereby a curved blood vessel is straightened by the stent.
Straightening of blood vessels often occurs in cases involving the use of a closed-cell stent.
As a result, a problem occurs in that the straightening easily encourages kinking of the
blood vessel at the flexural area distant from the stented lesion (Tamakawa et al., 2008).

In this section, focusing on a method by which to improve the force distribution on the
vascular wall according to the symptoms of the patient, we introduce a method to compute
the distribution of the contact force between the stent and the blood vessel under the
assumption that the stent is inserted into a straight blood vessel. In the method, the stent
and the blood vessel are simplified as axisymmetrical models. Then a method for calculating
the distribution of the straightening force on the vascular wall is introduced.

5.1 Computation of contact force distribution on vascular wall caused by expansion
of stents

The expansion of a stent in a blood vessel induces pressure on the contact surfaces of the
stent and the blood vessel. Analysis of pressure or contact force based on the complicated
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shape of stent is a difficult and time-consuming task. Therefore, a simplified calculation
method using the axisymmetrical models is presented as shown in Fig. 11. The stent is
modeled by a number of rings, indicated by broken lines in Fig. 11. The wire section is
represented by 11 rings. The blood vessel is similarly modeled by rings, where the ring
intervals are the same as those of the stent. In addition, it is assumed that the blood vessel is
much longer than the stent. It is also assumed that these rings deform axisymmetrically due
to the uniformly distributed radial force.

Normal stent model

Axisymmetrical model '.'
Blood vesiel

\

Blood vessel

1 ... | ..n
P(V)?

' 2

i

Stent

Fig. 11. Model used to compute the contact force between the stent and vascular wall.
Thestent and blood vessel are simplified to axisymmetrical models.

Next, let us consider ring i (i =1, 2, ..., n) in contact along the surfaces of stent and vascular
wall. When a unit radial force is applied to ring i of model m (m = s, v, which correspond to
the stent and the blood vessel, respectively), the radial displacement at ring j, denoted as
rjim), is calculated using the finite element method. The influence matrix [C(")] is defined in

terms of as 7 as follows:
- ) )] o
where

() = () A, ) ”)
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The radial displacement {r(m}=(ri(m), rm), .., r,(m)T due to unknown contact force
{Pm)}=(P1(m), Py(m), ..., Pom)T is given as follows:

e} o

Therefore, the following expressions, namely, the equilibrium equation and the condition
ofcontact, are obtained:

P(v) + p(“) -0
i i et 9
RO 19 - R 0] o
PZ(U) _ PI(G) ~0 - )
R 4+ ) 5 RE) 44 (non —contact) (10)

where R;¢) and R;® denote the initial radii of the stent and the blood vessel, respectively, at i.

Then, by replacing {P®)} and -{P®} with {P}, the equation of contact force is obtained as
follows:

[C® 4P} =R - &) (11)

Equation (11) is solved for {P} to obtain the distribution of the contact force between the
stent and the blood vessel wall. Since the rigidity of the strut section of the stent is
considerably much lower than that of the wire section, 7;;¢) is negligible, except for the case
in which 7 and j are located in the wire section of the stent. Therefore, in the present study,
the influence matrix [C®)] is composed by diagonally placing the partial matrix for the wire
section, and the contact force on the strut section of the stent is not evaluated. The Gaussian
elimination method is used to solve the simultaneous equations.

5.2 Calculation of distribution of straightening force on vascular wall

Straightening of the blood vessel occurs when a straight stent is inserted into a curved
vessel. This insertion causes a straightening force to act on the vascular wall. The
straightening effect should be evaluated while considering the interaction process of the
expansion of the stent with the curved blood vessel. However, solving this problem is
extremely complicated. Therefore, the straightening of the blood vessel is assumed to be
independent from the expansion of the vessels by the stent, and it is simplified as shown in
Fig. 12. The stent is approximated by a beam with the flexural rigidity obtained in the
previous section, and the stent is modeled as a laminated beam by combining with a curved
beam, which is used a model of the blood vessel.

The beam models are divided into n intervals. When a unit force is applied to point i of
model m (m = s, v, which correspond to the stent and the vessel, respectively), the deflection
at point j is denoted as d;i"). The n-order influence matrix [D("] is defined in terms of d;;") as
follows:
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[ (4} ) )] e

where

(a9 (... ) )

The force {Fim} distributed along the beam is related to the deflection {d(")} so as to satisfy
the following equation:

7]} (o g
The equilibrium equation and contact condition are given by the following equations:
Fi(S) n Fi(v) -0 (15)
5-1(5) - 51_(") +5i(v) (16)

where di() denotes the initial deflection of the blood vessel at point i, and d;® and d; are the

deflections of the stent and the blood vessel, respectively. Replacing -{F®)} and {F©)} with {F},
the equation of straightening force is obtained as follows:

[D(”) 4 D(S)}{F} - {5(0} 17)

5.3 Limitations of these calculation methods

The methods will be useful for improving stent shape in order to reduce the peak force
acting on the vascular wall. Although these methods are useful to calculate a contact force
and a straightening force on a vascular wall, there are the following limitations:

1. The isotropic material property was assumed for the artery.

2. The cross-sectional distortions and thickness changes of the stent and blood vessel were
ignored.

3. The friction on the contact surface between the stent and blood vessel was ignored.

4. It was consider that the straightening of the blood vessel and the expansion of the
vessels by the stent were independent each other.

5. The stent and blood vessel were simplified by using axisymmetrical models in
computation of the contact force and using the laminated beam in calculation of the
straightening force, respectively.

6. Design method of stent suitable for diverse clinical manifestation

The stent must have the radial stiffness sufficient to expand the stenotic part in the blood
vessel outward. Simultaneously, it must be sufficiently flexible to conform to the vascular
wall. Neither the symptom nor the blood vessel shape is always in the same state. Therefore,
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it is more important to design stents suited to each unique symptom of every patient.
(Colombo et al., 2002) made evaluations of stent 'deliverability,” 'scaffolding,” 'accurate
positioning,” and so on for the average lesion of the coronary artery. They proposed a
guideline for use in determining a suitable stent. This guideline was based on clinical trials.
Therefore, it is governed by the doctor’s sense. One more noteworthy point is that the best-
suited stent cannot be actually available for every specific symptom because a stent must be
chosen only from among commercially available stents.

Blood vessel
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@ by beams

Blood vessel 112
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Modelling stent
@ and curved vessel
Distribution of as laminated beam

straightening force _ ..

Fig. 12. Model for calculation of the straightening force on vascular wall. The stent andblood
vessel are simply modeled as a laminated beam.

In this section, we describe a method for designing a stent that has good mechanical
properties to suit diverse clinical manifestation. Figure 13 shows the flow of designing a
stent suitable for diverse clinical manifestation. The first step is to determine the radial
stiffness of the stent necessary to expand the stenotic part in the blood vessel based on
symptom information. Next, based on the determined radial stiffness and the sensitivities of
mechanical properties of the stent defined in Section 4, the design variables of a suitable
stent are determined. In the second step, the force on the vascular wall by insertion of the
designed stent is first evaluated by using the methods described in Section 5. This force is
associated with the risk of in-stent restenosis. Next, based on the evaluation result, the
designed stent is modified to be more suitable for the symptom. After modification, the
force on the vascular wall is evaluated again. The effect of shape modification is confirmed
by comparing the forces on the vascular wall between before and after modification. Finally,
the modified stent shape is proposed as better suited stent shape. The detail of this proposed
design method will be described in following sections.
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Fig. 13. Flow of designing stent suitable for diverse clinical manifestation. Designing a stent
suitable for diverse clinical manifestation consists of two steps. In the first step, it is possible
to design a stent necessary to expand the stenotic part of a blood vessel. In the second step,
the designed stent is modified to suit the patient’s symptom better.

6.1 Design method of stent having suitable mechanical properties to expand stenotic
artery

6.1.1 Mechanical properties of artery model

When considering expanding the stenotic part in the blood vessel as presented in Fig. 14, it
is important to know the vascular mechanical properties. Arteries in a living body are
always pressured inside. Simultaneously, they are tensed with strain produced along its
axial direction by several tens of percent. In this sense, it can be regarded as a thick cylinder
being in a multiaxial stress state. It is necessary to assume such a multiaxial stress test to
measure mechanical properties of the blood vessel. This means that it is extremely difficult
to obtain mechanical properties of the blood vessel because the mechanical properties are
associated with various levels and types of blood vessels.

In this study, the pressure strain elastic modulus propounded by (Peterson et al., 1960),
which is easy to manipulate, is used. The pressure strain elastic modulus E,, of a blood
vessel can be expressed by the following equation
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Fig. 14. Dimension of blood vessel with stenosis

E,,=—2F
P? AD,/D,

(18)

where D, is the blood vessel’s outer diameter, and AD, and Ap are the increase in the blood
vessel diameter and the increase in the internal pressure respectively. The pressure strain
elastic modulus has been used widely in clinical studies. Therefore, many reports on that
subject are available. Table 3 presents value of the pressure strain elastic modulus for each
type of human blood vessel, extracted from references (Hayashi et al., 1980; Hayashi, 2005;
Stratouly et al., 1987; Gow & Hadfield, 1979), with modification.

Artery Eov Reporter
Arteria pulmonalis 0.016 Greenfle(lldgzg)d Griggs
Ascending aorta 0.076 Patel et al. (1964)
Basilar artery 0.186 (p=14) Hayashi et al. (1980)
Common carotid artery 0.049 Arndt et al. (1969)
Common iliac artery 0.120 Stratouly et al. (1987)
Coronary artery 0.602 Gow and Hadfield (1979)
Femoral artery 0.433 Patel et al. (1964)
Thoracic aorta 0.126 Luchsinger et al. (1962)

Table 3. Pressure strain elastic modulus for each type of human artery

6.1.2 Determination of radial stiffness necessary to expand stenotic part in artery

To determine the radial stiffness of the stent necessary to expand the stenotic part in the
blood vessel, the requirements are, in addition to the pressure strain elastic modulus E,, of
the blood vessel, shown as follows. The outer and inner diameters, D, and D;, of the blood
vessel in the normal state, the least diameter D; produced by the stenotic part, and the length
of the stenotic part L; are required. The pressure strain elastic modulus of the plaque E, is
required. Also required is the inner diameter after the treatment is made, D;, which is an
indicator to use as the target setting for the percentage by which to improve the blood flow
level there. Given all the values listed above, the calculations for the necessary radial
stiffness are made as follows.
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By knowing that the increase in the blood vessel diameter is obtainable from circumferential
strain of a cylinder, the blood vessel with stenosis can be modeled by simply using springs
connected in parallel, as presented in Fig. 15. Thus, the internal pressure in blood vessel p*,

which is necessary to expand the stenotic part, can be obtained by

. D,-D, D, -D,
p _(EPrU+EPrP) D =Eu D

0

(19)
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Fig. 15. Simplified modeling of expansion of stenosis in artery by insertion of stent

When measuring the pressure strain elastic modulus of the plaque E,, is difficult, it is
possible to replace the sum of the elastic moduli, E,, + E,;, by the pressure strain elastic
modulus of the diseased blood vessel E,.;, which can be easily measured.

As a matter of fact, the diameter of the stent, which is inserted into the stenotic part, is
greater than the target vascular diameter after treatment. In conclusion, from the stent
diameter d; and the target vascular diameter D; obtained after treatment, the radius
reduction Ar in stent after inserting can be calculated by means of the following equation:

_ds_Dt
)

Ar (20)
By substituting equations (19) and (20) into K, = p/Ar, which was defined by (Yoshino et al.,
2008) to obtain the radial stiffness, the radial stiffness K, necessary to expand the stenotic
part can be obtained from

D, -D, D, -D,

K, =2(E  +E |—t——L =—op __—t_—“I 21
P (P/U+ p'p)Da(ds—Dt) p’lea(ds—Dt) (21)

The obtained K," is the least required stiffness to expand the stenotic part in the blood vessel.
Therefore, when designing a stent, the chosen stiffness should be greater than this Kp* value.

Now consider the case where a stent with a diameter of 6 mm is inserted into a coronary
artery. The symptoms shown in Table 4 are examples based on references (Gow & Hadfield,
1979; Le Floc’h et al., 2009). Based on this data, the radial stiffness Kp* necessary to expand
the stenotic part in the blood vessel is calculated by equation (21) to be K,” = 366.7 MPa/m.
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The required radial stiffness K,," is plotted as a broken line on the radial stiffness map shown
in Fig. 16. From this line, it is possible to determine the design variables for a stent with
sufficient radial stiffness to expand the stenotic part of the blood vessel. Based on these, the
designer can proceed to work with some design propositions.

Parameter
Coronary artery s
Outer diameter, D, (mm) 4.90
Inner diameter, D; (mm) 4.06
Least diameter of lesion, D; (mm) 2.5
Length of lesion, L; (mm) 10
Total flexion angle (deg.) (Flexion angle (deg.)) 90 (45)
Rate of stenosis by ECST method (%) 38.4
Pressure strain elastic modulus of artery, E,, (MPa) 0.602
Pressure strain elastic modulus of diseased artery, Ep,.; (MPa) 0.628
Inner diameter after treatment, D (mm) 4.56
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Schematic view of assumed symptom

Table 4. Assumed patient symptom information
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Fig. 16. Proposed designs having the radial stiffness necessary to expand the stenotic part of
a blood vessel. By assuming that a stent is inserted into a coronary artery, a value of 0.602
MPa was used for the pressure strain elastic modulus E,. of the normal part of the coronary
artery, and a value of 0.628 MPa for the pressure strain elastic modulus E,. of the diseased
artery. For the coronary artery model, D, = 4.90 mm, D; = 4.06 mm, and D, = 2.5 mm were
assumed. The corresponding part of the map is magnified and displayed.

6.1.3 Range of selectable flexural rigidity and the dilemma of selecting the design

After inserting an originally straight stent into a curved blood vessel and leaving it there, the
stent generally conforms to the blood vessel shape. Nevertheless, because the flexural
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rigidity of the stent is greater than that of the blood vessel, the blood vessel tends to become
straighter. This phenomenon of straightening of the blood vessel was previously described
in detail, and a method to calculate the force resulting in the straightening of the blood
vessel was described in previous section. It is apparent that this force depends on the
flexural rigidity of the stent, and that greater flexural rigidity results in a larger force. A
force too large can damage the vascular wall. Consequently, it is important to choose the
most appropriate flexural rigidity of the stent.

By plotting the proposed designs obtained from the required radial stiffness K,” on a
flexural rigidity map, the broken line shown in Fig. 17(a) is obtained. For one radial stiffness
value, multiple flexural rigidity values can be selected as long as they are within the range
given in the figure. None of the limiting values for the flexural rigidity, which might prevent
damage on the vascular wall or neointimal thickening, are yet quantitatively available.
Therefore, the flexural rigidity should be made smaller to decrease the force acting on the
vascular wall. In other words, the designer should select the smallest flexural rigidity from
the range of selectable values shown in Fig. 17(a).

Figure 17(b) shows the stent shape designed in consideration of the rules described above.
The designed stent is referred to as SDCO and has a wire length I," of 2.01 mm, and a wire
width #," of 0.16 mm. In addition, the length of the designed stent is determined so that it
occupies the blood vessel from the stenotic part to the normal part at each end in
consideration of actual clinical use. The length of the SDCO is 22.0 mm (the stent consists of
8 wire sections and 7 strut sections). The flexural rigidity of the SDCO is K;" = 25.1x10-6 Nm2.
Similarly, the shear rigidity of the SDCO, based on the map of the rigidity, is K;* = 1.33 N.

Proposed designs given by

-6
necessary radial stiffiness K," .X 10 Iy =2.01 mm ty" =0.16 mm
e NE 40
2.5
1S ZH35
= 5
< o
o B H25
15 \ =) = = =
2 0" —H
§ s[] % SDCO; K,* = 366.7 MPa/m
T =} H H H
o ae 018 | & 15 (8 wire sections, 7 strut sections)
Wire width t,, mm LH1o

(a) (b)

Fig. 17. Selection of the proposed design from the viewpoint of flexural rigidity. (a) The
selectable range of flexural rigidities is indicated by the broken line. The corresponding part
of the map is magnified and displayed as in Fig. 16. (b) A stent 6 mm in diameter is
designed to suit the assumed symptom of the coronary artery.

6.2 Evaluation of the risk of in-stent restenosis based on the mechanical stimulus

Figure 18 shows the distributions of the contact force and the straightening force when the
SDCO is inserted into the coronary artery. These distributions were calculated by the
previously described method, which was proposed by (Yoshino et al., 2011).



Design and Evaluation of Self-Expanding Stents
Suitable for Diverse Clinical Manifestation Based on Mechanical Engineering

201

Contact force N

Straightening force on external side N

Fig. 18. Computational results of forces which are exerted on the coronary artery wall by
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insertion of the SDCO. (a) The distribution of the contact force between the SDCO and the

coronary artery (upside), and the radius of the coronary artery after stenting (downside).
The dot-dashed line indicates the initial shape of the artery wall with the assumed
symptom. (b) The distribution of the straightening force on the coronary artery wall by

insertion of the SDCO. The right side of the distribution is displayed from a consideration of
the geometrical symmetry.

First, let us focus attention on the force on the vascular wall. Although the contact force is
large at the stenotic part, the generation of this large force is unavoidable for expansion of
the stenotic part. The contact force is also concentrated at both ends of the stent. The
straightening force on the vascular wall is concentrated at the end of the stenotic part in
addition to both ends of the stent.

It has been reported that the hyperplasia of smooth muscle cells and the neointimal
proliferation occur at the stented part of an artery (Grewe et al., 2000; Clark et al., 2006). It is
assumed that the hyperplasia and proliferation are caused by the mechanical stimulus
acting on the vascular wall due to insertion of the stent. (Schweiger et al., 2006) reported that
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in-stent restenosis occurred primarily at both ends of the stent during the period one to
three months after stenting. In the study of (Lal et al., 2007), the majority of patients in the
target patient population showed in-stent restenosis at the stent ends. (Yazdani and Berry,
2009) cultured a stented native porcine carotid artery under physiologic pulsatile flow and
pressure conditions for a week. They confirmed that the proliferation of smooth muscle cells
occurred significantly at both ends of the stent. By summarizing these reports and
evaluation results of the forces on the vascular wall, it is concluded that the force
concentration provokes neointimal thickening due to the hyperplasia of smooth muscle
cells, i.e., in-stent restenosis.

Next, the expansion of the vascular wall is examined. The normal part of the artery is
expanded to become much larger than the target diameter. This excessive expansion causes
expansion of the entire stented part. As a result, stagnation and vortices of blood flow are
induced, further increasing the potential for stent thrombosis.

The designed stent has mechanical properties sufficient to expand the stenotic part
of theartery, but is not suitable for the normal part of the artery. Thus, it requires
modification.

6.3 Effective method to modify the stent shape in consideration of the risk of in-stent
restenosis

6.3.1 Design objective for the shape modification

In the previous section, it was shown that although a stent suitable for the assumed
symptoms could be designed using the proposed design method, further modifications
were still required. Two kinds of design objectives are set up for shape modification.

Objective for the mechanical stimulus: as shown in Fig. 18, the contact force on the normal part
of the artery is concentrated at both ends of the stent. This force concentration provokes
neointimal thickening from the hyperplasia of smooth muscle cells. Therefore, the contact
force must be reduced at both ends of the stent. However, this force should be larger than a
certain limit so that stent functions on the lesion.

Objective for the blood flow: as stated above, the normal part of the artery is expanded to
become much larger than the target diameter. This expansion state of the artery causes
stagnation and vortices of blood flow. As a result, stent thrombosis may be induced. It is
very important to reduce stagnation and vortex creation to decrease the risk of stent
thrombosis. Therefore, the vascular wall should be expanded flatly by the insertion of the
stent. The flat expansion of the artery can prevent the generation of stagnation and vortices
in the stented artery.

6.3.2 Modification method of the stent shape to suit the clinical manifestation

The stent designed in the previous section has a uniform radial stiffness K," along its axial
direction. The radial stiffness K,," causes excessive expansion at the normal part of the artery
because K, was calculated for expansion of the stenotic part, which is generally stiffer than
the normal part. The objective for the mechanical stimulus can be attained by decreasing the
radial stiffness to a value corresponding to that of a normal artery. At the same time, the
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objective for blood flow must be attained. Therefore, the stent should have a radial stiffness
K,"™ to expand the vascular wall at normal part only for the stent thickness t. This can
achieve the flat expansion of the artery. By changing the stent radial stiffness at the normal
part from K, to Kp** , the contact force can also decrease. In this study, it was decided to
adopt the radial stiffness K,** as a compromise between the two design objectives.

The methods using the influence matrix described in Section 5 are used for the shape
modification. Figure 19 shows the concept for modification of the stent shape. The
distributed contact force P;" on the stenotic part can be calculated based on the radial
stiffness K", as follows:

P - 7D, K, Arl, @)
ncp
where D; is the inner diameter of the blood vessel after treatment, Ar; is the increase in the
vascular radius of the target, I, is the wire length of the stent designed based on the radial
stiffness K,". Also, ncp represents the number of calculation points on the wire section.
For simplicity, it was assumed that a uniform contact force was exerted on the vascular
wall.

Stenotic part

I >

Distributed contact force P;"
Blood Vessel

Stent

Given by using
the design method

Unknown

Fig. 19. Concept for modification of the stent shape. The distributed contact force is obtained
from the radial stiffness of the stent on the stenotic part by using the design method. The
force that should be applied on the normal artery is calculated by using the obtained
distributed contact force on the stenotic part.

As described in Section 5, the radial displacement of the vascular wall {r®)} = (1©), ), ..,
r,@)T due to the unknown contact force {P} = (P1, P, ..., P,)T is given as follows:

[ ]ipy={) (23)

where [C®)] is the influence matrix of the blood vessel, defined by the radial displacement of
the vascular wall due to the unit radial force. The calculated contact force P;" is substituted
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into equation (23), and the influence matrix [C®)] is downsized to the matrix [Cnormai®] of the
normal blood vessel.

[Cg)lmal }{p } = {”r(lzr)mal} + |:C£:/e)nosis }{P } (24)

[Cstenosis®] is the influence matrix of the stenotic part, and {fnoma®} is the radial
displacement of the normal part of the blood vessel wall. Equation (24) is solved for {P**} to
obtain the distributed force P;"* that can expand the normal part to the stent thickness t.

Here, it is assumed that the wire length after modification is I,"" and the calculation points
from k to I are included in the modified wire section. The required radial stiffness K, is
defined as follows:

!
o ik

-y

K (25)

The K,"" value calculated by equation (25) is plotted on the radial stiffness map. As a result,
the wire width £, after modification is determined from the I,*" value and the curve of K,
on the map. Therefore, the designed stent has to be modified to the shape of I,,;" and #,™ at
the normal part of the blood vessel. Considering that an increase in the stent length is
undesirable, the designer should keep the wire length I, equal to I, after the
modification. However, it is possible that the wire width #,™ after the modification cannot
be obtained because of the mismatch between the assumed I,** value and the curve of K,".
In this case, the designer can increase the wire length [,** , perform the same procedures,
and determine the [, and t," values.

The required radial stiffness K,1** at both ends of the SDCO is 50.3 MPa/m. The radial
stiffness Ky»™" at the normal part of the artery except for both stent ends is also calculated as
155.2 MPa/m. From the dot-dashed curves of K,1™ and K,»™ shown in Fig. 20(a), it is
determined that 1™ is 2.52 mm, 1" is 0.087 mm, 2™ is 2.01 mm, and f.,"" is 0.094 mm.
Figure 20(b) shows the modified shape of the SDCO.

The flexural rigidity Ki™* at both ends of the SDCO is 5.75x10-¢ Nm?, and the shear rigidity
Kq™ is 0.20 N. At the normal part of the artery except for both stent ends, the flexural
rigidity K" of the SDCO is 6.00x10-6 Nm2, and the shear rigidity Ko™ is 0.42 N.

6.3.3 Confirmation of the effect of the shape modification

Figure 21 shows a comparison of the force on the vascular wall by insertion of the stent
before and after the modifications. After the modifications of the SDCO, an approximately
80 % reduction in the concentrated contact force was attained (Fig. 21(a)). Furthermore. the
concentrated straightening force at the stent ends after modification was reduced to
approximately 35 % of that before modification of the SDCO (Fig. 21(b)).
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On the other hand, it is recognized that straightening force increases at the stenotic-healthy
tissue interface (the axial location is 5 mm in Fig. 21(b)). The concentration of straightening
force also occurs at the axial location of 8 mm. After modification of the stent shape, the
flexural and shear rigidities of the stent vary with the axial location. The bending state of the
stent changes at the changing point of the rigidities, which corresponds to the turn of the
stent shape. Therefore, straightening force increases due to changing of the stent bending
state based on rigidities changing. Although the risk of the vessel rupture slightly increases
at the stenotic-healthy tissue interface, it is achieved that the straightening force is
significantly reduced at both ends of the stent, where the hyperplasia of smooth muscle cells
is frequently reported.
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Fig. 20. The SDCO stent 6 mm in diameter is modified to suit the assumed symptom of the
coronary artery. (a) Design variables after modification are determined by using the map of
the radial stiffness. (b) The modified SDCO has a nonuniform shape along its axial direction.
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The modified stent can expand the vascular wall in a more flat manner. Therefore,
modification of the designed stent by using the proposed method can relax the force
concentration at both ends of the stent by attaining flat expansion of the vascular wall.

7. Conclusion

This chapter described evaluating mechanical properties of a stent and designing/selecting
a stent suitable for diverse clinical manifestation by efficiently using the evaluated results.
By rounding up the results described above, it can be confirmed that two objectives, which
are establishments of designing/selecting a stent suitable for diverse clinical manifestation,
were achieved. The stent, which is designed by using the method described in this chapter,
has nonuniform shapes along its axial direction. This shape is radically new compared to the
conventional stent shape that is uniform along its axial direction. Thus, the stent shape
designed by using the method is considered to be a new-generation type.
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1. Introduction

Spin is a very complex movement of an aircraft. It is, in fact, a curvilinear unsteady flight
regime, where the rotation of the aircraft is followed by simultaneous rotation of linear
movements in the direction of all three axes, i.e. it is a movement with six degrees of freedom.
As a result, there are no fully developed and accurate analytical methods for this type of
problem.

2. Types of spin

Unwanted complex movements of aircraft are shown in Fig.1. In the study of these regimes,
one should pay attention to the conditions that lead to their occurrence. Attention should be
made to the behavior of aircraft and to determination of the most optimal way of recovering
the aircraft from these regimes. Depending on the position of the pilot during a spin, the

Unwanted complex
movement aircraft

Y ¢ Y

Wing Stall Aero-inertial Spin
lal>]asw| rotation |al>]as|
p,q,r=0 [p|>>0 p,q,r=0
p ) q bl rio q > r¢0 Wsr¢0
Upright Inverted Upright Inverted
a>as>0 a<as<0 a>ak>0 a<ak<0

Fig. 1. Unwanted rotations of aircraft

spin can be divided into upright spin and inverted spin. During a upright spin, the pilot is in
position head up, whilst in an inverted spin his position is head down.
The upright spin is carried out at positive supercritical attack angles, and the inverted spin at

negative supercritical attack angles. According to the slope angle of the aircraft longitudinal
axis against the horizon, spin can be steep, oblique and flat spin (Fig.2). During a steep spin,
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the absolute value of the aircraft slope angle is greater than 50 degrees, i.e. angle |v| > 50°,
during an oblique spin 30° < |v| < 50°, and during a flat spin |v| < 30°. According to

Fig. 2. The positions of aircraft in the vertical plane at entry and during the upright and
inverted spin

direction of aircraft rotation, spin can be divided into a left and right spin. In a left spin
(upright and inverted), the aircraft is rotating leftward, and during a right spin (upright and
inverted) rightward. If the aircraft is observed from above, in a right upright and in a left
inverted spin, the center of gravity of the aircraft will move in a clockwise direction, and vice
versa while at a left upright and a right inverted spin.

The axis of spin is a an axis of a spiral by which the center of gravity is moving during a spin,
and the spin radius is the radius of the horizontal projection of that spiral.

There exists inward and outward sideslip of the aircraft during a spin. The inward sideslip
is when the air stream encounters the aircraft from the side of the inner wing, the wing in
which direction the aircraft is rotating during a spin. The outward sideslip occurs when the
air stream encounters the aircraft from the side of the outer wing.

Modern supersonic aircrafts (unlike older supersonic and even more the subsonic aircrafts)
are characterized by a greater diversity of spin. This can be explained by the influence of
constructive-aerodynamic properties of such aircrafts. Even for the same supersonic aircraft,
the characteristics of upright and inverted spin can substantially differ depending on the
initial angles of initiation (height, centering, etc.), regime length, position of rudder and
ailerons during spin, etc. As a rule, these aircrafts have a distinct unevenness of motion and
great fluctuations during spin.

The pilot has to study and reliably recognize the characteristic features of every spin type.
Thus, he can quickly and accurately determine the type of spin and properly recover the
aircraft from such a dangerous and complex motion. In modern aircrafts, spin can be divided
into several types similar by characteristic features. The magnitude and character of changes
in the angular velocities and load during a spin are taken into account as characteristic
features. These determine the conditions for recovery from this regime, i.e. the value and
sequence of rudder deflection. The given type includes all regimes of spin where in order
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to recover the aircraft the same control has to be applied. According to this principle, spin
regime classifications are given on Figs. 3 and 4. In compliance with Figures 3 and 4, upright
spin has four, and the inverted spin has three regimes for recovery. On these images, letters
"N" and "L", alongside numerated ways of recovery, denote the upright and inverted spin,
respectfully.

Upright spin
a>ak>0; nz>0

|
Y Y

Unsteady Steady
p,n,Y=f(t) p,Z=const=0
[ T
With outbreak N Oscillating N
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Fig. 3. Types of upright spin in modern aircrafts

Four basic methods can be applied for recovering from a upright spin (letter "N" denotes that
the method refers to a upright spin):

Method NIN - recovery from spin with simultaneous positioning of elevator and rudder
in neutral position at neutral position of ailerons;

Method N2N - recovery from spin by full rudder deflection opposite to spin with a delayed
setting (2 - 4 sec) of the elevator in neutral position at neutral position of ailerons;

Method N3N - recovery from spin by rudder deflection, and a delayed (3 to 6 sec.) full
elevator deflection opposite to spin at neutral aileron position.

Method N4N - recovery from spin as by method N3N but with simultaneous rudder and
aileron deflection, possibly by full for recovery (for supersonic aircrafts aileron deflection
is the appropriate deflection in the side of spin)

Recovery of modern aircrafts from inverted spin is carried out by three basic methods (letter
"L" denotes that the method applies to recovery from inverted spin):

Method NIL - recovery from spin by simultaneous elevator and rudder positioning in
neutral with neutral aileron position;

Method N2L - recovery from spin by rudder deflection totally opposite to spin with
delayed (2 to 4 sec.) elevator deflection into neutral position at neutral aileron position;

Method N3L - recovery from spin by rudder deflection and an elevator deflection (delayed
2 to 4 sec.) totally opposite to spin at neutral aileron position.



212 Mechanical Engineering

Upright Spin
a<akr<0; nz<0
[

p,r=0; Ap,Aq,Ar=0
Any,Anz=0; |p|>>0
a=ak<-30-40 °

Unsteady N Steady
p,Y,Z=f(t) 1 p,Z=const=0
Ap,Aq,Ar=0

o, B,nz,ny=f() L Oscillating N
Ap,Aq,Ar=0 2

p,Z,Any,Anz#0
o=oie2-30-40° L
Intensive N
3
L

Fig. 4. Inverted spin types in modern aircrafts

3. Steady spin

A steady spin is a spin in which the aircraft does not change direction of rotation neither
in roll or yaw (parameters p and r are unchanged sign). Rotation is very intense, and the
average values of angular velocities do not change. Upright and inverted steady spins can be
oscillating and uniform, and the upright can also be intensive.

The oscillating steady spin is characterized by very large changes in the amplitude of the
rolling angular velocity and angular velocity slight changes yaw and pitch. It is usually a
steep spin with average angles of attack of 30° or 40°. Changes of basic parameters during a
left upright steady oscillating spin are shown on figure 5. Figure reflects an aircraft induced
into spin at an altitude of 12.5km at a velocity of 250 k% After a time interval f = 5s a
deflection of commands is carried out according to spin. Pilot has completely pulled the yoke
to himself which has caused a negative rudder deflection (6, = —20°).

A positive deflection of the rudder is carried out J,x = +20°, whilst ailerons are in neutral
position. After a time interval t = 6s parameters become stable so the average angular
velocity of yawing is r = —5 %l and of rolling p = —0.75 %l, the average normal load
coefficient is n, = 1.25. However, after a time interval t = 8 s, the aircraft starts to oscillate and
the following values are obtained: n, = 1.4, p = 3.6 %1 andr = 0.6 %l. During that period the
velocity on path V has oscillated between stabilized angular velocities of yawing and rolling,
and an increase in velocity, which caused an increase in the normal load coefficient 1, so that
during the interval t = (20 =+ 25) s the normal load coefficient was n, = 2 =+ 3.

Unlike the oscillatory spin, the steady uniform spin is characterized by small amplitude
oscillations of the aircraft, as well as intensive rotation of invariant direction. Figure 6 shows
an example of a right-hand steady uniform spin. It can be seen that the aircraft was induced
into spin at an altitude of H = 10.500 m and a velocity of V = 320 % After aninterval t = 65,

commanding surfaces were deflected. First, a negative aileron deflection (6 = —10°) can be
observed resulting in a negative rolling moment, i.e. to lowering the right and lifting the left
wing. Then the direction control was deflected in a negative direction (s = —20°) which

lead to a yaw to right. In addition, the yoke was drawn onto the pilot and thus a negative
deflection (d; = —20°) was carried out on the elevator. At all time during spin, i.e. during
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Fig. 5. Left upright steady oscillating spin

interval t = (5 + 40) s, parameters (angular velocity of rolling p, angular velocity of yaw r,
and velocity on path V) oscillated very little around the following values: ps; = —0.5 %1,

rey = —0.5 %1 i Vg = 250 I% In addition, there was a noteworthy smaller loss of altitude of
AH = 2.500 m, than in the oscillating spin.

4. Unsteady spin

In some aircrafts, spin can periodically change the direction of rotation relative to normal and
longitudinal axis. In some aircrafts, spin might even stop to oscillate, i.e. it will continue
with certain oscillations. Spin at which the aircraft periodically changes direction of rotation
regarding the normal and longitudinal axis, or even stops oscillating, is called unsteady.

During an unsteady spin, there is a non-uniform rotation with large amplitudes of aircraft
parameter change. During the regime, usually there is a tendency towards an arbitrary
transition of the aircraft from a spin of one direction into a spin of another direction, or from
upright into inverted spin.

Unsteady spin in modern aircrafts has three forms: spin continuing with outbreak oscillations
(diagram shown in Figure 7), spin continuing as a shape of a falling leaf on a spiral path
(diagram shown in Figure 8), and spin during which oscillations of the aircraft are ascending
(diagram shown in Figure 9).
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Fig. 6. Right-hand steady uniform spin

4.1 Spin continuing with outbreak oscillations

Diagram of parameter change for this shape of spin is shown in Figure 7. From this diagram,
it is obvious that this is a left upright spin. In addition, it can be noticed that there is a periodic
change of parameters, especially the angular velocity of roll p, angular velocity of yaw r, and
the coefficient of normal load 7. Every cycle of outbreak (change of angular velocities in roll
and yaw) stands for about 15s. Between these cycles the aircraft has stopped rotating around
it’s normal axis r = 0. Period of oscillations in every cycle was t = 2.5s. Velocity on path (V),
during spin was approximately constant V = 280 I%, whilst altitude loss during an interval
of t = 90s was AH = 8.000 m.

4.2 Spin continuing in the shape of a falling leaf on a spiral path - flat spin

The parameter change in this shape of spin is shown in Fig. 8. During this spin there
were periodic changes in magnitude and direction of angular velocities (p, 7), and with harsh
changes of the aircraft position in space. The aircraft was leaning from one wing to the other,
with a nose deflection to the left and right, so that it resembles the movement of falling leaves.
During this regime, the aircraft’s center of gravity shifted according to a spiral path. The
diagram shows that the normal load coefficient 1, has a significant oscillation. During a period
of t = 405 loss in altitude was AH = 4.000 .
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Fig. 7. Spin with outbreak oscillations

4.3 Spin continuing with ascending (intensifying) oscillations

In this form of spin there is a significant increase of oscillations in pitch that lead to an increase
in oscillations of the normal load coefficient nz, that began in t = 10s. At time t = 555 there
is a rise in the normal load coefficient n, = 6. Also, present are oscillations with a high
frequency in angular velocity of rolling p, and in the oscillation of the vertical rudder in the
interval + = (40 + 60) s. Figure 9 shows the diagram of parameter change for this shape of
spin. It is important to note that on these diagrams the velocity on the path V and altitude H
are not trustworthy because of the inaccuracy of the measuring device (Pitot tube). This came
as a result of the flight regime at high angles of attack where, because of the separated flow,
the flow parameters were significantly altered.

5. Phases of spin

A typical spin can be divided into two phases shown in Fig.10, and they are: spin entry,
incipient spin, steady spin and recovery from spin.

5.1 The spin entry phase

The spin entry phase begins with the aircraft being at attack angles higher than the critical
angle of attack. This is the condition known as wing stall. Influenced by many factors
(geometrical or aircraft aerodynamic asymmetry, rudder or aileron deflection, etc.) or
disturbances (vertical wind stroke), the flow around the aircraft is asymmetrical. Due to
this asymmetrical flow, there are aerodynamic rolling and/or yawing moments and angular
rolling and/or yawing velocities. This means that the aircraft holds an uncontrolled rotation
with respect to all three abiding axes, i.e., an autorotation arises. During this rotation, the
angle of attack can periodically be less than the critical angle of attack, i.e. the nose of the
aircraft can periodically ascend and/or descend. At this stage, it is not possible to determine
what type of spin will develop.
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Fig. 8. Spin with outbreak oscillations

5.2 Incipient spin phase

The aircraft motion during the incipient spin phase is unsteady. Forces and moments acting on
the aircraft are not in equilibrium. There are also, linear and angular accelerations. The aircraft
rotates around the inclined axis, which is changing direction from horizontal to vertical. At
this stage, the spin type can be determined.

5.3 Steady spin phase

During this phase, the aerodynamic and inertial forces and moments come into equilibrium.
The aircraft is rotating downward around the vertical axis. The motion is steady, i.e. all motion
parameters (attack angle, angular velocity, altitude loss per turn, time interval per turn, etc.)
are constant.

5.4 Spin recovery phase

This stage begins by deflecting aircraft commanding surfaces into position for spin recovery.
Autorotation stops and the aircraft enters dive as to increase flight speed. When the aircraft
"accumulates" sufficient speed reserve, the pilot starts to pull out the aircraft from dive. This
phase ends with the aircraft transitioning into horizontal flight.

6. Methods for upright spin recovery

As stated before, spin can only occur at overcritical attack angles. Due to this, for the aircraft
to recover from spin it is necessary to decrease the attack angle, convert the aircraft to below
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Fig. 9. Spin with ascending oscillations

critical attack angles, at which autorotation stops. This comprises the basic task for spin
recovery.

For some time after the discovery of the physical image of spin, propositions were made
to decrease the attack angle with an appropriate deflection of the elevator. This method
proved to be efficient only for some cases, when aerodynamic pitching moments, produced
by elevator deflection, were greater than the inertial pitching moments by absolute value.

However, when using such a control method, in most cases the aircraft did not recover from
spin, even at full deflection of elevators. The spin became only steeper, but it did not stop,
especially for aircrafts with rear centering.

In development of aircrafts their mass increased, which meant an increase in inertial moments,
specially the inertial pitching moment. Therefore, in order to recover from spin it was
necessary to increase the aerodynamic pitching moments, as well. All the same, it became
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clear that merely elevators could not achieve sufficient aerodynamic pitching moments for
the purpose. Investigations have shown that in order to facilitate (sometimes, even to secure)
spin recovery, previously the angular rate of rotation should be reduced (inertial moments
decreased) for which an inward sideslip should be introduced, i.e. an aerodynamic yawing
moment. This was achieved by deflecting the rudder opposite to spin.

As a result, the first scientifically based method for spin recovery was developed, by which
a deflection was made opposite to spin, first by the rudder, then, after a delay (required
because the inward sideslip, created by rudder deflection, could reduce the angular rate
of autorotation), by the elevator. This was a, so-called standard method for spin recovery.
However, it turned out that one standard method was not sufficient for modern aircrafts,
characterized by vast diversity in spin regime.

Creating aerodynamic yawing moments, which in turn cause inward sideslip, is a powerful
means for stopping, or at least greatly reducing the autorotation. Characteristics of aircraft
recovery depend on the capability to achieve the best ratio between aerodynamic pitching
and yawing moments, and between aerodynamic and appropriate inertial moments.

Four basic methods of spin recovery for modern aircrafts are as follows (letter "N" denotes
method related to upright spin):

¢ Method NI1N - spin recovery by simultaneous rudder and elevator positioning in neutral,
with ailerons in neutral position;

* Method N2N - spin recovery by a full rudder deflection opposite to spin and a sequential
elevator positioning in neutral(delayed by 2 - 4 sec), with ailerons in neutral position;

e Method N3N - spin recovery by rudder deflection, and sequential elevator deflection after
3 - 6 sec, completely opposite to spin, with ailerons in neutral position; and

e Method N4N - spin recovery by N3N method, but with simultaneous deflection of rudder
and ailerons possibly at full for recovery (for supersonic aircrafts aileron deflection for
recovery corresponds to a deflection to the side of spin.)

Deflection of controls and commanding surfaces during recovery from a left upright spin by
the four basic methods is shown in Fig.11. Conditional labeling of yoke and pedal deflection
that were adopted are shown in Fig.12.
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The stated methods of spin recovery are structured by their efficiency or "force" increase, i.e.
by the increase in aerodynamic moments created with rudder and elevator deflections for spin
recovery. Therefore, the "weakest" method will be N1N and the "strongest" N4N.

Method N1N is recommended for aircraft recovery from upright unstable spin, method N2N
for recovery from upright stable wavering spin, method N3N for recovery from upright
stable uniform spin, and method N4N for recovery from upright stable intensive spin. These
methods, as a rule, allow faster (with minimum time and altitude loss during recovery) and
safer recovery of modern aircrafts from all possible upright spin regimes.
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Fig. 11. Spin recovery methods for modern aircrafts from left upright spin (conditional
notation of pedal and yoke position is shown in Fig.12)

When the aircraft falls into spin, usually it is necessary to position rudder completely on the
side of spin so that their efficiency will be best while deflecting for recovery. In this case, first,
a maximum rudder deflection (greatest stroke) is obtained, and second, a dynamic ("shock")
effect is used during an abrupt deflection of the rudder from one end position to the other. This
kind of method applies only when recovering aircraft from sufficiently stable spin regimes.
However, since the pilot cannot know beforehand the type of spin that will be created (stable,
unstable,...), as a rule, he has to completely position the rudders onto the side of spin.
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The discussed methods for modern aircrafts” upright spin recovery (as well as method
for inverted spin recovery), were developed by special investigations during flight. The
possibility of applying four methods instead of a standard one (method N3N) substantially
increases the assurance of spin recovery, which means a safe flight. On the other hand,
this requires additional attention of the pilot, because now he has to choose among the four
required methods to recover from spin and to remember the sequence of rudder activities for
every method.

&
&

Yoke completely Yoke in neutral Yoke completely
pulled position pushed

®
=)
©

Left pedal Pedals in neutral Right pedal
fully pushed position fully pushed

Fig. 12. Conditional annotation of deflections for yoke and pedals

However, in opinion of many pilots of high and medium proficiency, this problem does
not cause extra caution, as it may seem at first glance. First, these spin recovery methods
differ from one another only by "force", i.e. by the magnitude of required deflections and
the interval of delay between them. Second, same rudders are used for spin recovery (only
spin recovery by method N4N requires additional deflection of ailerons), and the direction of
controls deflections is the same.

For subsonic aircrafts, just the use of "strong" method was generally appropriate, since there
was danger of a "lack"” of rudder for spin recovery. Hence, the required efficiency of subsonic
aircraft rudders was conditioned, mostly by the need to ensure spin recovery, i.e. the ability
to create sufficient aerodynamic moments to stop autorotation.

On the other hand, supersonic airplanes have the risk of excessive rudder "delivery" during
recovery, i.e. creating excessively large aerodynamic moments. The possibility of exhibiting
this danger has to do with that that the required efficiency of the supersonic airplane
rudder is chosen starting from the requirement to provide maneuverability in flight at high
Mach numbers, contrary to subsonic aircrafts. Hence, as a rule, the efficiency is more
than sufficient for a spin recovery. Excessive rudder deflection can significantly impair
characteristics of recovery (for example, unnecessarily increase the steepness of dive after
spin, and consequently loose altitude for spin recovery, etc.), or lead to impossible spin
recovery (the plane changes from upright to inverted spin, from left to right spin, etc.). This
explains the necessity to apply the "weak" methods (N1IN and N2N) for spin recovery.

However, only "strong" methods should be used for recovery of supersonic airplanes from
stable intensive and uniform spins.

Therefore, for recovery of modern supersonic aircrafts from upright spin it is necessary to use
"weak", as well as "strong" methods. It should be in mind at all times that, "strong" methods
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in any case are not above nor can they replace the "weak" methods. Each method has its area
of application.

When choosing a recovery method the pilot must be guided only by the character of spin at
the time he decided to recover from spin. Other data (for example, flight altitude) can be used
only as supplementary for refining and hastening the determination of regime characteristics.

In all cases, it is necessary to deflect the rudders, if possible, more abrupt. Slow, sluggish
deflecting will worsen the characteristics of spin recovery, and, sometimes, make it impossible
to recover.

If recovery of aircraft is particularly difficult, the pilot must carefully choose the moment to
start recovering, i.e. moment when to deflect the first rudder for recovery. The best moment
for the recovery start is considered to be the moment when the plane stops yawing, the nose
starts declining (in a inverted spin - nose starts inclining) and similar.

It is better for the pilot to count seconds instead of turns when deflecting rudder and elevator.
Practice has shown that even small changes in the regime (accelerating or decelerating the
aircraft) make it difficult and often impossible to properly count turns, especially at the
notable positions of the aircraft in space (during periodic switching to inverted, etc.). It is
not advantageous to count turns of the aircraft during spin, not only for recovery but during
the regime, as well. There are several reasons for this. First, in an unstable spin regime (for
example, in a flat spin where the aircraft’s motion acts like a "falling leaf") the term "turn" is
meaningless. Second, for the pilot, in order to evaluate the situation, it is of more importance
that he knows the time of the acting regime and the altitude loss during that time. In addition,
it is always easier to count seconds of duration (also much safer), and often, sometimes, it
could be the only possible way to determine the mentioned interval and delay of aircraft
recovery from spin. The interval and delay are usually determined count seconds aloud.

The control of altitude change during a spin is one of the most important conditions of a safe
flight, especially entering spin at low altitudes.

Therefore, the pilot must follow the altimeter reading during a spin. The altimeter shows
absolute values of altitude with great errors. This is due to a greater change in the flow
over the Pitot-tube at higher attack angles and yaw angles, and at high rotation rates during
spin. Even so, this instrument allows a proper determination of the altitude loss (altitude
difference).

Flight practice shows that the most often applied methods for spin recovery for supersonic
aircraft are NIN and N2N. If the first attempt to recover from a spin fails (for example, with
the method N1N), i.e. the self-rotation did not stop, the pilot has to reset flight commands
into position for spin, and, after 2 - 4 sec repeat recovery but with a "stronger" method
(N2N). Obviously, in the first attempt the pilot applied a "weak" method due to an improper
determination of the character of the spin.

The choice of the required method for spin recovery greatly depends on the weight
composition of the aircraft - mass distribution and centering.

A known fact is that subsonic aircrafts, with rectangular wings, characteristically have a large
weight distribution along the wingspan, which in turn adds up to generating significant
inertial rolling and yawing moments during spin. On the other hand, modern supersonic
aircrafts have a characteristically large mass distribution along the fuselage axis, which
contributes to generation of significant inertial pitching and yawing moments.
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The sequence of actions with the rudders for spin recovery depends on the nature of the
interaction of inertial rolling, yawing, and pitching moments, with the inertial moments
created by rudder deflection during autorotation.

7. Methods for recovery from inverted spin

To recover modern aircrafts from an inverted spin there are three basic methods (letter "L"
denotes the method for recovery from an inverted spin):

¢ Method N1L - spin recovery by simultaneous positioning elevator and rudder into neutral,
with ailerons in neutral position;

* Method N2L - spin recovery by deflecting the rudder fully opposite, followed by a delayed
(2 - 4 sec) elevator positioning into neutral, with ailerons in neutral position;

e Method N3L - spin recovery by fully deflecting the both rudder and elevator (delayed for
2 - 4 sec) opposite to spin direction, with ailerons in neutral position.

The N1L method is recommended for recovery from an unstable inverted spin, the N2L
method from a stable wavering spin, and method N3L from an inverted stable uniform spin.

Deflection of controls and commanding surfaces during inverted spin recovery according to
the three basic methods is shown in Fig.13, with the adopted notation shown in Fig.12.

For supersonic aircrafts, most often in use is the method N2L, because these aircrafts are most
characterized by an unstable wavering inverted spin. In general, supersonic airplanes rarely
fall into inverted spin; more often, it is a upright spin.

As a rule, airplanes of usual geometry more easily recover from an inverted spin than from a
upright spin. This is explained by the fact that during this regime the autorotation is weaker,
the rudder is more efficient (practically it is out of the wing and stabilizer flow), the efficient
arrow angle of the vertical surfaces is decreased, and the average absolute values of attack
angles are reduced.

However, despite of everything already said, for the pilot the inverted spin is always more
difficult than the upright spin. This is conditioned by the unusual position of the pilot:
hanging on restraint harnesses, head down, and a negative load (1, < 0) tends to detach
him from the seat. In such conditions, the pilot could drop the yoke and release the pedals (he
could lose control of the aircraft, especially if he is not firmly seated).

Sometimes, during aircraft wavering the pilot has great difficulty to visually determine type
of spin - upright or inverted. This is expressed if the aircrafts longitudinal axis is close to
the vertical axis - the plane will "swirl" at low, by absolute value, negative overcritical attack
angles, which is typical for a stable inverted spin. In this case, in order to stop autorotation
the rudders have to be put in neutral position.

In the absence of or inability to use visual landmarks (also, to have control over a classical
spin), the pilot can easily determine the type of spin by sensation: if the seat is pressuring
the pilot - it is a upright spin, if the pilot is detaching from his seat, i.e. hanging on restraint
harnesses - it is an inverted spin). However, if the aircraft exits at high negative attack angles
that randomly change during the inverted spin regime, determining spin type by sensation is
inapplicable.

During an inverted spin, it is more difficult to determine the direction of rotation (whether
the plane is rotating to the right or to the left). In a classical spin, when the position of the
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Fig. 13. Three basic methods of recovery from an inverted left spin for modern aircrafts
(conditional annotation of yoke and pedal position is same as in Fig.12.)

nose of the aircraft to the horizon is practically unchanged, the direction of rotation can easily
be determined according to the angular speed of rotation. However, when in inverted spin at
high angular velocities of rolling, uneven motion of roll and pitch, it is impossible to determine
the aircraft’s direction of rotation with the mentioned method. The situation becomes more
complex, because during inverted spin rolling motion is opposite to rotation. For a pilot seated
in front cockpit look forward this means that, for example, in a right-hand spin the direction
of rotation will into the left.

In a upright spin, the situation is opposite: directions of roll and yaw are the same. As so, for
example, in a right upright spin the pilot can see the nose of the aircraft turning to the right
and plane leaning to the same side. A more experienced pilot in this matter can distinguish a
upright spin from an inverted.

Pilots lacking of sufficient flights for spin recovery training often determine spin direction
according to rolling direction, but not yawing direction, because the rolling angular velocity
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is usually higher than the yawing angular velocity (except for a flat spin). Determination of
spin direction in this manner is applied more often (rolling angular velocity increasing). Use of
this manner of determining spin during an inverted spin will only disorient an insufficiently
trained pilot.

Therefore, when recovering from this regime, it is necessary to have safe means of control
to facilitate easy conservation of spatial orientation and assure possibilities for effective and
proper actions with wings. Such means could be the yaw indicator (it hand always turns in
yaw direction regardless on spin type) and attack angle indicator, and if it is not present - a
normal load indicator. Attack angle indicator allows the pilot to reliably determine the spin
type (upright or inverted), and the yaw indicator - its direction (left or right).

8. Spin modeling

Modeling is the most accurate graph-analytical method for determining aircraft characteristics
prior to flight tests. Modeling of flight conditions, with initial data correction, quite properly
reflects timely development of aircraft motion and enables more complete conclusions about
flight test results.

Fig. 14. Attached Coordinate System)

The differential equations of aircraft motion relative to its center of gravity is obtained from the
Law of conversation of momentum. This is the moment equation. Projecting these equations
to axes of the attached coordinate system (Xj, Y1, Z1), shown in Fig.14, whose axes we denote
as (X, Y, Z) for simplicity, the following system of differential equations is derived:

av,
m(d—tx —i—qu—rVy) = Ry + Gy

avy
m W+rvx—pvz =Ry +Gy 1)
av,
dp dp
IxE‘F(IZ—Iy)qr'i‘Ixy (pr—a) :Mx
dq dp
IyE—F(Ix—IZ)pr—I—Ixy (qr— E) =M, ()

dr

LS+ (=1 pa+ Ly (P = %) = M.
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where:

e V4, Vy, Vz correspond to projections of the velocity of aircraft center of gravity with respect
to the axes of the adopted coordinate system;

* p,q,and r represent projections of the aircraft angular velocities to the axes of the adopted
coordinate system;

® Iy, Iy, I, - aircraft axial inertia moments with respect to axes of the adopted coordinate
system;

* Iy, - aircraft centrifugal inertia moment;

* Ry, Ry, R; - projections of aerodynamic forces acting on the aircraft with respect to axes of
the adopted coordinate system;

* Gy, Gy, G, - projection of aircraft weight with respect to axes of the adopted coordinate
system;

* My, My, M; - projection of resulting moments from external forces acting on aircraft, with
respect to axes of the adopted coordinate system.

8.1 Motion equations for modeling

In order to simplify the task during tests, following assumptions are made: the angle of
sideslip is small so that sinp ~ B and cosp ~ 1, effects of Mach and Reynolds number are
ignored, and motion is investigated with engines turn off. This study uses known kinematic
relations that are, with the adopted simplifications, equal to:

0=r sinvy + g cosy

¥ =p+(gsiny —r cosy) tan6 3)

H =V cosa sinf — V sina cos 7y cosf — V B sinvy cos®

where:

* 0 - pitch angle, angle between X axis and horizontal plane,

* v -angle of transverse inclination, angle between Y axis and vertical plane.

If it is assumed that velocity and altitude are unchanged, i.e. V = const and H = const,
and if the right-hand sides of Eq.(3) are approximated by a Taylor polynomial, the following
simplified system of equations is obtained, a so-called System I:

Br cos 6 cosy

+ap3g+ay ———— +a
134 [C — 15

+aip

& = a1
cosw cos

a1 B+ axnt cosa + ax3 p sina + apy cos B siny + ass
p=anrq+aznp+ap+ar+azs+aze
F=anpq+app+agp+aur+asqgtae+ayg 4)
q=as pr+asy | B|+assr+assq+ass + ase i + asy

6 = ag1 v Siny + aep g cosy

¥ =ayp+aprcosy tanb + azz g siny tan 0
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The coefficients involved in the system of equations (4) are defined by expressions:

ay = —% Cz(a) app = —1 mz =1 a4 = %
a5 = —% Cay, (@) Ay (t) ay = % Cyp ()
ap =1 a3 =1 g = % g5 = 52;77V Cys,, (@) Ay (t)
P I_x & az = Szlifl)xv Ciyla)  az3= %vaz G, (a)
wi= 0w =00 ) msaly
a6 = Slzpliﬂ Gy, (&) Adi(£) ay == I_ylx
= 0w =T G,
gy = > lzplyV2 Cn, (@) g5 = —IPI%
SlpV? SlpV?
ag6 = 21, Cus,, (o) Dby (1) A47 = ﬁ Chs, (o) A (t)
asy = & I_z b asy = %}sz Cing () as3 = Ip;:p
sy = > b;;zvz Con, () ass = > b;}zvz Con()
ase = > b;}zvz Com () 57 = %}ZVZ Cony, (@) Adpi(t)
ag =1 agy =1 ap =1 ap = —1 az3 =1 ©)

If assumed that velocity and altitude are changeable over time, i.e. V = f(t) and H = f(¢),
and if the right-hand side of Eq.(1) and (3) (projections of aerodynamic forces, weights
and moments) is approximated by Taylor polynomial, the following simplified system of
equations can be obtained, a so-called System II:

. Vv B cosf) cosy V tana oV
= by 2 by PP 4 by ——— +0b b

“ 1 coszx+ 12 cosw+ 139+ 014 V cosa +h1s v + Y16 cos

: cos 6 cosy / B
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B="bypVB+byrcosa+bypsina+ by +b257+b26pv

14
p="ba1rq+bynpV>B—bipV>p+bsypV?r+byspV>+bsp V>
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The coefficients involved in the system of equations (6) are defined by expressions:
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Notation in previous equations are:

o (C, - lift coefficient;

® Cy - drag coefficient;

@)
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* Cy, - pitching moment coefficient;

* Gy, -derivative of lift coefficient with respect to angle of deflection of the elevator;

* Gy, - derivative of sideslip force with respect to sideslip angle;

° Cijk - derivative of sideslip force with respect to angle of deflection of the rudder;

* Cj, - derivative of rolling moment coefficient with respect to angle of sideslip;

* G, - derivative of rolling moment coefficient with respect to rolling angular velocity;
* (j, - derivative of rolling moment coefficient with respect to yawing angular velocity;

e ( T derivative of rolling moment coefficient with respect to rudder angle of deflection;

51
e 5 derivative rolling moment coefficient with respect to aileron angle of deflection;

e Cp, g - derivative of yawing moment coefficient with respect to angle of sideslip;

e C, )" derivative of yawing moment coefficient with respect to rolling angular velocity;

* Cy, - derivative of yawing moment coefficient with respect to yawing angular velocity;

* Cy,,, - derivative of yawing moment coefficient with respect to rudder angle of deflection;
e Cp, 5 " derivative of yawing moment coefficient with respect to aileron angle of deflection;

* Cp, - derivative of pitching moment coefficient with respect to angle of sideslip;

e Cy . derivative of pitching moment coefficient with respect to pitching angular velocity;

® Cy, - derivative of pitching moment coefficient with respect to derivative of angle of attack
over time;

* Cuy, - derivative of pitching moment coefficient with respect to elevator angle of
deflection;

o C, b derivative of drag coefficient with respect to elevator angle of deflection;
* [, - polar moment of inertia of engine rotor;

* wy - angular velocity of engine rotor;

® Adpx - change in elevator angle of deflection;

® Ady - change in rudder angle of deflection;

® Ay - change in aileron angle of deflection.

These coefficients are entirely determined with the aid of DATCOM! reference, and in some
additional literature? their values are defined for the category of light aircrafts.

1D, E. Hoak: USAF Stability and Control DATCOM, (N76-73204), Flight Control Devision, Air Force Flight
Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio, 1975.

2D. Cvetkovi¢: The adaptive approach to modeling and simulation of spin and spin recovery, PhD Thesis,
Faculty of Mechanical Engineering, Belgrade University, 1997.
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8.2 Methods of modeling

It is obvious that most of the coefficients in Exp.(6) are not constant, but vary with time, i.e.
angle of attack.

If assumptions that speed and altitude are constant are rejected, a complete system of
equations is obtained. In order to perform modeling a computer is used with its memory
loaded with the simplified or complete system of equations, which depends on the regime
that has to be studied or the accuracy of results. The computer loaded with data necessary
to calculate the coefficients and other values in Eq.(6), for a given time t;, or the given angle
of attack ay. Data is obtained by testing models in wind tunnel or in flight. Then, the data
is entered for moment f, or attack angle ay, and so on. Data is entered until the end of the
observed time interval, and it is entered point-by-point. The accuracy of obtained results
depends on the magnitude of the time change (time difference between two points), i.e. the
angle of attack. The more points are entered, the more accurate the results will be. The
computer will integrate and associate values for angle of attack, angle of sideslip, pitching
angle and angular velocities for the observed time interval, for which data is entered, and
results are obtained as shown in Fig.15, i.e. following functions are defined: & = f(t),0 = f(t),
B=f(t),p=f(t),q=f(t)ir = f(t). For System II (Eq.7), following the same analogy, the

H = 12000 m = const
V =150 m/s = const
1
~(p) |
p (rad/s) 0 ~ \. \\)
M vV
-1 &
1
r(rad/s) 0 (rj—
-1
60 TS D \g,L
a(®) 20
0
0
20 Y )
10— o
10 N )
0 \ | \EVAN
B() /1Y [
0 \J \
t(s)
0 5 10 15 20

Fig. 15. Diagram for a timely development of a left-hand spin (System I)

computer will integrate and associate values from the observed time interval, for which data
was entered, and results are obtained as shown in Fig.16.
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Fig. 16. Diagram for a timely development of a left-hand spin (System II)

8.3 Analysis of results from modeled flat spin (spin ongoing as a falling leaf On a spiral
path)

An analysis of relations is made if effects from individual terms in equations of motion need
to be determined (Eq.6). To do this, each member will be designated by the letter "A" with
appropriate numerical indexes i, j (4; ), with "i" being the ordinal number of the equation
i = (1,n), and "j" being the ordinal number of the term in the equation j = (1,m). For
example, the first equation of Eq.6 will look:

&= A+ A+ A3+ A+ Ags,

where:
A = an , Ap=ap Pr , Az =a134,
CcOoSs i COoS
cos 6 cosy
Ay =01y —, Ais=a
w=ag— o Ais =015

Ratios of absolute values of terms in Eq.6 are assessed, as of these depend the magnitudes of
effects of terms &, B, 6, p, g and r,, and therefore are shown as fractions:

_ | Ajj |

T A

100 [%]
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In case of modeling spin with the complete system of equations, terms A;; and A,-]- are
introduced in the same manner.
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Fig. 17. Diagram of development for a flat spin (spin ongoing as a falling leaf)

Figure 17 shows results obtained for a numerically modeled spin. From diagrams (b), (c), (d),
(e), and (f), it can be seen which terms have the most effect on results given in diagram (a).
Diagrams (b), (c), (d), (e), and (f), were constituted by showing time on the abscissa, while
values of A;; j (i = const) are "stacked" on the ordinate, one over the other. For example, value
A} is imposed from 0, value Aj, is imposed from point where Aj1 ends, value A3 is imposed
from point where Aj, ..., ends, value A;,, is imposed from point where A; 1 ends, and
ends at 100%. By doing so, these diagrams show which term A;; has the most impact on
values of &, B, 0, p, g and r. For example, in diagram (b) it is shown that at moment ¢ = 235,
value of Ay is higher than of Aq1, A1y, A14 and Ajs. This means that A13 has the most effect
on values of function « = f(t) at the given time. When observed what Aj; is equal to, it
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can be noticed that the value of angle of attack, at this moment, mostly depends on g, since
a3 = 1. In this way, every term A;; on the right-hand side of Eq.(6) can be analyzed on its
impact on the left-hand side of same equations. Analysis of every term A;;, brings about a
deeper understanding of the physical image of the studied regime. In addition, it enables the
determination of terms that have the most effect on such a state, in cases when the aircraft
does not fulfill necessary requirements for spin, and by appropriate modifications obtain an
aircraft with necessary technical characteristics for spin.
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Surface Welding as a
Way of Railway Maintenance

Olivera Popovic and Radica Prokic-Cvetkovic
Faculty of Mechanical Engineering, University of Belgrade
Serbia

1. Introduction

Since its early days the development of railway systems has been an important driving force
for technological progress. From the 1840s onward a dense railroad network was spread all
over the world. Within a few decades railway became the predominant traffic system
carrying a steadily increasing volume of goods and number of passengers. This rapid
development was accompanied by substantial developments in many areas such as steel
production, engine construction, civil engineering, communication, etc (Zerbst et al., 2005).
The railway industry worldwide is introducing heavier axle loads, higher vehicle speeds,
and larger traffic volumes for economic transportation of goods and passengers. Increasing
demands for high-speed services and higher axle loads at the turn of the 21st century
account for quite new challenges with respect of material and technology as well as safety
issues. The main factors controlling rail degradation are wear and fatigue, which cause rails
to become unfit for service due to unacceptable rail profiles, cracking, spalling and rail
breaks. Degradation of rail is microstructure and macrostructure sensitive and there is a
complicated interaction between wear mechanisms, wear rates, fatigue crack initiation and
growth rates, which affect rail life (Eden et al.,2005; Kapoor et al.,2002). Defects such as
squats and wheelburns occur even in the most modern and well maintained railway
networks and, as a broad general rule, every network develops one such defect each year,
every two kilometers. At least one European railway network suffers almost 4000 rail
fractures every year. Although such fractures are rarely dangerous when actively managed,
they entail a high replacement cost and can be disruptive to the network (Bhadeshia,2002).
The replacement of such defects with a short rail section is expensive and not always
desirable as it introduces two new discontinuities in the track in the form of two
aluminothermic weld that destroy the advantages obtained with long hot-rolled rail.

Given that an average cost per repair or short replacement rail can run into several
thousands of euros and that the occurrence of wheel rail interface defects is likely to increase
with the evident increase in levels of traffic on most railways, the importance of the surface
welding is easy to understand. Growing need for reparation due to large financial demands,
have imposed research in this field.

Based on up-to date theoretical grounds and referencial facts, the aim of this paper is to
show the possibilities of surface welding of the pearlitic high-carbon steel and the properties
of the obtained joint. Discussion of the aquired results and conclusions indicate superior
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properties of reparation welded layers in comparison to base steel. In repaired rail, maximal
stresses are induced in newly deposited layer, i.e. new layer becomes area of future crack
initiation, that in turn will delay its initiation and provide secure and reliable exploitation.
This results open further possibilities for cheaper and reliable rail maintenance in future.
Finally, this work shows clearly that repaired rails, due to improved microstructure and
crack initiation resistance, have dominant mechanical properties in comparison to the
original rails.

2. Rail degradation

There are many kinds of loadings which can adversely affect the life of rails; amongst these,
wear and plastic deformation induced by contact stresses can combine to cause
unacceptable changes in the rail head profile. Rails are subjected to complex stress state.
There are many stresses that operate in a rail and can influence rail defects and rail failure.
As bending and shear stresses arised principally from the gross vehicle load, the rail is also
subjected to contact stresses, thermal stresses and residual stresses. Residual stresses in rails
are introduced by different mechanisms. Primarily they stem from the manufacturing
process, namely from heat treatment and roller straightening (Schleinzer & Fischer, 2000;
Schleinzer & Fischer, 2001). A special case of residual stresses is welding residual stresses at
rail joints. Since the loading conditions at the tread of a wheel and at the running surface of
a rail have a number of features in common the appearance of cracks will also be similar.
Cracks may be induced at or below the surface. Surface cracks are initiated due to high
traction forces at high speed rails and they will propagate under the influence of a lubricant
in an inclined angle in the direction of the motion of the applied load for rails operated in
one direction. Transverse branching may then lead to the complete fracture of the rail. Sub-
surface cracks are reported to initiate beneath the gauge corner 10-15 mm below the
running surface and 6-10 mm from the gauge face (Clayton,1994). They seem to propagate
towards the rail surface and to behave like original surface cracks after penetration.

Note, that cracks close to or at the surface are a rather new problem connected with high
speed operating. In former times rails experienced enough wear to permanently remove the
surface layer containing the new emerging cracks. In order to fulfil the increasing demands
for higher axial and dynamic loads modern rail steels tend to exhibit much higher resistance
to wearing with the disadvantage that the surface layer removed is not any more large
enough to prevent small cracks from extending into the rail (with respect to the
development of rail steels (Muders & Rotthauser,2000)).

A typical development of a rail crack is illustrated schematically in Fig. 1 (Ishida &Abe,
1996). Originating from a small surface or sub-surface crack, a dark spot is developing at the
surface accompanied by crack growth in an inclined angle below the surface. At a certain
point this crack branches into a horizontal and a transverse crack. The transverse crack will
extend down into the rail and finally cause its fracture.

Today’s rail failures can be divided into three broad groups as follows: those originating
from rail manufacturing defects; those originating from defects or damage caused by
inappropriate handling, installation and use and those caused by the exhaustion of the rail
steel’s inherent resistance to fatigue damage (Cannon et al.,2003).
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Fig. 1. Typical development of a rail crack (schematically) (Ishida &Abe, 1996).

Rolling contact fatigue (RCF) is likely to be a major future concern as business demands for
higher speed, higher axle loads, higher traffic density and higher tractive forces increase.
Head checks, gauge-corner cracks and squats are all names for surface-initiated RCF defects.
They are caused by a combination of high normal and tangential stresses between the wheel
and rail, which cause severe shearing of the surface layer of the rail and either fatigue or
exhaustion of ductility of the material. The microscopic crack produced propagates through
the heavily deformed (and orthotropic) surface layers of steel at a shallow angle to the rail
running surface (about 10°) until it reaches a depth where the steel retains its original
isotropic properties. At this stage the crack is a few millimetres deep into the rail head. At
this point the crack may simply lead to spalling of material from the rail surface. However,
for reasons still not clearly understood, isolated cracks can turn down into the rail, and, if
not detected, cause the rail to break. These events appear to be rare, but are highly
dangerous since RCF cracks tend to form almost continuously at a given site. Fracture at one
crack increases stress in the nearby rail, increasing the risk of further breaks and
disintegration of the rail (Cannon et al.,2003).

RCF initiation is not normally associated with any specific metallurgical, mechanical or
thermal fault; it is simply a result of the steel’s inability to sustain the imposed operating
conditions. The problem is known to occur in most of the rail-steel types in common use
today.

While wear has been reduced, rolling contact fatigue defects have become more prominent
on busy routes where the rails are highly stressed. Although its wear reserve may not be
used up, rail may have to be replaced because such defects quickly become critical for safety
(Pointner & Frank, 1999). The relationship between RCF and mechanical wear is not well
undersood, as for example zero (or minimal) mechanical wear leads to significant
microcrack propagation and thus RCF failure. On the other hand, excessive mechanical
wear eliminates RCF but leads to unrealistically short rail life (Kapoor et al., 2001).

The rate of rail degradation depends also on the location; rail head erosion is at a maximum
in regions where the track curves. In Fig.2 is shown damage of the inner edge of rail head,
caused by centrifugal force which tends to expel vehicle towards the outside of the track.
Such damage can be repaired by surface welding, Fig 2b.
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(a) Damage of the inner edge of rail head (b) reparation of rail head

Fig. 2. Rail head degradation (Popovic et al., 2006).

2.1 Fracture control concepts

A few different fracture control concepts are applied in railway systems, and one of them is
damage tolerance concept (Zerbst et al., 2005). Within the frame of this concept, the
possibility of fatigue crack growth is basically accepted. The aim is to prevent the crack to
grow to its critical size during the lifetime of the component, i.e. to estimate number of
cycles to critical crack size. In fatigue, crack extension is expressed as a function of stress
intensity range AK and the crack extension rate, da/dN, whereby da denotes an infinitesimal
crack extension due to an infinitesimal number of loading cycles dN. The basic idea is that
the largest crack that could escape detection is presupposed as existent. After that, the initial
crack can extend due to various mechanisms such as fatigue, stress corrosion cracking, high
temperature creep, or combinations of these mechanisms. Such a failure process is visible,
and catastrophic rail failure can be prevented by regular examination of the top surface of
the railhead. Maintenance methods (lubrication and grinding) help combat the wear and
rolling contact fatigue phenomena referred to in local parameters. By applying these
methods appropriately, maintenance costs can be reduced (Vitez et al.,2005). Rail grinding
prolongs rail service life by preventing the emergence of defects or by delaying their
development, preventive grinding to improve the quality of the running surface of newly-
laid rails and corrective grinding to remove rail defects that have already developed by
reprofiling the rail to optimize wheel/rail contact.

3. Rail steels

Choice of material for rail steels is of fundamental importance. This is because the rail’s
behaviour in service depends critically on the properties of the metal. Much effort and a
considerable amount of research has already been undertaken in the search for the ideal rail
steel (Pointner & Frank,1999). In recent years rail steel production has improved as
manufacturers have developed steels with increased hardness and better wear resistance.

There are many criteria which determine the suitability of a steel for rail track applications.
The primary requirement is structural integrity, which can be compromised by a variety of
fatigue mechanisms, by a lack of resistance to brittle failure, by localised plasticity and by
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excessive wear. All of these depend on interactions between engineering parameters,
material properties and the environment. The track material must obviously be capable of
being manufactured into rails with a high standard of straightness and flatness in order to
avoid surface and internal defects which may cause failure. Track installation requires that
the steel should be weldable and that procedures be developed to enable its maintenance
and repair. Commercial success depends also on material and life time costs.

Since steel has one of the highest values of elastic modulus and shows superb strength,
ductility and wear resistance, most modern rails have pearlitic microstructures and carbon-
manganese chemistries similar to those produced in rails in 1900. Ordinary rail steels
contain about 0.7 wt% of carbon and are pearlitic. Pearlite consists of a mixture of soft ferrite
and a hard, relatively brittle iron carbide called cementite, Fig. 3a. Pearlite presumably
achieves a high resistance to wear because of the hard cementite and its containment by the
more plastic ferrite, but pearlitic steels are not therefore tough. In pealite, altering lamellae
of iron and iron carbide are aranged, and lamella spacing has a large effect on hardness.
Naturally cooled standard rails have coarse lamella spacing and relatively low values of
about 300 Brinell hardness (HB). Control-cooled premium rails have finer lamella spacing
and thus higher hardness of 340-390 HB (Lee & Polycarpou, 2005).

Raising carbon content and refining pearlite spacing increases the hardness of pearlitic steel,
and this has been shown to lead to improved wear resistance. Hence rail manufacturers
have worked to produce pearlitic steels with higher carbon contents (now achieving
approximately 1 wt%) and finer structure (using head-hardening processes). Even though
hardness generally has a positive effect on rail wear, there is a limit to the hardness that can
be reached with pearlitic steels, and this hardness has been reached in modern rails (Lee &
Polycarpou, 2005).

There has been considerable effort devoted to finding alternatives to the pearlitic rails, but
with alterable results. In an attempt to develop rail steels with higher hardness and
alternative microstructures, several types of bainitic steel were developed. While pearlitic
steels obtain their strength from the fine grains of pearlite, bainitic steels (Fig. 3b) derive
their strength from ultra-fine structures with a lot dislocations which are harmless but
confer high strength (Aglan et al.2004). Bainitic steel is easy to be cast, welded and
inspected by ultrasonic methods. The new generation of bainitic steels achieved higher
tensile and fatigue strengths and performed well in service.

Lamella
structure
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Fig. 3. Optical microstructures of rail steels: (a) pealite; (b) bainite (Aglan et al.,2004).

4. Weldability of rails and types of filler materials

Main problem in welding of pearlitic steels is their poor weldability, i.e. susceptibility to
welding defects, due to its high carbon equivalent. Since the rail is produced from this type
of steel and subjected to complex strain state, leading to its degradation, surface welding is
presently the dominant maintenance way to prolong exploitation life. Damaged parts
produced from pearlitic high-carbon steel can be surface welded, in spite of their poor
weldability, and by properly choice of welding technology, it is possible to get improved
structure with dominant properties comparing to the original part (Popovic et al.,2010). To
achieve that, it is necessary that obtained morphology corresponds to the new steel
generation, i.e. bainitic microstructure.

For surface welding are mostly in use semi-automatic arc welding processes, with flux-cored
and self-shielded wires. Basic difference between them is the first requires an external
shielding gas, and the second does not. In both cases, core material acts as a deoxidizer,
helping to purify the weld metal, generate slag formers and by adding alloying elements to the
core, it is possible to increase the strength and provide other desirable weld metal properties
(Lee,2001; Sadler,1997). These processes have replaced slowly MMA process and they almost
ideal for outdoors in heavy winds. The key strength of these processes lies in the replacement
of those aspects of the conventional MMA process that often results in variability in the quality
of the repair with automatic and more controlled operations. Although the MMA process is
used many industries, it is heavily reliant on the competence of the welder, is time consuming,
and is prone to internal defects such as porosity that subsequently grow through fatigue, and
if not detected by ultrasonic inspection, result in rail breaks.

The result of flux-cored wire application is higher quality welds, faster welding and
maximizing a certain area of welding performance (Popovic et al.,2010). The number of
layers in surface welded joint depends of the damage degree, most frequently it's three,
sometimes with buffer layer. The buffer layer is applied at the crack sensitive materials,
what high carbon steel certainly is (high CE). The function of buffer layer is to slow down
the growth of initiated crack with its own plasticity. Constructions, like railways, are
exposed to cyclic load and wear in exploatation life, so crack must be initiated. Sometimes in
these cases it is necessary to use buffer layer, what besides the good affects, has some
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drawbacks. Namely, the use of buffer layer significantly slows down surface welding
process, due to replacement of wires and settings of other welding parameters. Since, as
already noted, for surface welding are mainly in use semi-automatic and automatic
processes, it significantly extends the working time. The new classes of flux-cored and self-
shielded wires are recently developed, and it is possible to achieve the requested properties
of welded joints without buffer layer (Popovic et al.,2011).

5. Experimental procedure

The material used in present work is pearlitic steel, received in the form of rails, type UIC
860 549, what is the most common rail type on domestic railroads. It's chemical composition
and mechanical properties are given in Table 1.

Chemical composition, % Tensile
Elongation
strength Ac (%)
c | si [Mn]| P s Cu Al | Rm(N/mm?) ‘
052 | 039 | 1.06 | 0.042 | 0.038 [ 0.011 | 0.006 680-830 >14

Table 1. Chemical composition and mechanical properties of base metal.

The surface welding of the testing plates was perfomed by semi-automatic process. As the
filler material, the self-shielded wire (FCAW-S) and flux-cored wires (FCAW) were used,
whose chemical compositions and mechanical properties are given in Table 2. The plates
were surface welded in three layers; sample 1 with FCAW-S without buffer layer; sample 2
with FCAW with buffer layer (according to Table 2).

Wire Chemical composition Hard-
Sample Wire designation diam ness
No. sn | ¢ |si| Mn|cr|Mo|Ni| Al .
mm HRC

Sample| OK Tubrodur 15.43

1 (self-shielded wire) 1.6 | 015 <05 1.1 | 1.0 05|23 | 1.6 | 30-40

1layer Filtub 12B
(buffer (flux-cored | 1.2 | 0.05 |0.35( 1.4 - - - - -
Sample [ layer) wire)
2 2 and 3 Filtub dur 12
- ana 5. (flux-cored | 1.6 [ 012 | 0.6 1.5 |55 |1.0 | - - | 37-42
layer .
wire)

Table 2. Chemical composition of filler materials.

Heat input during welding was 10 k]J/cm and preheating temperature was 230°C, since the
CE equivalent was CE=0.64 (Popovic et al.,2010). Controlled interpass temperature was
2500C. Sample 1 is surfaced with one type of filler material (self-shielded wire), while for
surfacing of sample 2 were used two types of wires, but both flux-cored: one for buffer layer
and the second one for last two layers. As shieleded gas for welding of sample 2, CO, was
used. To evaluate the mechanical properties, specimens for further investigation were cut
from surface welded rail head, according to Fig.4.
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1- specimen for toughness and crack growth resistance estimation
2- specimen for microstructural analysis

3- tensile specimens

4- specimen for hardness measurements

Fig. 4. Specimens from surface welded rail head (Popovic et al.,2010).

5.1 Hardness

Hardness measurements were performed using a load of 100Pa. Hardness profiles of surface
welded joints are shown in Fig. 5. The lowest hardness is in the base metal (250-300 HV),
being the hardness of naturally cooled standard rails(Lee & Polycarpou, 2005; Singh et al.,
2001). In HAZ hardness increase is noticable in both samples, due to complex heat treatment
and grain refinement (Popovic et al.,2010). In sample 2 comes to a sharp decrease of
hardness in first surfaced layer, i.e. in buffer layer. The function of buffer layer is to stop the
growth of initiated crack with its own plasticity and reduced hardness. The hardness of II
and III welded layers of both samples are the highest and similar, due to influence of
alloying elements in filler materials, which shift transformation points to bainitic region4.
Maximum hardness level of 350-390 HV is reached in surface welded layers and it provides
improvement of mechanical properties and wear resistance.
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Fig. 5. Hardness profiles along the joint cross-section of samples (Popovic et al.,2011).
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5.2 Microstructure

Microstructural analisys of all characteristical zones of welded layer has been done. Heat
affected zone (HAZ) also has pearlitic microstructure, but with finer grain, than base metal
(Figure 6), so its structure is improved and it is not a critical place in weldment. That is result
of thermomechanical treatment of HAZ which is re-heated three times. Structural
compatibility between deposite metal and base metal was achieved and martensitic layer
wasn’t formated.

The greatest differences appear in first layer microstructure, Fig.7. First layer microstructure
of sample 1 consists of ferrite, pearlite and bainite, what is result of mixing of low-alloyed
filler material with high-carbon base metal. For first layer deposition of sample 2 is used
low-carbon wire alloyed with Mn, as a function of buffer layer, so characteristical structure
consist of great fraction of ferrite with relatively large primary grains. Beside proeutectoid
ferrite, microstructure contains Widmanstatten and acicular ferrite (Popovic et al.,2007).

(a) 200x (b) 200x
Fig. 6. Microstructure of a) base metal and b) HAZ of both samples (Popovic et al.,2007).

The second layer microstructure is the most important in surface welded joint, because it
has the greatest influence on mechanical and technological properties and exploatation
behavior of repaired parts. For this structure is characteristic larger fraction of bainite,
consequence to the less mixing with base metal. In second layer of sample 2 occurs fine
grain ferritic structure with low content of bainite. This structure has finer grain compare to
first layer, what is result of heat treatment and chemical composition (presence of Mo in
filler material).

The third layer of sample 1 has some coarser grain structure, with higher content of bainite,
compare to previous layer, what is consequence of re-heating absence. For third layer of
sample 2 is characteristical bainitic microstructure with small amount of martensite and
locally zones of proeutectoid ferrite.

Though used filler materials are different type, alloying concepts, sort of protection, buffer
layer, as final result is obtained desirable bainitic microstructure with superior properties
compare to base metal (Popovic et al.,2007). Except metallography examination, this is
confirmed by other detail tests (Popovic,2006).
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layer

layer

layer

Fig. 7. Microstructure of all surface welded layers (Popovic et al.,2007).
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5.3. Tensile tests

The tensile tests were conducted on a 2 mm thick specimens. The room temperature
mechanical properties (ultimate tensile strength, UTS) of the surface welded joint are shown
in Figure 8. The basic requirement in welded structures design is to assure the required
strength. In most welded structures this is achieved with superior strength of WM
compared to BM (overmatching effect), and in tested case this is achieved (Burzic &
Adamovic,2008; Manjgo et al.,2010). The highest UTS is in weld metal of sample 2 (1210
MPa), due to solid state strengthening by alloying elements.
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Fig. 8. Ultimate tensile strength of the surface welded joints (Popovic et al.,2011).

5.4 Impact testing

Impact testing is performed according to EN 10045-1, i.e ASTM E23-95, with Charpy V
notched specimens, on the instrumented machine SCHENCK TREBEL 150 J. Impact testing
results are given in Table 3 for base metal and HAZ at all testing temperatures. Total impact
energy, as well as crack initiation and crack propagation energies, for weld metal of both
samples at all testing temperatures (20°C, -20°C and -40°C) are presented in Table 4 and in
Figure 9.

The total energy of base metal is very low (5 ]), due to very hard and very brittle cementite
lamellae in pearlite microstructure (Popovic et al.,,2011), while the toughness of HAZ is
higher (11-12 J) and is similar for both samples at all testing temperatures.

Total impact energy, E,, J
200C -200C -400C
base metal 5 3 3
sample 1-HAZ 12 11 10
sample 2-HAZ 11 10 9

Table 3. Instrumented impact testing results of Charpy V specimens for base metal and HAZ
at all testing temperatures.
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sample 1-WM sample 2- WM
200C | -200C | -400C | 200C | -200C | -40°C
Total impact energy, E,, J 29 23 17 34 14 11
Crack initiation energy, Eiy, ] 20 16 15 12 10 10
Crack propagation energy, Epy, J 9 7 2 22 4 1

Table 4. Instrumented impact testing results of Charpy V surface weld metal specimens at

all testing temperatures.
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Fig. 9. Dependence total impact energy, crack initiation and crack propagation energy
vs.temperature for (a) weld metal of sample 1 and (b)weld metal of sample 2

(Popovic et al.,2011).
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Values of total impact energy of samples 1 and 2 at room temperature are significantly
higher (29 ] and 34 J) than in base metal (5 J), as a consequence of appropriate choice of
alloying elements in the filler material. The presence of Ni, Mn and Mo promotes the
formation of needled bainitic microstructure and grain refinements, and increases the
strength and toughness also(Popovic, 2006). By analyzing the impact energy values of
sample 1, a change of toughness in continuity is observed, with no marked drop of
toughness, and for all tested temperatures, crack initiation energy is higher than crack
propagation energy. This is the reason for the absence of significant decrease of toughness.
The highest value of total impact energy was found for the sample 2 at room temperaure (34
J), which is the only case when the initiation energy is lower than propagation energy (12 ]
and 22 ], respectivelly). This shown practically the buffer layer function. Namely, the
initiated crack during propagation comes to plastic buffer layer, which slows down crack
further growth. For this reason, the crack propagation energy is the largest part of total
impact energy. However, at -200C, significant drop of total impact energy is noticable (14 ])
due to losing of buffer layer plastic properties at lower temperatures. The low-carbon wire
(0.05%C i 1.4%Mn) has excellent toughness, but and marked rapid drop on S-curve
(dependence toughness vs. temperature). Transition temperature of this material above -
20°C is confirmed by the obtained impact toughness results. The use of buffer layer is
reasonable if the exploatation temperature is above -5°C; on the contrary, at lower
temperatures, buffer layer is losing its function and the toughess is decreased (Popovic et
al.,2011).

Diagrams force-time, obtained by instrumented Charpy pendulum, are given in Figure 10.
As can be seen, for the sample 1 the character of diagrams force-time changed little by lower
temperature. Namely, this material at room temperature has diagram with marked rapid
drop, as consequence of unstable crack growth. After the maximum load, a very fast crack
growth is started, and it is confirmed by the low value of crack propagation
energy(Grabulov et al,2008). On the contrary, on the sample 2 diagram at room
temperature, the presence of buffer layer is clearly shown. The initiated crack, during its
growth, comes to buffer layer which temporary stops the further crack growth and changes
crack growth rate. The obtained experimental diagram doesn't belong to any type, according
to standard EN 10045-1. This leads to toughness increase, primarily crack propagation
energy, and it is also here the only case when the crack initiation energy is lower than crack
propagation energy.
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Fig. 10. Diagrams force-time, obtained by instrumented Charpy pendulum for sample 1 and
sample 2 (Popovic et al.,2011).

5.5 Crack growth rate

A basic contribution of fracture mechanics in fatigue analysis is the division of fracture
process to crack initiation period and the growth period to critical size for fast fracture
(Burzic & Adamovic,2008). Fatigue crack growth tests had been performed on the
CRACKTRONIC dynamic testing device in FRACTOMAT system, with standard Charpy
size specimens, at room temperature, and the ratio R=0.1. A standard 2 mm V notch was
located in base metal and in third layer of WM, for the estimation of parameters for BM,
WM and HAZ, since initiated crack will propagate through those zones. Crack was initiated
from surface (WM) and propagated into HAZ, enabling calculation of crack growth rate
da/dN and fatigue treshold 4Kjy. The results of crack growth resistance parameters, i.e.,
obtained relationship da/dN vs. AK for base metal, sample 1 and for sample 2 are given in
Figure 11 and 12. Parameters C and m in Paris law, fatigue threshold 4Ky, and crack growth
rate values are given in Table 5 for all samples as obtained from relationships given in
Figures 11 and 12, for corresponding 4K values.
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The behaviour of welded joint and its constituents should affect the change of curve slope in
validity part of Paris law. Materials of lower fatigue-crack growth rate have lower slope in

the diagram da/dN vs. AK. For comparison of the properties of surface welded joint
constituents the crack growth rates are calculated for different values of stress-intensity

]

factor range AK.
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Zone of Fatigue Crack growth rate
surface | threshold Para- da/dN, m/cycle
welded Parameter | meter
i | K C m | AK=10 | AK=15 | AK=20 | AK=30
jomtfMPa m!/2 MPam?1/2 | MPam1/2 | MPam?1/2 | MPam!1/2
.10-08
Base | pvio| 80 | 33110m | 328 | 6310
metal
WM 1 445101 | 3.74 1.11-10-08 - -
Saniple wM2| 95 378101 | 3.61 . 1.88-108 -
HAZ 407101 | 3.79 - - 1,61.1007
WM 1 4631013 | 3.87 1.65-10-08 - -
sanz‘ple wM2| 89 3.851013 | 3.88 - 2.07-1007 -
HAZ 3.761013 | 3.93 - - 1.1810-06

Table 5. Parameters C, m, AKy, and crack growth rate values for all zones of surface welded
joints.

Bearing in mind that weld metal consists of two layers (third layer is used for V notch), as
referent values of AK were taken: AK =10 MPa m1/2 for BM, AK =15 MPa m1/2 for WM1, AK
=20 MPa m!/2 for WM2, and AK =30 MPa m!/2 for HAZ. It's important that all selected
values are within a middle part of the diagram, where Paris law is applied. The crack
growth rate in base metal is 3-4 times higher than in both weld metal layers, i.e. the growth
of initiated crack will be slower in weld metal layers. This means that for the same value of
stress intensity factor rang AK, base metal specimen needs less number of cycles of variable
amplitude than weld metal specimen, for the same crack increment.

In all three zones of surface weleded joint (WM2, WM1 and HAZ), sample 2 with buffer
layer has higher crack growth rate than sample 1, i.e. the growth of initiated crack will be
slower in sample 1. This means that for the same value of stress intensity factor rang AK,
specimen of sample 2 needs less number of cycles of variable amplitude than specimen of
sample 1, for the same crack increment. The maximum fatigue crack growth rate is achieved
in HAZ for both samples, when stress intensity factor range approaches to plane strain
fracture toughness.

If a structural component is continuously exposed to variable loads, fatigue crack may
initiate and propagate from severe stress raisers if the stress intensity factor range at fatigue
threshold, 4Ky, is exceeded(Burzic & Adamovic,2008). Fatigue treshold value AKy, in base
metal (AKgn =8 MPa m1/2) is lower than fatigue treshold value AKy in weld metal of both
metal. Fatigue treshold value AKy, for sample 2 (AKg =8.9 MPa m1/2) is lower than that for
sample 1 (AK, =9.5 MPa m1/2). This means that crack in sample 2 will be initiated earlier, i.e.
after less number of cycles, than in sample 1.

Values of fatigue threshold and crack growth rates corespond to initiation and propagation
energies in impact testing, and in this case, good corelation is achieved (Popovic, 2006).
Sample 1 has higher crack initiation energy (20 J) and higher AKy, ((AKwn =9.5 MPa m1/2 for
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sample 1 i AKy, =8.9 MPa m!/2 for sample 2). With comparation of crack propagation energy
and crack growth rate, it is hard to establish the precise analogy, as toughness was estimated
for the surface weld metal, whereas crack growth rate for each surface welded layer.
Generally, buffer layer didn't show slow the initiated crack growth, with aspect of crack
growth rate, while this effect is obvious in the case of toughness, i.e. crack propagation
energy (Popovic et al, 2011).

6. Conclusion

On the base of obtained experimental results and their analysis, the following is concluded:

1.

The experimental investigation of surface welded joints with different weld procedures
has shown, as expected, significant differences on their performance in terms of
mechanical properties. But, in both cases, it was shown, that in spite of poor weldability
of high carbon steel, they can be successfully welded. Structural compatibility between
deposite metal and base metal was achieved and martensitic layer wasn’t formated.
Obtained HAZ has better structure compare to base metal.

The filler material is relevant parameter which affects on deposite layer quality. Work
with self-shielded wires is more simple, specially for outdoor applications. Both used
wires are on high technological level and can be recomended for reparation of high-
carbon steel damaged parts. Final microstructure is the result of different influences:
type of filler material, heat input, degree of mixture with previous layer and post heat
treatment with subsequent surface layer. It is necessary to know all these factors and
also to know the way of affect. Though applied wires are with different alloying
concepts, result in both cases is that initial pearlitic moprhology is replaced by final
desirable bainitic microstructure. It was shown that, by selecting corresponding
parameters, it is possible to obtain the morphology of the best properties.

The maximal hardness level of 350-390 HV is reached in surface welded layers of both
samples, with equal hardness of base metal (250-300 HV). The main difference appears
in the first deposition layer, where as expected, in sample 2 the hardness is significantly
lower (buffer layer). The obtained hardness values ensure simultaneously the
improvement of mechanical and wear properties, and in the case of a rail, represents
maximal hardness preventing the wheel wear (Popovic et al., 2010). Similar results are
obtained by tensile testing. Sample 2 has slightly higher ultimate tensile strength (1360
MPa) than sample 1 (1210 MPa) due to solid solution strengthening by alloying
elements.

The most improved results are obtained for impact properties. The toughness of base
metal is 6-7 times lower than the toughness of weld metal, and more than twice lower
than toughness of HAZ. For welding with buffer layer, at -20°C, the drop of total impact
energy is significant, due to lowering of buffer layer plastic properties at lower
temperatures. The transition temperature of this material is above -20°C, and it was
confirmed by obtained impact toughness results. The use of buffer layer is beneficial for
exploatation temperature above -5°C. On the contrary, at lower temperatures, buffer
layer loses its function and toughess decreases. On the contrary, for sample 1 the
change of toughness is continous and without marked drop of toughness. At all tested
temperatures, the crack initiation energy is higher than crack propagation energy. This
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may be the reason for the absence of significant decrease of toughness and that should
be kept in mind during design and exploitation.

5. The results show that base metal is characterized by a lower fatigue threshold than
weld metal, i.e. a 3 to 4 times higher crack growth rate. This means that crack will
initiate more likely in base metal, and that it requires fewer cycles to reach the critical
size. Contrary to a typical welded joint, a surface welded layer is the safest place for
crack initiation.

6. Values of fatigue threshold and crack growth rates corespond to initiation and
propagation energies in impact testing. In the case of fatigue treshold and crack
initiation energy, good correlation was achieved. Sample 1 has higher crack initiation
energy (20 J) and higher AKy, (9.5 MPa m1/2) than sample 2 (12 ] and AKy =8.9 MPa
m1/2). On the contrary, buffer layer didn't show decrease of initiated crack growth rate,
as this effect is obvious in the case of toughness, i.e. crack propagation energy. Since the
constructions from high-carbon steel are used at low temperature, and bearing in mind
the extended working time, in modern surface welding technologies, the use of buffer
layer is not recommended.

7. Testing results of base metal and surface welded layer represent typical behavior of two
steel microstructure-pearlitic and bainitic, what is confirmed through microstructural
investigation. It has been showned that, thanks to appropriate choice of filler material
and welding technology, surface welding of damaged parts is not only a way of
reparation, but and a way of improvement of starting properties
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1. Introduction

Magnesium alloys have a lot of advantages in mechanical and physical properties such as
lightness, high specific strength, good thermal conductivity and damping. They are widely
developed for automobile, spaceflight, electron, light instrument and so on. The damping
capacity of materials plays a critical role in regulating the vibration of structure, decreasing
the noise pollution and improving the fatigue properties of workpiece under circulating
loading. Magnesium and its alloy have higher thermodynamically stability and aging
stability as well as better damping capacity, whose applications are limited because of their
poor mechanical properties. Creep is an important characteristic of mechanics behavior of
metal at high temperature, which is a phenomenon for plastic deformation taken place
slowly on the condition of constant temperature of long time and constant load. For the
industrial application fields such as automobile industry and aviation industry, the creep is
an important index to measure the good or bad property of a material at high temperature.
The strength and creep resistance of magnesium alloys (AZ91D and AM60 alloys) are rapid
decreased when the temperature is beyond 150°C. There are the disadvantages such as poor
strength and toughness and poor creep resistance in magnesium alloy applied process,
which limits its farther application. So it is an important to develop the magnesium matrix
composites (MMCs) of high strength and toughness and good creep resistance and its
forming technology. Specially, particle-reinforced magnesium matrix composites are
characterized by low cost and simple process, which is a research focus of MMCs fields [Hai
et al., 2004]. However, magnesium possesses low melting point, high chemical activity and
ease of flammability, so preparing magnesium matrix composites is difficult in some extent.
As a result, it is important to seek a better fabrication method for magnesium matrix
composites [Zhou et al., 1997]. Powde