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Preface 
 
Research and development in modern optical and photonic technologies have 

witnessed quite fast growing advancements in various fundamental and application areas 
due to availability of novel fabrication and measurement techniques, advanced numerical 
simulation tools and methods, as well as due to the increasing practical demands. The recent 
advancements have also been accompanied by the appearance of various interdisciplinary 
topics.  

The book attempts to put together state-of-the-art research and development in optical 
and photonic technologies. It consists of 21 chapters that focus on interesting four topics of 
photonic crystals (first 5 chapters), THz techniques and applications (next 7 chapters), 
nanoscale optical techniques and applications (next 5 chapters), and optical trapping and 
manipulation (last 4 chapters), in which a fundamental theory, numerical simulation 
techniques, measurement techniques and methods, and various application examples are 
considered.  

This book concerns itself with recent and advanced research results and comprehensive 
reviews on optical and photonic technologies covering the aforementioned topics. I believe 
that the advanced techniques and research described here may also be applicable to other 
contemporary research areas in optical and photonic technologies. Thus, I hope the readers 
will be inspired to start or to improve further their own research and technologies and to 
expand potential applications.  

I would like to express my sincere gratitude to all the authors for their outstanding 
contributions to this book. 

 
January 2010 

Editor 

Ki Young Kim 
Department of Physics 

National Cheng Kung University 
Tainan, Taiwan 

E-mail: kykim1994@gmail.com 
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Dual-Periodic Photonic Crystal Structures 
Alexey Yamilov and Mark Herrera1 

Department of Physics, Missouri University of Science & Technology, Rolla, MO 65409,  
U.S.A. 

1. Introduction 
In this chapter we discuss optical properties of dual-periodic photonic (super-)structures. 
Conventional photonic crystal structures exhibit a periodic modulation of the dielectric 
constant in one, two or three spatial dimensions (Joannopoulos, 2008). In a dual-periodic 
structure, the dielectric constant is varied on two distinct scales a1,2 along the same 
direction(s). An example of such a variation is given by the expression: 

 0
1 2

2 2( ) = 1 cos cos .x x x
a a
π πε ε γ

⎛ ⎞
+ Δ × + ×⎜ ⎟

⎝ ⎠
 (1) 

In Sec. 2, after motivating our study, we describe one attractive possibility for a large-scale 
fabrication of the dual-periodic structures such as in Eq. (1) using the interference photo-
lithorgraphy technique. 
Sec. 3 presents the theory of slow-light effect in a dual-periodic photonic crystal. Here, four 
numerical and analytical techniques employed to study optical properties of the system. In 
the result, we obtain a physically transparent description based on the coupled-resonator 
optical waveguide (CROW) concept (Yariv et al., 1999). 
Sec. 4 is devoted to discussion of a new type of optical waveguides – trench waveguide – in 
photonic crystal slabs. We demonstrate that this type of waveguide leads to an appearance 
of a second (super-) modulation in the slab, thus, slow-light devices / coupled-cavity micro-
resonator arrays can be straightforwardly fabricated in the photonic crystal slab geometry. 
Importantly, the fabrication of such structures also does not require slow (serial) electron-
beam lithography and can be accomplished with scalable (holographic) photolithography. 
The chapter concludes with a discussion and an outlook. 

2. Dual-periodic structure as a photonic super-crystal 
Optical pulse propagation in dielectrics is determined by the group velocity vg = dω(K)/dK, 
where the dispersion ω(K) relates the frequency ω and the wave vector K inside the medium. 
One of the appealing features of photonic crystals has become a possibility to alter the 
dispersion of electromagnetic waves (Soukoulis, 1996) so that in a certain spectral region vg 
becomes significantly smaller than the speed of light in vacuum. This “slowlight” effect 
(Milonni, 2005) attracted a great deal of practical interest because it can lead to low-
threshold lasing (Nojima, 1998; Sakoda, 1999; Susa, 2001), pulse delay(Poon et al., 2004; 
                                                 
1 Currently at department of Physics, University of Maryland 
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Vlasov et al., 2005), optical memories (Scheuer et al., 2005), and to enhanced nonlinear 
interactions (Soljacic et al, 2002; Xu et al., 2000; Jacobsen et al., 2006). Several approaches to 
obtaining low dispersion in photonic crystal structures have been exploited: 
i. At frequencies close to the photonic band-edge, ω(K) becomes flat and group velocity 

approaches zero due to the Bragg effect at the Brillouin zone boundary. This property 
has been extensively studied and used in practice to control the spontaneous emission 
(Yablonovitch, 1987) and gain enhancement in lasers (Nojima, 1998; Sakoda, 1999; Susa, 
2001). However, a large second order dispersion (i.e. dependence of vg on frequency) in 
the vicinity of the bandedge leads to strong distortions in a pulsed signal that makes 
this approach unsuitable for, e.g., information processing applications. 

ii. High order bands in two- and three-dimensional photonic crystals can have small 
dispersion not only at the Brillouin zone boundary but also throughout the band 
(Galisteo-López & López, 2004; Scharrer et al., 2006) where the second order dispersion 
can be significantly reduced. Nevertheless, these high-frequency photonic bands allow 
little control over vg and are not spectrally isolated from other bands. These drawbacks 
and the increased sensitivity to fabrication errors (Dorado et al., 2007), limit the 
practical value of this approach. 

iii. Based on the Coupled Resonator Optical Waveguide idea (CROW)(Stefanou & 
Modinos, 1998; Yariv et al., 1999; Poon et al., 2006; Scheuer et al., 2005), a low-dispersion 
photonic band can be purposefully created via hybridization of high-Q resonances 
arising from periodically positioned structural defects (Bayindir et al., 2001a;b; Altug & 
Vuckovic, 2005; Olivier et al., 2001; Karle et al., 2002; Happ et al., 2003; Yanik & Fan, 
2004). This spectrally isolated defect-band is formed inside the photonic bandgap, with a 
dispersion relation given by 

 ( ) = [1 cos( )].K KLω κΩ +  (2) 

Here Ω is the resonance frequency for a single defect, κ is the coupling constant 
(assumed to be small) and L is the spacing between defects. These adjustable 
parameters allow one to control the dispersion in the band, and hence vg, without 
significant detrimental effects associated with the second order dispersion. 

A periodic arrangement of structural defects in the photonic crystal, described in (iii), 
creates a dual-periodic photonic super-crystal (PhSC) with short-range quasi-periodicity on 
the scale of the lattice constant and with long-range periodicity on the defect separation 
scale (Shimada et al., 2001; Kitahara et al., 2004; Shimada et al., 1998; Liu et al., 2002; Sipe et 
al., 1994; Benedickson et al., 1996; Bristow et al., 2003; Janner et al., 2005; Yagasaki et al., 
2006). These structures usually need to be constructed with the layer-by-layer technique (or, 
more generally, serially) which is susceptible to the fabrication errors similarly to the other 
approaches (i,ii) above. We have recently proposed a PhSC with dual-harmonic modulation 
of the refractive index (Yamilov & Bertino, 2007), similar to Eq. (1), that can be fabricated by 
e.g. a single-step interference photolithography technique (Bertino et al., 2004; 2007). We 
considered four S-polarized laser beams defined by 

 

1 1 0 1 1 1

2 2 0 2 2 2

1 1 0 1 1 1

2 2 0 2 2 2

, { sin( ),0,cos( )},
, { sin( ),0,cos( )},

.
, {sin( ),0,cos( )},
, {sin( ),0,cos( )},

L L

L L

R R

R R

E k E
E k E
E k E
E k E

θ θ
θ θ

θ θ
θ θ

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

q
q
q
q

 (3) 
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Here q and E are the k-vector and amplitude of the beams respectively. Their interference 
pattern Etot(x) ∝ α cos(k1x) + βcos(k2x) leads to 

 22
0 1 2( ) = ( ) = cos( ) cos( )n x x k x k xε ε ε α β+ Δ +⎡ ⎤⎣ ⎦  (4) 

 

where k1 − k2 ≡ Δk, (k1 + k2)/2 ≡ k and  + β = 1. k and Δk are related to the short (aS) and long 
range modulations of the refractive index: aS = 2π/Δk, aL = π/k. The parameters in Eqs. (3, 4) 
are related as  = E1/(E1 + E2), β = E2/(E1 + E2) and k1 = k0 sinθ1, k2 = k0 sinθ2. Manipulation of 
the beams allows for an easy control over the structural properties of the resultant PhC: (i) 
fundamental periodicity aS via k0 and θ1,2; (ii) long-range modulation aL via θ1 −θ2; and (iii) 
depth of the long-range modulation via relative intensity of the beams E1/E2. As we 
demonstrate in Sec. 3, the longer range modulation accomplishes the goal of creating the 
periodically positioned optical resonators. The condition of weak coupling κ  1 between 
the states of the neighboring resonators requires sufficiently large barriers and therefore  
aS  aL, which we assume hereafter. Our approach to making dual-periodic structures has 
an advantage in that all resonators are produced at once and, therefore, it minimizes 
fabrication error margin and ensures the large-scale periodicity essential for hybridization of 
the resonances of individual cavities in an experiment. 
Dual-periodic harmonic modulation of the refractive index can also be experimentally 
realized in optically-induced photorefractive crystals (Fleischer et al., 2003; Neshev et al., 
2003; Efremidis et al., 2002). Although, the index contrast obtained is several orders of 
magnitude less than with QDPL (Bertino et al., 2004; 2007), the superlattices created in 
photorefractive materials offer a possibility of dynamical control – a feature lacking in the 
quantum dot system. While the study of dynamical and nonlinear phenomena in dual-
periodic lattices is of significant interest, it goes beyond the scope of our study and will not 
be considered in this work. 

3. Theory of slow-light effect in dual-periodic photonic lattices 
In this section we theoretically investigate the optical properties of a one-dimensional PhSC 
using a combination of analytical and numerical techniques. We consider the dielectric 
function of the form given in Eq. (1) that can be produced with the interference 
photolithography method: 

 ( ) ( )0
/ 2( ) = 1 cos 2 / 1 cos 2 / .

1
x x L x aεε ε γ π π

γ
Δ ⎡ ⎤ ⎡ ⎤+ + +⎣ ⎦ ⎣ ⎦+

 (5) 

Here ε0 is the background dielectric constant. The amplitude of the short-range (on scale a) 
modulation gradually changes from Δε × (1 − γ)/(1 + γ) to Δε, c.f. Fig. 1a. L = Na sets the 
scale of the long-range modulation, N 1 is an integer. 
The functional form in Eq. (5) was chosen to enable an analytic treatment and differs slightly 
from Eq. (4). Nonetheless, it shows the same spectral composition and modulation property. 
The discrepancy between the two forms is expected to cause only small deviations from the 
analytical results obtained in this section. Furthermore, the differences become insignificant 
in the limit N 1. 
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Fig. 1. (a) Dependence of the index of refraction in a dual-periodic photonic crystal as 
defined by Eq. (5). We used ε0 = 2.25, Δε = 1, N = 80 and the modulation parameter γ is equal 
to 0.25. (b) Local (position-dependent) photonic bandgap diagramfor n(x) in (a). ( )N

iA  and 
( )N
iB  mark the frequencies of the foremost photonic bands on the long- and short-

wavelength sides of the photonic bandgap of the corresponding single-periodic crystal.  

3.1 Transfer matrix analysis and coupled-resonators description of PhSC 
The transmission/reflection spectrum of a one-dimensional PhSC of finite length, and the 
band structure of its infinite counterpart can be obtained numerically via the transfer matrix 
approach. Propagation of a field with wavevector k = ω/c through an infinitesimal segment 
of length dx is described by the transfer matrix (Yeh, 2005) 

 
1cos( ( ) ) ( )sin( ( ) )

( , )
( )sin( ( ) ) cos( ( ) )

kn x dx n x kn x dx
M x x xd

n x kn x dx kn x dx

−⎡ ⎤
+ = ⎢ ⎥

−⎢ ⎥⎣ ⎦
 (6) 

where we have assumed that the refractive index n(x) does not change appreciably over that 
distance. The matrix M (x, x + dx) relates the electric field and its spatial derivative {E,1/k 
dE/dx} at x + dx and x. The total transfer matrix of a finite system is then given by the 
product of individual matrices 

 
0

( , ).
L

tot
x

M M x x dx
=

= +∏  (7) 

Since in our case the refractive index n(x) = ε1/2(x), Fig. 1(a), is not a piece-wise constant (in 
contrast to Refs. (Sipe et al., 1994; Benedickson et al., 1996)) but rather a continuous function 
of coordinate, one has to resort to numerical simulations. In what follows, we apply either 
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scattering or periodic boundary conditions to obtain the transmission coefficient and Bloch 
number K(ω) respectively. 
Figure 2(a) plots the transmission coefficient through one period of the dual-periodic system 
shown in Fig. 1. A series of progressively sharper resonances occur on the lower or upper 
edge of the spectral gap of the underlying single-periodic structure. Whether the peaks 
occur at the lower or upper band edge depends on the particular definition of the unit cell, 
as shown in the inset of Fig. 2(a). One can gain an insight into this effect by examining the 
modulation of the spectral position of the “local” photonic bandgap (PBG) with the position 
as shown in Fig. 1(b). This analysis is meaningful on the length scale of the order a  Δx  
L ≡ Na. This condition can be satisfied in our case of slow modulation, with large N. At 
frequencies such as ( )N

iA  in Fig. 1(b), wave propagation is allowed in the vicinity of x = aN 
×(1/2 +m), whereas at the regions x = aN × m, with m being an integer, it is locally 
forbidden. When considering a segment of the lattice with 0 < x < Na, resonant tunneling via 
electromagnetic states ( )N

iA  of the cavity at the geometrical center leads to low-frequency 
peaks in the transmission coefficient, indicated by the solid line in Fig. 2(a). On the other 
hand, transmission through the segment −Na/2 < x < Na/2 exhibits a series of sharp 
resonances. These correspond to tunneling via ( )N

iB  cavity states in the high-frequency 
region. 
 

 
Fig. 2. (a) Transmission coefficient through a finite segment of length L (one period) of the 
periodic super-structure defined in Fig. 1. Solid and dashed lines correspond to 0 < x < Na 
and −Na/2 < x < Na/2 segments (shown in the inset of panel (b)) respectively. (b) Solid and 
dashed thin lines plot the corresponding phase of t(ω). Bold line depicts the Bloch number 
K(ω)× a of the infinite crystal computed using Eq. 8. 
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The transmission coefficient through a finite segment of length L (equal to one period) can 
be related to the band structure of the corresponding periodic lattice (Benedickson et al., 
1996) as 

 1 1cos( ( ) ) = [ ] cos( ( )),
( ) | ( )|

K L Re
t t

ω φ ω
ω ω

≡  (8) 

where we have introduced the phase of the transmission coefficient φ(ω) through t = 
|t|exp[iφ]. Fig. 3 shows that hybridization of the cavity resonances considered above leads 
to the formation of flat photonic bands. Their low dispersion and small group velocity may 
be exploited (Yamilov & Bertino, 2007) for practical applications. 
In the vicinity of an isolated transmission resonance, t(ω) is given by the Lorentzian 

 
0

( 1) ( / 2)( ) =
( / 2) ( )

N

t
i

ω
ω ω

− Γ
Γ − −

 (9) 

where Γ is the full width at half maximum (FWHM) of the resonance and ω0 is the resonant 
frequency. Substitution of Eq. 9 into Eq. 8 gives the flat band described by 

 0( ) = [1 cos( )]K KLω ω κ±  (10) 

where 
0

1
= = 1

2 Q
κ

ω
Γ , and Q is the cavity Q-factor. Thus, the decrease of group velocity in 

the PhSC is directly related to the increase of confinement and the decrease of coupling 
between neighboring cavities. In our PhSC both these factors are described by the same 
parameter – the cavity Q-factor. In a single-periodic photonic crystal of finite length, the Q-
factor of a band-edge mode depends on the system size. Comparing Fig. 1(b) and Fig. 3, one 
can see that ( )N

iA , ( )N
iB  modes are in fact band edge modes in their intervals of free 

propagation. 
In our case L gives the characteristic length and as we demonstrate below, also determines 
the mode frequency. As N increases, the eigenfrequencies of the modes shift towards the 
bandgap. The associated decrease of the local group velocity contributes to an increase of 
the Q-factor of the resonators and to a further reduction of the group velocity in ( )N

iA , ( )N
iB  

bands in the N →∞  limit. 
Eq. (8) suggests that the dispersion relation ω(K) is independent of how the segment of 
length L (the period of our structure) is chosen. However, the transmission coefficient 
through the 0 < x < Na and −Na/2 < x < Na/2 segments of the crystal shows very different 
spectral composition, Fig. 2(a). In order to understand how these markedly different 
functions lead to the same ω(K), we analyze the phase of the transmission coefficient φ, 
shown in Fig. 2(b). 
In a one-dimensional periodic system such as ours, the wave number K(ω) in Eq. 8 is equal 
to the integrated density of electromagnetic states. It is, by definition, a monotonically 
increasing function of frequency in the extended Brillouin zone scheme. In PhSC, K × L 
increases by π every time the frequency is increased through an allowed band, c.f. bold line 
in Fig. 2(b). At the frequency in the middle of the band, cos(KL) = 0 because K × L = π ×  
(m + 1/2). From Eq. (8) one can see that φ should be equal to π × (m+1/2) at the same 
frequency. In the finite system, the mode counting phase φ  defined (Lifshitz et al., 1998) as  



Dual-Periodic Photonic Crystal Structures  

 

7 

 
Fig. 3. The left panel shows dispersion of a PhSC ω(K) reduced to the first Brillouin zone. 
The eigenmodes which correspond to the series of flat bands in the vicinity of the parent-
bandgap of the single periodic crystal are depicted on the right. Calculations were 
performed for the structure described in Fig. 1. 

tan( φ ) = E′/E coincides with the phase of the transmission coefficient φ ≡φ . This explains 
the monotonic behavior of φ (ω). Eq. (8) leads to the fact that quasi-states of the finite system 
occur at the same place as the corresponding band center of the lattice, irrespective of the 
definition of the unit cell. Therefore, as can be also seen from Fig. 2(b), φ (ω) and K(ω)L 
intersect at π × (m + 1/2). 
Taylor expansion of the phase around the frequency ω0 at the center of a pass band, where 
K(ω)L = π × (m + 1/2) gives 

 0
0

0

( 1) ( )cos( ( ) ) = ( ) .
( )

m dK L
t d

φ ωω ω ω
ω ω

−
− ×  (11) 

Here, the term that contained d |t(ω0)|/dω dropped out because cos(K(ω0)L) = 0. 
Comparing Eqs. (10) and (11) shows that it is |t(ω0)|−1 dφ(ω0)/dω that determines Q = 
1/κ and not just |t(ω0)|. Suppressed transmission compensates for a slow phase change 
(e.g. solid line in Fig. 2(b) in the high frequency spectral region) and leads to an identical 
K(ω) for two different definitions of the unit cell. 
We also note that if the segment is chosen such that the corresponding “cavity” is located in 
the geometrical center (|t(ω0)| = 1), the FWHM of the resonance (Γ) in the transmission 
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coefficient is equal to the width of the pass band in the periodic lattice. This fact follows 
from Eqs. (8) and (9). It further emphasizes the analogy with CROW structures. 
We conclude this section by reiterating that long-range refractive index modulation creates 
alternating spatial regions which serve as resonators separated by the tunneling barriers. 
Hybridization of the cavity resonances creates a series of photonic bands with low 
dispersion. The envelope of the eigenstates in these bands ( )N

iA , ( )N
iB  is a slowly varying 

function of the coordinate, c.f. Fig. 3. This effect stems from states proximity to the photonic 
band-edge of the underlying single-periodic lattice. The possibility of a separation into short 
(a of rapid field oscillations) and long (L of the slow amplitude variation) length scales will 
further inform analytical studies presented in the following sections. 
In addition, the results of this section lead to somewhat counter-intuitive conclusion that the 
larger or even complete modulation in Eq. (5) would negatively affect (increase) the 
coupling between the resonators. This can also be seen from PBG diagram in Fig. 1b: in case 
of compete modulation of the refractive index (γ = 1), the local bandgap disappears at xm = 
aN × (1/2+ m). Indeed, our photonic band structure calculations demonstrate that structures 
with 100% modulation are less advantageous and lead to significantly larger propagation 
speeds. The optimum value of γ depends on the experimental parameters (ε0, Δε  and N) and 
should be determined with the help of PBG diagram similar to Fig. 1b. The diagram also 
proves useful in explaining the advantage of AN over BN. In the latter case, the tunneling 
barriers are thinner and their localization length is longer (PBG is spectrally narrower at  
xm = aN × (1/2 + m) than it is at xm = aN × m). 

3.2 Resonant approximation 
Forbidden gaps in the spectra of a periodic system arise due to a resonant interaction of the 
wave with its Bragg-scattered counterpart (Ashcroft & Mermin, 1976). The scattered wave 
appears due to the presence of Fourier harmonics in the spectrum of the periodic 
“potential”, which in the case of the Helmholtz equation 

 
2 2

2 2( ) ( ) ( ) = ( ),E x x E x E x
c c
ω ωδε ε′′ +  (12) 

is represented by 2 2 2 2( / ) ( ) ( / ) ( )c x c xω δε ω ε ε≡ −⎡ ⎤⎣ ⎦ . Here we have introduced the average 

value of the dielectric function 0= ( ) = /[2(1 )]xε ε ε ε γ+ Δ + . When γ = 0, the condition 
/ 1ε εΔ  is sufficient to obtain the position and width of spectral gaps. Otherwise, an 

additional condition N × / 1ε εΔ  needs to be satisfied instead. We will discuss the 
physical meaning of this condition at the end of this section. 
We begin by noticing that ε(x) of our choice (Eq. 5) contains only eight nonzero Fourier 
harmonics: 

 
=

2( ) = exp ,m
m

x i mx
L
πε ε

∞

−∞

⎡ ⎤
⎢ ⎥⎣ ⎦

∑  (13) 

where m = {±1,±(N − 1),±N,±(N + 1))}. This fact allows for an exhaustive study of all resonant 
interactions as follows. Expressing E(x) in terms of its Fourier components 
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=

2( ) = exp[ ( ) ] expm
m

E x iK x E i mx
L
πω

∞

−∞

⎡ ⎤
⎢ ⎥⎣ ⎦

∑  (14) 

leads to an infinite system of linear coupled equations 

 
22 2

' '2 2
' 0

2( ) = 0,m m m m
m

K m E E
c L c
ω π ωε ω ε −

≠

⎡ ⎤⎛ ⎞− + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

∑  (15) 

where K is the Bloch number that varies in the first Brillouin zone [0,π/L]. For the extreme 
values of K there exists a spectral range where the term in brackets in Eq. 15 can become 
simultaneously small for certain values of m and −m at K = 0, and for m and −m − 1 at  
K = π/L. If ε(x) contains a harmonic εm′ such that it couples these two Fourier components, 
the overall infinite system Eq. 15 can be reduced to two resonant equations. 
 

 
Fig. 4. Dispersion relation computed with the transfer matrix formalism for ε0 = 2.25,  
Δε = 0.32, N = 9 (dashed line) and N = 10 (solid line). The modulation parameter γ is equal to 
0.25. For this set of parameters, the applicability condition Eq. 16 of the resonant 
approximation is satisfied. 
The results of such an analysis are summarized in Table 1 and the corresponding band 
structure is shown in Fig. 4. Introduction of the long range modulation in the dielectric 
constant results in an expansion of the unit cell from a to L = Na and, thus, to a reduction of 
the Brillouin zone, accompanied by the folding of photonic bands. The cases of even N = 2s 
and odd N = 2s + 1 should be distinguished. In the former, the primary photonic bandgap 
(IIe) of the single-periodic lattice reappears at K = 0, whereas in the latter (IIo) it is located at 
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K = π/L. Our analysis shows that the nearest frequency gaps, Io,e and IIIo,e, also become 
resonant, Fig. 4. For the refractive index modulation of Eq. (5), the normalized width 

( 1)
/ 4/ =

1N
γ ε εε ε

γ−

Δ
+  

of the satellite gaps is smaller than that of the central gap by a factor of 

γ. By definition, this parameter is less than unity. 
We can see that folding and the offset of the formation of flat ( )

1
NA , ( )

1
NB  bands is captured 

in this approximation. The criterion of its applicability can be found by considering the 
contributions of non resonant terms in Eq. (15). We find that for all three gaps the criteria are 
qualitatively the same. Therefore, we present the detailed analysis of only one particular 
resonance, IIIe. The condition that the closest non-resonant Fourier components E−s−2, E−s, 
Es−1 and Es+1 be smaller than the resonant ones E−s−1 and Es leads to the relation 

 
2

1
2

1

( 1) ( ) 1.
4 2( 1)

N

N

N
N N

ε ε
ε ε −

+ +
+ +

 (16) 

In the limit of very large N the second term in the denominator becomes dominant and this 
condition cannot be satisfied for any value of Δε. Thus, N should be finite. The condition that 
the first termin the denominator be dominant, is consistent with the entire inequality Eq. 
(16), and is equivalent to / 1iNε ε . Taking the most restrictive case for εi, we finally obtain 

 1,
8

Nε
ε

Δ
×  (17) 

where we have neglected γ for simplicity. 
Equation (17) has a clear physical meaning. Indeed, from Table 1, it is clear that the 
frequency of bandgaps I and III approach the central gap inherited from the single periodic 
system as 1/N. At some point, a bandgap of width Δω/ω0 = εi/ ε  begins to substantially 
perturb the pass band of width Kmax × c  ω0/N separating consecutive gaps. The resonant 
approximation breaks when these two scales become comparable. This condition results in 
Eq. (17). In other words, the approximation considered in this section can at most capture 
the onset of the flattening trend in the ( )

1
NA , ( )

1
NB   bands and fails when N is increased to the 

point where these states become abnormally flat, i.e., where Δω/Kmax  c/ ε  throughout the 
band. More sophisticated approaches are considered below. 
 

 
Table 1. Results of resonant approximation analysis of Eq. (15) with dielectric function given 
by Eq. (5). Three columns correspond to the three resonant photonic band gaps that appear 
in the spectrum of the dual-periodic PhSC. The expressions hold for both even and odd N 
for the choice of parameter s: N = 2s and N = 2s + 1 respectively. 
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3.3 Effective medium approximation 
Gratings written in the core of photosensitive optical fibers are often analyzed with the help 
of coupled-mode theory (CMT) (Marcuse, 1991). In both shallow gratings with long-range 
modulation in fibers (Sipe et al., 1994; Janner et al., 2005) and in our PhSC, the forward and 
backward (locally) propagating waves continuously scatter into each other. The advantage 
of CMT is that it considers the amplitudes of the forward and backward waves directly. This 
tremendously simplifies Maxwell equations. Ref. (de Sterke, 1998) also considered fiber 
gratings with a deep piece-wise constant index modulation. In this section we employ the 
CMT-based method developed by Sipe, et al. (Sipe et al., 1994) to obtain the spectral 
positions of the flat photonic bands formed in a PhSC. 
For shallow modulation, i.e., small Δε, our Eq. (5) can be brought to resemble the model 
function considered in Ref. (Sipe et al., 1994) 

 0 0( ) / = 1 ( ) 2 ( )cos 2 ( )n x n x x k x xσ κ ϕ+ + +⎡ ⎤⎣ ⎦  (18) 

with the following choice of parameters 

0

/ 4
21( ) = cos ;/ 2

1

x x
L

γ ε
πγσ εε

γ

Δ
+ ×
Δ

+
+

 

 
0

/ 8
21( ) = 1 cos ;/ 2

1

x x
L

ε
πγκ γεε

γ

Δ
⎛ ⎞+ × +⎜ ⎟Δ ⎝ ⎠+

+

 (19) 

1/2

0 0 0
/ 2( ) 0; = ; = / .

1
x n k aεϕ ε π

γ
⎛ ⎞Δ

≡ +⎜ ⎟+⎝ ⎠
 

The CMT of Ref. (Sipe et al., 1994) is applicable as long as these functions have a slow 
dependence on x, on the scale much larger than 

1
0k− . This condition is indeed satisfied in the 

PhSC with N 1. 
By introducing small detuning parameter 

0 0
0

0 0

= 1, = k c
n

ω ωδ ω
ω
−  

we can, following Ref. (Sipe et al., 1994), obtain the governing equation for the quantity Ee f f 
related to the envelope of the electric field 

 
2

2 2
02 ( , ) = 0.eff

eff eff

d E
k n x E

dx
ω+  (20) 

Frequency and position dependent effective refractive index 

 2 2 1/2= {( ( ) ) ( ) }effn x xσ κ+ Δ −  (21) 

determines whether propagation is locally allowed (real ne f f ) or forbidden (imaginary ne f f ). 
This is similar to our definition of the local PBG diagram which we studied numerically in 
Section 3. Figure 5b compares CMT’s region of evanescent propagation (solid lines) to the 
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numerical calculation (dashed lines). We attribute the relatively small discrepancy observed 
there to the assumption of shallow modulation made in arriving at Eq. (21). 
Eq. (20) is formally similar to the Schrödinger equation. Our previous analysis shows that 
the single-period states associated with photonic bands ( ) ( ),N N

i iA B  are confined to the region 
of classically allowed propagation, in the language of quantum mechanics. By analogy, the 
Wentzel-Kramers-Brillouin (WKB) approximation of quantum mechanics can be applied 
(Sipe et al., 1994) to determine the quantization of energies inside our optical equivalent of a 
quantum well 

 0( ) = ( , ) = ( 1 / 2)
xR

effxL
I k n x dx mω ω π+∫  (22) 

in which xL and xR are, respectively, the left and right turning points defined by the 
condition ne f f (xL,R,ω) = 0, m is an integer. The solid line in Fig. 5a depicts the value of the 
integral in Eq. (22), as a function of ω, obtained numerically. The filled circles denote the 
frequencies at which quantization condition Eq. (22) is satisfied. In a system with the 
parameters which we used for illustration in previous sections, the obtained solutions are in 
fair agreement with numerical results obtained with the transfer matrix approach described 
in Section 3. This suggests that the index variation given by Δε = 1, ε0 = 2.25 was sufficiently 
small for this approach to still be qualitatively applicable. 
 

 
 

Fig. 5. (a) The value of the integral in Eq. (22), solid line, as a function of frequency is shown. 
For easy comparison with (b), the plot is transposed so that ω is plotted along the y-axis. The 
circles depict frequencies that satisfy the quantization condition of Eq. (22). The dashed lines 
denote the actual position of photonic states, as determined by direct numerical analysis of 
Section 3. (b) Gray-scale plot of Re[ne f f (x,ω)] given by Eq (21). The solid line shows the 
boundary of the regionwhere Im[ne f f (x,ω)] ≠ 0. For comparisonwe also show the local PBG 
of Fig. 1(b), dashed line. In both (a) and (b), the parameters of Fig. 1 are adopted. 
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We finish the current section by noting that it would be desirable to retain the attractive 
property of the CMT envelope approach without being constrained by the condition of 
small refractive index modulation. The latter may not always be justified in the experimental 
situation of interest (Bertino et al., 2004; 2007). In the following section we develop such an 
approach. 

3.4 Bogolyubov-Mitropolsky approach 
In this section we will consider the standing-wave solutions of Eq. (12). In this case, the 
corresponding E(x) can be chosen to be a real function by an appropriate choice of 
normalization. Then, we make the Bogolyubov anzatz (Landa, 2001; Bogolyubov & 
Mitropolsky, 1974): 

 
( )

( )
0

0 0

( ) = ( )cos ( )

( ) / = ( )sin ( ) ,

E x A x k x x

dE x dx k A x k x x

φ

φ

+

− +
 (23) 

where, as in the preceding section, k0 = π/a. The above equations define the amplitude and 
phase functions. Their substitution into Eq. (15) gives the so-called Bogolyubov equations in 
standard form (Landa, 2001; Bogolyubov & Mitropolsky, 1974) 
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2
2
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0

( ) 1= ( ) ( )cos
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φ ω ε φ

ω ε φ

⎡ ⎤
− +⎢ ⎥

⎣ ⎦
⎡ ⎤

− +⎢ ⎥
⎣ ⎦

 (24) 

No approximations have been made so far. The structure of the above equation suggests 
that conditions dA/dx  k0A and dφ/dx  k0φ can be satisfied in the vicinity of the spectral 

region where 2 2 2
0 0 0(1 / ) / ( )k c x k kω ε⎡ ⎤−⎣ ⎦ . Here, the overbar denotes an average over one 

period. Comparison with the analysis in the previous sections shows that this condition is 
satisfied in the vicinity of the primary photonic bandgap. In the system of interest, for which N 

 1, this observation justifies the “averaging-out” of the fast spectral components, which is the 
Mitropolsky technique (Bogolyubov & Mitropolsky, 1974). This averaging procedure leads to 
the following system of nonlinear equations for the slow-varying amplitude and phase 

 
2 2

2
0 02 2
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( ) 1 / 2 2 1= 1 cos 1 cos2 ( )
2 1 2

d x k x x
dx k c c L
φ ω ω ε πε γ φ

γ
⎡ ⎤Δ ⎛ ⎞⎛ ⎞− + + +⎢ ⎥⎜ ⎟⎜ ⎟+ ⎝ ⎠⎝ ⎠⎣ ⎦

 (25) 

 
2

2
0

log ( ) 1 / 2 2= 1 cos sin 2 ( ).
2 1

d A x x x
dx k c L

ω ε πγ φ
γ

Δ ⎛ ⎞+⎜ ⎟+ ⎝ ⎠
 (26) 

In deriving Eqs. (25) and (26) we have used the explicit form of ε(x) given by Eq. (5). 
We begin the analysis of Eqs. (25) and (26) with a discussion of the appropriate boundary 
conditions. In deriving these equations we have limited consideration to real-valued 
solutions of the original Eq. (15), which can be found only for a discrete set of frequencies. 
At these special frequencies, the corresponding amplitude function should reflect the 
periodicity of the dielectric function Eq. (5). This implies that 
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 ( ) = (0)L mφ φ π+  (27) 

 sin 2 (0, / 2, ) = 0.L Lφ  (28) 

The first condition is obtained by requiring sin2φ(x) in Eq. (26) to be periodic. Symmetry of 
the modulation profile A(x), see Fig. 1(a), and continuity of its derivative lead to the 
condition dA(x =0, L/2, L)/dx =0. This can only be satisfied by requiring Eq. (28), because 
other factors on the right hand side of Eq. (26) are positive functions. 
Equation (25) which determines the evolution of the phase is self-contained. Hence, its 
solution together with the constraints given by Eqs. (27) and (28) is sufficient to obtain the 
spectrum of the system and φ(x). The amplitude is to be recovered in the second step by 
simple integration of Eq. (26) with the found phase φ(x). 
Figure 6 shows the solutions of the Eqs. (25, 26, 27, 28) obtained by a fourth order Runge-
Kutta numerical method. In accord with our expectation, for each band there exist two 
solutions φ(x), which correspond to standing-wave band-edge modes at K = 0,π/L, as seen in 
Fig. 6a,e. The corresponding solutions of the amplitude equation, Fig. 6b-d, f-g, agree with 
the envelopes extracted from direct solutions of the Helmholtz equation, Fig. 3. The 
eigenvalues of Eq. (25) also give the frequencies that correspond to band-edge states, and  
 

 
Fig. 6. Numerical solutions of Eqs. (25, 26, 27, 28) are shown. Filled circles in panels a,e 
denote the spatial position where the particular φ(x) is equal to mπ/2. At these special points 
dA(x)/dx = 0 denoted by the vertical dashed lines in b-d and f-g panels. ( )N

iA and ( )N
iB   

denote the low-dispersion photonic bands as defined in Section 3. 
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are also in excellent agreement (the observed deviation is less than 0.1%), Fig. 3. Knowledge 
of the bandedge frequencies allows determination of all parameters of the tight-binding 
approximation for ω(K), Eq. (2). Therefore, the entire band structure in the spectral region of 
each of the flat bands can be obtained solely from solution of the amplitude-phase equation. 
Filled circles in panels a,e of Fig. 6 denote the spatial position where the particular φ(x) is 
equal to mπ/2. At these special points dA(x)/dx = 0, as denoted by the vertical dashed lines 
in b-d and f-g panels. Thus, the overall phase accumulated by φ(x) over one period is an 
important parameter indicative of the spatial structure of the amplitude. At the band-edge 
frequencies of the bands ( )

1
NA and ( )

1
NB  (see Section 3 for notations), the phase is a bounded 

function |φ(x) − φ(0)| ≤ π/2. Therefore, x = 0, L/2, L are the only positions where the 
corresponding amplitude function takes minimum/maximum values. Thus, as seen in Fig. 
6b, f  A(x) has only one “hump” for ( )

1
NA and ( )

1
NB . A comparison of φ(x) computed at the K 

= 0 (solid lines) and K = π/L (dashed lines) edges of each photonic band shows (Fig. 6) that 
the difference occurs in the spatial regions where electromagnetic waves propagate via the 
“tunneling mechanism” in the language of CROWs of Section 3. In these regions A(x) is 
small, which explains the small spectral width of the corresponding photonic bands. 
As the eigenfrequencies of the higher order states 

( ) ( )
2 2, ...N NA B  shift further away from the 

primary band-gap region, Fig. 1b, φ(x) becomes progressively steeper function, leading to a 
steady increase in the number of “humps” in A(x), Fig. 6. This progression accelerates the 
spatial dependence of the amplitude and leads to an eventual breakdown of the scale 
separation approximation used in the derivation of Eqs. (25) and (26). Nevertheless, such a 
loss of applicability occurs well outside the spectral region of interest, demonstrating the 
robustness of the approach developed here. 

3.5 Comparison of theoretical approaches 
Although all of the methods considered above have their limitations, the results obtained 
with each technique complement each other: 
While numerical simulations with transfer matrices in Sec. 3.1 allow one to compute the 
photonic band structure for an arbitrary refractive index modulations, this method, 
however, may not provide a complete physical insight into the nature of the photonic bands. 
The transfer matrix approach allowed us to compare the spectrum of the infinite (periodic) 
crystal with the transmission spectrum of a finite system with a length equal to one period 
of the superstructure. We also were able to identify the individual transmission resonances 
with the photonic bands and found a one-to-one correspondence. Furthermore, the spatial 
distribution of the fields at resonance demonstrated that in the L a limit the envelope 
(amplitude) of the state changes slowly – on the scale of L. 
With a method commonly employed in condensed matter physics, in Sec. 3.2 we 
investigated the resonant interactions between Bloch waves when the second, longer-scale, 
modulation is introduced. It was shown that the flattening of photonic bands is related to, 
but goes beyond band folding. The reduction in the group speed (slow-light effect) arises 
due to increased coupling between Bloch waves with k-vectors at the boundaries of the 
Brillouin zone. The subsequent increase of the band-gap regions “squeezes” the bands 
making them progressively flatter as N = L/a is increased. Although, this approach fails for 
very large N, it still provides an important insight into the origin of the anomalously small 
dispersion in the spectra of PhSCs. 
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Diffraction gratings introduced in optical fibers are often spatially modulated. Coupled-
mode theory has been developed to reduce the problem to a study of the amplitudes of the 
forward and backward propagating waves and to avoid a direct solution of Maxwell’s 
equations. Although the method had been initially developed for optical fibers where the 
induced refractive index contrast is small, the CMT-based approach of Sec. 3.3 provided a 
clear physical picture. It showed that the electromagnetic states of our optical resonators can 
be thought of as eigenstates of the photonic wells. This further reinforced the analogy with 
CROWs that we developed in Sec. 3.1. 
Noting a formal similarity between the Helmholtz equation with the considered dual-
periodic dielectric function Eq. (5) and the equation describing parametric resonance in 
oscillation theory, we adopted an amplitude-phase formalism, accompanied by a separation 
of scales (short a and long L = N × a), Sec. 3.4. In the result we were able to derive a tractable 
set of equations for the envelope functions. This enabled us to study physically meaningful 
mode profiles directly, without assuming small modulations of the refractive index. 

4. Dual periodicity in trench waveguide in photonic crystal slab 
4.1 Slow-light effect in photonic crystal slab 
Photonic crystals have provided a way to control light on a sub-wavelength scale to an 
unprecedented degree (Joannopoulos, 2008). Particularly, the ability of photonic crystal slab 
(PhCS) waveguides (Johnson et al., 1999; 2000; Lončar et al., 2000) to control the propagation 
of light through photonic confinement makes them a versatile tool for use in a wide variety 
of practical applications (Chutinan & Noda, 2000; Krauss, 2003). The planar geometry of the 
PhCS waveguides makes it easy to incorporate them into larger scale integrated optical 
devices. 
By changing the size of structural units (usually a cylindrical holes in a dielectric slab) or 
omitting them altogether along a row in the PhCS lattice, a spatially confined region is 
created where the local effective dielectric constant differs from that in the surrounding 
regions. Thus, a band-edge mode splits off from either the upper or lower photonic band 
and moves into the spectral interval of the photonic bandgap. This allows for the 
propagation of light at such frequencies but only within the confines of the perturbed region 
(Johnson et al., 2000; Lončar et al., 2000). In order to make such a waveguide, it is required to 
use electron-beam lithography to fabricate the carefully designed waveguide region of the 
PhCS as well as the rest of the structure, including the photonic crystal slab itself (Lončar et 
al., 2000). This technique becomes time intensive because each individual structural element 
in the device must be created serially – one element at a time. 
Here we consider a PhCS-based waveguide design which can be implemented with a 
combination of a scalable and cost-effective laser holography (Cho et al., 2005; 2007) and 
photolithography techniques. We show that efficient waveguiding can be achieved by 
creating a shallow trench in the pre-patterned (e.g. holographically) PhCS blank. Making the 
slab locally thinner accomplishes the same goal of perturbing the local effective dielectric 
constant as in more conventional designs. Thus, the waveguiding effect along the trench in 
the photonic slab is achieved without changing the radius of the holes, or making other 
small-feature adjustments (such as displacements) to the holes. This observation shows that 
with the proposed design, one is no longer restricted to the use of e-beam lithography. Our 
study shows that this design yields robust structures, which are expected to be almost 
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insensitive to misalignment of the trench. At the same time, dispersion of the mode can be 
effectively tailored via adjustment of the trench width and its depth. 
We note that the term “trench waveguide” was used by Yu. Vlasov and coworkers (Vlasov 
et al., 2004) in the context of a different structure – a uniform rectangular waveguide 
separated from PhCS’s on both sides by small gaps (trenches). 
We also make another observation, interesting from a conceptual point of view: unlike the 
guiding along a ridge which is also known in uniform (not PhCS) dielectrics, the guiding 
along a trench region is unique to the PhCS. In the latter system the vertical confinement 
does not originate from total internal reflection, but rather is related to the modifications of 
the optical dispersion due to the intrinsic periodicity in the PhCS. 
Similar to other PhCS waveguides (when prepared on dielectric substrates), the trench 
waveguide suffers from propagation losses due to coupling between the guided mode and 
the bulk PhCS modes of the opposite parity (symmetry). In Sec. 4.2.3 we show that this 
effect is quite small in e.g. structures made of silicon. Thus, the trench waveguides could be 
used as an inexpensive alternative to carry optical signals over relatively short distances. 
In Sec. 4.4 we demonstrate that when the trench waveguide is rotated with respect to the row 
of holes in the PhCS, the structure can be viewed as coupled-resonator optical waveguide 
(CROW) (Yariv et al., 1999) based on dual-periodic photonic crystal considered in Sec. 2,3. This 
makes our structures suitable for such applications as delay lines, optical storage, or 
coherently-coupled arrays of microlasers (Olivier et al., 2001; Karle et al., 2002; Yanik & Fan, 
2004; Happ et al., 2003; Altug & Vučković, 2004). 
Microlasers based on PhCS (Painter et al., 1999; Park et al., 2004) have attracted a great deal 
of attention due to low lasing thresholds and the possibility of on-chip integration. To 
increase the optical output and its efficiency, systems containing multiple coupled cavities 
were considered (Happ et al., 2003; Altug & Vučković, 2004). Usually, the efficiency of direct 
optical coupling between the microresonators is limited by the scalability of the fabrication 
process, as well as the ability to reliably reproduce cavities. In Sec. 4.4 we show that because 
different sections of the same (rotated) trench waveguide act as the optical cavities, the 
resonator uniformity is ensured. This feature of our design is expected to promote the optical 
coupling between individual resonators. 

4.2 Formation of a guided mode in trench waveguide 
4.2.1 Geometry 
To investigate how the presence of a trench affects the optical properties of the PhCS, we 
computed the band structure ωi( k ) of several systems such as those shown in Fig. 7 with a 
plane-wave expansion method (Johnson & Joannopoulos, 2001). This method also provides 
us with the spatial distribution of the electric and magnetic fields at the eigen-frequency 
ωi( k ) found for the given wave vector k . Because we are interested in the waveguiding 
properties of the structure, k will point in the direction of the trench. 
In order to create a waveguiding channel, a line defect must be made in an existing photonic 
crystal slab. Rather than perturbing the shape/size of the holes, we alter the height of a 
linear region (stripe) of the material. Fig. 7 shows an example of one of the structures being 
considered. The system is a free-standing slab of silicon with a dielectric constant εslab = 12.0, 
and surrounding dielectric material of εair =1.0. The dimensions of the structure are given in 
terms of the hexagonal lattice unit a, with the entire cell having dimensions of 
2 a×1a×4a,which can be varied to achieve the desired level of accuracy. The radius of the 
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holes in the PhCS is r = 0.3a. A parameter Δ controls the width of the linear defect, with  
Δ = 1.5 × ( a/2) corresponding to the distance between two rows of holes. The height of 
the slab h as well as its height in the waveguiding region, d, are the parameters the effects of 
which are to be investigated. 
 

 
Fig. 7. An example of the computational super-cell being modeled (repeated by a factor of 
three in the y-direction for clarity). A linear defect, the trench, is created along y-axis in 
freestanding (membrane) PhCS structure with the dielectric constant of εslab = 12.0. 

4.2.2 Symmetry considerations 
In 2D or planar photonic structures such as a PhCS, the system parameters can be chosen 
such that a sizable photonic bangap can exist in the spectrum of either odd, TM-like, modes 
(e.g. high-index dielectric cylinders in air) or even, TE-like, modes (e.g. cylindrical air-holes 
in a high-index background) but not both simultaneously. The latter geometry, currently 
prevailing experimentally, is considered in this current work. Importantly, the very 
existence of the photonic bandgap relies on the possibility to separate TM- and TE-like 
modes into two non-interacting classes of modes. Our structure, c.f. Fig. 7, lacks the mirror-
reflection symmetry with respect to the z = 0 plane dissecting the PhCS. The rest of this 
section will be devoted to the consequences of the interaction of the two classes of modes 
and the resulting detrimental effects of cross-talk between them. 
While the systems we consider are not vertically symmetric, as we show below it is still 
possible to use an odd-like and even-like symmetry approach (with respect to the z-axis) to 
these systems. The solutions, while not having full odd or even symmetry, retain a large 
amount of their odd/even character, c.f. Fig. 8. 
To illustrate the above point, we compare two systems schematically depicted on the inset of 
Fig. 9, both with the same parameters of Δ = 1.5, h = 0.5a and d = 0.4a (thickness of PhCS in 
the trench region). The first system is vertically symmetric, with two trench (stripe) regions – 
one above and one below the PhCS – being removed. The second system is our original 
geometry, c.f. Fig. 7, which is not vertically symmetric. Fig. 9 plots the odd (red) and even 
(blue) modes of the symmetric system, as well as the full inseparable band structure for the 
non-symmetric system (black). The agreement between the non-symmetric and symmetric 
case is extremely high, except for the anti-crossing region highlighted with an arrow. This 
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observation suggests that the non-symmetric modes still have a high degree of odd and 
even character. Fig. 8b displays both ℜ[Hz(x,y, z = 0)] of the guided mode at the Brillouin 
zone boundary k = 0.5, as well as its z-profile |∫ ∫ Hz(x,y, z)dxdy|. The results demonstrate 
that the mode is indeed highly z-symmetric and confined to the trench. 
 

 
Fig. 8. (a)ℜ[Hz(x,y, z = 0)] for the waveguiding mode in the trench waveguide, see text.  
(b) |∫∫ Hz(x,y, z)dxdy| for the same mode, demonstrating its vertical confinement. 
 

 
Fig. 9. Band structure diagram for even (blue) and odd (red) modes of the system symmetric 
about z = 0, and the inseparable band structure (black) of the system that is not symmetric 
about z = 0. The inset schematically shows xz cross-sections of both systems. The band 
structures of the symmetric and asymmetric waveguides are almost identical with exception 
of small deviations in the vicinity of the anti-crossing regions. 
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4.2.3 Cross talk between modes of different symmetries 
The coupling between the waveguiding mode (which is, as seen in the above Sec. 4.2.2, 
predominantly even) and the odd modes leads to propagation loss. This is because the 
energy transfered to an odd mode is no longer spatially confined to the region of the 
waveguide and is irreversibly lost. To assess the efficacy of the waveguiding in PhCS with 
the trench, one needs to quantify the extent of the cross-talk. 
In order to address this question, we compared magnetic field profiles of the waveguiding 
mode (even-like) with the odd bulk mode for the frequencies close to the anti-crossing, Fig. 

9. We examined the overlap between two modes 
2

*
,1 ,2= ( ) ( )z zH H dVδ ∫ r r . Here, we assumed 

the H fields to be already normalized. Fig. 10(a,b) plots the band structure for Δ=1.5( a/2), 
h = 0.5a, d = 0.4a, and the values of  for different branches of the dispersion curve. The 
frequency scales are aligned along the y-axis so the value of the overlap is plotted along the 
x-axis in Fig. 10b. The calculations indicate that the overlap between the bulk mode and the 
mode from a waveguiding branch is indeed small (no greater than ∼ 2%). As expected, the 
degree of the overlap within the other branch gradually increases away from the anti-
crossing. We argue that making the trench deeper (smaller d) and narrowing the width of 
the trench (smaller Δ) decreases the even- and odd- like character of the modes. The 
reasoning is the following: by decreasing the depth of the waveguiding region, one is 
introducing larger perturbations to the ideal, symmetric slab about z =0. Thus, the odd-like 
and even-like modes interact to a greater extent, and the odd-even symmetry is lost. Further, 
this should be seen in the overlap between the once even-like mode and the odd bulk mode. 
If odd-even symmetry has decreased, then one expects the overlap to be greater. Indeed, the 
calculations performed for a structure with Δ = 1.25( a/2), h = 0.5a, d = 0.3a yield the 
results qualitatively similar to those in Fig. 10, but with greater degree of the overlap. 
 

 
Fig. 10. (a) Band structure diagram for h = 0.5a, d = 0.4a in the spectral vicinity of the region 
of the strongest leakage of the guided mode (low dispersion curve). (b) plots (on the x-axis) 
the overlap between the guided mode and the bulk mode of the opposite (odd) symmetry. 
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4.3 Control over the properties of the mode 
4.3.1 The effect of trench depth 
In Sec. 4.2.3 we have found that when the trench becomes too deep, the loss of the even 
symmetry of the guided mode may lead to increased propagation losses. Here, we 
investigate the possibility of tuning the optical properties of the trench waveguide while 
keeping it shallow (h − d)  h. 
We varied the parameter d between d = 0.36a and d = 0.46a in steps of d = 0.02a, while Δ = 
1.5 × ( a/2) and h = 0.5a were kept constant for all structures. The resulting dispersion 
relations are plotted in Fig. 11. One observes that for lower values of d, the frequency of the 
guided mode increases. This is to be expected, as the mode propagating in structures with a 
deeper trench (smaller d) should have more spatial extent in regions of air. The associated 
lowering of the effective index experienced by these modes leads to the increase of their 
frequency  

1
effnω −∝ . 

 

 
Fig. 11. Dispersion relations for the guided mode in the trench PhCS waveguide with 
parameters h = 0.5a, Δ = 1.5( a/2), and different values of d. The even bulk PhCS modes 
are superimposed as gray regions. A decrease in the depth of the trench (h − d) leads to the 
decrease in the frequency of the guided mode in accordance with the effective index 
argument, see text. 

4.3.2 Trench displacement 
One of the structural parameters important from the experimental point of view is the 
alignment of the trench waveguide with the rows of cylindrical air-holes in the PhCS. To 
demonstrate the robustness of the waveguiding effect in our design, we studied the 
dependence of the band structure on the trench position. We introduce a displacement 
parameter td which measures the distance between the middle of the trench and the line 
containing the centers of the air-holes. By our definition, the maximum amount of trench 
displacement is td,max = a × ( /4). By symmetry, any larger displacements are identical to 
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one in 0 ≤ td ≤ td,max interval. The parameter td was varied in this range in steps of td 

=0.2×td,max, while Δ = 1.5× ( a/2) and h = 0.5a were kept constant for all iterations. The 
dispersion relation plots are presented in Fig. 12. 
As td approaches td,max, we note that the frequency of the waveguiding band shifts only 
slightly to lower frequencies. Thus, fabrication errors in the alignment of the trench with the 
background photonic crystal slab should have minimal effects on the frequency of the band. 
The most pronounced dependence on td appears at the edge of the Brillouin zone, k = 1/2. At 
td = td,max a degeneracy created between the guided mode and the next highest-frequency 
even-like mode; the trench waveguide no longer operates in a single mode regime. This 
degeneracy can be explained by studying the z-component of the magnetic field, Hz. Fig. 12b 
plots ℜ[Hz(x0,y, z)] for the guided mode with td = 0 (upper panel) and td = td,max (lower panel). 
x0 corresponds to the line containing the centers of the airholes. At td,max displacement, an 
additional symmetry appears due to the fact that the trench is centered at the midpoint 
between two consecutive rows of air-holes. As highlighted by the structure of the mode in 
Fig. 12b, the combination of translation by a/2 along the direction of the trench (y-axis) and 
the y − z mirror reflection leaves the structure invariant. Thus, the effective index sampled 
by two modes related by the above symmetry transformation, is identical. For the k-vectors 
other than 1/2, the two modes remain spectrally separated for a large range of td, making 
the system robust against misalignment errors during fabrication. 
 
 

 
 

Fig. 12. Dispersion relations for h = 0.5a, d = 0.4a, and different values of the horizontal 
position td is shown in (a). The even bulk PhCS modes are superimposed as gray regions. 
One notes that as td approaches td,max the bands become degenerate at the edge of the 
Brillouin zone. Panel (b) depicts the guided mode with k = 1/2 for the trench centered at 
(upper) or between (lower) rows of holes. Degeneracy of the lower mode for which td = td,max 
is explained by the added symmetry of the trench for this particular value of td. This 
symmetry involves a/2 translation and mirror reflection, see text. 
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4.4 Rotated trench waveguide as an array of coupled micro-cavities 
As previously discussed in Sec. 4.1, a wide range of new phenomena is expected when the 
direction of the trench waveguide is rotated with respect to the direction of the row of holes. 
Indeed, a rotation of the trench creates modulations along the waveguide – the trench 
alternates between the regions where it is centered on a hole and those between holes. We 
will see that these regions play the role of optical resonators which are optically coupled (by 
construction) to form a coupled resonator optical waveguide (CROW) (Yariv et al., 1999). 

4.4.1 Effective index approximation analysis 
In order to quantify the orientation of the trench, we use a parameter α, the angle between 
the trench and the row of holes in the nearest neighbor direction. The investigation of such 
structures can still be accomplished with the plane wave expansion method of Ref. (Johnson 
& Joannopoulos, 2001). The required super-cell, however, is greatly increased (c.f. Fig. 15 
below). To allow the detailed qualitative study of the rotated trench structures, we first 
adopt an effective index approximation (Qiu, 2002), reducing the structures to two 
dimensions. The slab is now a 2D hexagonal lattice with the background dielectric constant  
ε = 12.0, with holes of radius r = 0.4a and εair = 1.0. The trench is represented by a stripe 
region with the reduced dielectric constant of ε = 3.0. A band gap is present in the spectrum 
of the TE-polarization modes propagating though this structure, with the guided mode of 
the same polarization. Similar to the original 3D system, the frequency of the mode is 
displaced up into the band gap due to the linear defect. An example of the super-cell of the 
2D dielectric structure being modeled is depicted in the inset of Fig. 13a. 
 

 
Fig. 13. (a) Band structure for the aligned trench waveguide α = 0˚ (solid line) is compared to 
the extended Brillouin zone band structures of the rotated trench waveguides with α = 9.8˚ 
(squares), α = 7.1˚ (triangles), and α = 4.9˚ (diamonds). The slowest group velocity (flattest 
band) occurs for the intermediate α = 7.1˚. The inset shows the 2D effective-medium 
approximation of the 3D trench. (b) n(xt) as a function of trench coordinate xt. n(xt) is 
modulated in a periodic fashion, allowing for the 1D photonic crystal methods to be applied. 

We consider trenches with a small rotation from the M-crystallographic direction of the 
hexagonal lattice. The smallness of the angle is determined in comparison to the other 
nonequivalent direction, K, which is separated by an angle of 30˚. We studied the rotated 
trench waveguides with several values of α; here we report the results on α = 9.8˚, 7.1˚ and 
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4.9˚. In order to model the structures with such small angles, a large (along the direction of 
the waveguide) computational super-cell is needed. As the result, the band structure of 
trench is folded due to reduction of the Brillouin zone (BZ)(Neff et al., 2007). Even when 
unfolded, the size of the BZ is reduced because a single period along the direction of the 
trench contains several lines of air-holes. Thus, to compare the dispersion of the rotated 
waveguide to that of the straight one, in Fig. 13a we show their band structures in the 
extended form. The obtained series of bands correspond to the different guided modes of 
the trench waveguide. Strikingly, we observe that the group velocity vg = dω(k)/dk 
associated with different bands varies markedly, c.f. bands (a,b) indicated by the arrows in 
Fig. 13a. The origin of such variations is discussed below. 

4.4.2 Coupled resonator optical waveguide (CROW) description 
As the trench defect crosses the lines of air-holes in the PhCS, the local effective index 
experienced by the propagating mode varies, c.f. inset in Fig. 13a. This creates a one-
dimensional sequence of the periodically repeated segments with different modulations of 
the refractive index. Indeed, Fig. 13b shows the refractive index averaged over the cross-
section of the trench and plotted along the waveguide direction. As it was shown Sec. 2, 3, 
this dual-periodic (1D) photonic super-crystal acts as a periodic sequence of coupled optical 
resonators. Furthermore, comparison of two modes in Fig. 14 demonstrates that at some 
frequency, a segment of the trench may play the role of the cavity, whereas at another, this 
particular section of the trench may serve as a tunneling barrier. This is similar to our results 
in Fig. 1b. 
For applications such as optical storage or coupled laser resonators, small-dispersion modes 
(slow-light regime) are desired (Vlasov et al., 2005; Baba & Mori, 2007). Examining Fig. 13 
we find that the band with the smallest group velocity (marked with (b) in the figure) occurs 
at α = 7.1˚. Comparison of the fast (a) and slow (b) modes, c.f. Figs. 13a, 14, provides a clue 
as to why there might exist such a dramatic variations in the dispersion. For mode (a) the 
resonator portion of the trench is long, whereas the barrier separating two subsequent 
resonator regions is short. The corresponding CROW mode is extended with weak 
confinement and high degree of coupling between the resonators. For mode (b) the 
resonator regions appear to be well separated, thus the cavities provide good confinement 
while the coupling is quite weak. This results in low dispersion of the CROW band (b). 
 

                                           (a)                                                                               (b) 

 
Fig. 14. Spatial distribution of the wave-guidingmode, |Hz|2, for the fast- and the slow-
bands denoted as (a) and (b) in Fig. 13a. 



Dual-Periodic Photonic Crystal Structures  

 

25 

Our analysis of 1D structures in Ref. (Yamilov & Bertino, 2008) showed that increasing the 
period of the super-modulation monotonously leads to flatter bands – simultaneously 
enhancing confinement and weakening inter-cavity coupling. In the effective index 
approximation of our trench waveguide, an increase of the super-modulation corresponds 
to the decrease of the angle of rotation of the trench α. Lack of such a uniform reduction in 
the group velocity of the guided modes with the decrease of α (in the system considered, the 
minimum in vg occurs for the intermediate value of α = 7.1˚) shows that the reduction to 1D 
system (such as in Fig. 13b) may not be fully justified. In other words, the position of the 
trench with relation to the PhCS units is important in formation of the optical resonators, 
hence, simulation of a particular structure in hand is required. 

4.5 Implementation of trench-waveguide 
Although the band structure computations become significantly more challenging when one 
relaxes the effective index approximation employed in Sec. 4.4.1, 4.4.2, our CROW 
description of the guided modes in the rotated trench waveguide remains valid. Fig. 15 
shows a representative mode found in the full 3D simulations. In the realistic 3D systems 
the CROW description is further complicated (Sanchis et al., 2005; Povinelli & Fan, 2006) due 
to the need to account not only the in-plane confinement 1/Q║ but also the vertical 
confinement factor 1/Q⊥ even in a single cavity (a single-period section of the trench). 
Indeed, since the total cavity Q-factor contains both contributions 1/Q = 1/Q║ +1/Q⊥, the 
structures optimized in the 2D-approximation simulations which contain no Q⊥, no longer 
appear optimized in 3D. 
 

 
Fig. 15. A representative example of the guided mode obtained in full 3D simulation of the 
rotated trench waveguide. The system parameters are chosen as in Sec. 4.3, α = 9.8˚. 

Several designs aim at optimization of PhCS-based resonator cavities by balancing Q║ and 
Q⊥ via “gentle localization” (Akahane et al., 2003), phase slip (Lončar et al., 2002; Apalkov & 
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Raikh, 2003) or double heterostructure (Song et al., 2005). In Ref. (Yamilov et al., 2006) we 
also demonstrated how random fluctuation of the thickness of PhCS give rise to self-
optimization of the lasing modes. The results of Sec. 4.4.1, 4.4.2 suggest that by varying such 
structural parameters of the trench waveguide as its width, depth and the rotation angle, a 
variety of resonator cavities is created. Thus, we believe that, given a particular 
experimental realization, it would be possible to optimize the guided modes of the trench 
waveguide for the desired application. We stress that the adjustment of all three structural 
parameters of the considered design does not require the alteration of the structural unit of 
PhCS – the air-hole – and it should be possible to fabricate a trench waveguide in a PhCS 
“blank” prepared e.g. holographically. Therefore, the fabrication process of the finished 
device involving the trench waveguides may be accomplished without employing (serial)  
e-beam lithography opening up a possibility of parallel mass production of such devices. 

5. Summary and outlook 
In this contribution we presented the analytical and numerical studies of photonic super-
crystals with short- and long-range harmonic modulations of the refractive index, c.f. Eq. (1). 
Such structures can be prepared experimentally with holographic photolithography, Sec. 2. 
We showed that a series of bands with anomalously small dispersion is formed in the 
spectral region of the photonic bandgap of the underlying single-periodic crystal. The 
related slow-light effect is attributed to the long-range modulations of the index, that leads 
to formation of an array of evanescently-coupled high-Q cavities, Sec. 3.1. 
In Sec. 3, the band structure of the photonic super-crystal is studied with four techniques: (i) 
transfer matrix approach; (ii) an analysis of resonant coupling in the process of band folding; 
(iii) effective medium approach based on coupled-mode theory; and (iv) the Bogolyubov- 
Mitropolsky approach. The latter method, commonly used in the studies of nonlinear 
oscillators, was employed to investigate the behavior of eigenfunction envelopes and the 
band structure of the dual-periodic photonic lattice. We show that reliable results can be 
obtained even in the case of large refractive index modulation. 
In Sec. 4 we discussed a practical implementation of a dual-periodic photonic super-crystal. 
We demonstrated that a linear trench defect in a photonic crystal slab creates a periodic 
array of coupled photonic crystal slab cavities. 
The main message of our work is that practical slow-light devices based on the coupled-cavity 
microresonator arrays can be fabricated with a combination of scalable holography and photo-
lithography methods, avoiding laborious electron-beam lithography. The intrinsic feature 
uniformity, crucial from the experimental point of view, should ensure that the resonances 
of the individual cavities efficiently couple to form flat photonic band and, thus, bring about 
the desired slow light effect. Furthermore, the reduction in fabrication costs associated with 
abandoning e-beam lithography in favor of the optical patterning, is expected to make them 
even more practical. 
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1. Introduction 
1.1 Photonic crystals 
In this chapter we will focus on two-dimensional photonic crystal devices and emphasize 
their use as building blocks in photonic integrated circuits with applications in high 
bandwidth optical communication systems. In particular we will discuss recent progress in 
designing high quality (Q) factor resonant cavities for building efficient micro- and nano-
cavity lasers. The first section will provide a brief overview of two-dimensional photonic 
crystals and motivate their use in photonic integrated circuits. This will be followed by a 
first principles derivation of the role of the Q factor in estimating laser threshold. We will 
then focus on the photonic crystal heterostructure cavity due to its exceptionally large Q 
factor. Its spectral and modal properties will be discussed, and its use as a high output 
power edge-emitting laser will be presented. We conclude with remarks on continuous 
wave laser operation via heat sinking lower substrates and the issue of out-of-plane loss. 
The term photonic crystal refers to any structure with a periodic variation in its refractive 
index (John, 1987; Yablonovitch et al., 1991; Joannopoulos et al., 1995). The periodicity can be 
in one, two or three spatial dimensions and can introduce a photonic bandgap (a range of 
frequencies for which electromagnetic radiation is non-propagating) with the same 
dimensionality. The bandgap arises due to Bragg reflection and occurs when the spatial 
periodicity has a length scale approximately one half that of the incident electromagnetic 
radiation. This same phenomenon gives rise to the electronic bandgap in semiconducting 
materials. Examples of photonic crystal structures with periodicity in varying spatial 
dimensions are shown in Figure 1. One dimensional photonic crystals have found many 
technology applications in the form of Bragg reflectors which are part of the optical 
feedback mechanism in distributed feedback lasers (Kogelnik & Shank, 1971; Nakamura et 
al., 1973) and vertical cavity surface emitting lasers (Soda et al., 1979). Two and three 
dimensional photonic crystals have been the subject of intense research recently in areas 
related to sensing (Lončar et al., 2003; Chow et al., 2004; Smith et al., 2007), 
telecommunications (Noda et al., 2000; McNab et al., 2003; Bogaerts et al., 2004; Notomi et 
al., 2004; Noda et al., 2000; Jiang et al., 2005; Aoki et al., 2008), slow light (Vlasov et al., 2005; 
Krauss, 2007; Baba & Mori, 2007; Baba, 2008) and quantum optics (Yoshie et al., 2004; Lodahl 
et al., 2004; Englund et al., 2005). 
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Fig. 1. Images depicting photonic crystals with periodicity in (a) one dimension, (b) two 
dimensions and (c) three dimensions. 

Figure 1(b) displays a semiconductor slab perforated with a two-dimensional triangular 
array of air holes. Because of the periodic refractive index, the in-plane propagating modes 
of the slab can be characterized using Bloch’s theorem. In the vertical, out-of-plane direction, 
the modes are confined via index guiding, and Figure 2(a) illustrates typical guided and 
radiation modes. These modes are peaked near the center of the slab and are either 
evanescent (guided) or propagating (radiation) out-of-plane. Figure 2(b) is a photonic band 
diagram corresponding to a photonic crystal structure similar to that shown in Figure 1(b) 
and Figure 2(a). The left vertical axis is written in terms of normalized frequency where a 
corresponds to the lattice constant of the photonic crystal, and c is the vacuum speed of 
light. The right vertical axis is denormalized and written in terms of free space wavelength 
using a lattice constant of a = 400nm. The photonic bandgap corresponds to the normalized 
frequency range 0.25-0.32 where there are no propagating modes in this structure. Using a 
lattice constant of a = 400nm places the near infrared fiber optic communication 
wavelengths of 1.3μm (low-dispersion) and 1.5μm (low-loss) within the bandgap making 
this geometry amenable to applications in fiber optic communication systems. The shaded 
regions on the left and right sides of Figure 2(b) represent the projection of the light cone 
onto the various propagation directions which is a result of the vertical confinement 
mechanism being due to index guiding. Photonic crystal modes that overlap the shaded 
regions in Figure 2(b) correspond to the radiation modes in Figure 2(a). Figure 2(b) shows 
the dispersion for the three lowest frequency bands with transverse electric polarization 
(out-of-plane magnetic field has even vertical symmetry). Figure 2(c) illustrates a unit cell 
corresponding to a triangular lattice photonic crystal. The band diagram in Figure 2(b) was 
calculated using the three-dimensional finite-difference time-domain method (Taflove & 
Hagness, 2000). The computational domain is similar to that shown in Figure 2(c) where the 
in-plane boundaries are terminated using Bloch boundary conditions. More details about 
this approach can be found in (Kuang et al., 2007). Photonic crystal geometries represent 
complicated electromagnetic problems and almost always demand a numerical approach 
for their analysis. Several numerical methods for solving Maxwell’s equations exist. Some 
examples include the finite-element method (Kim 2004), transmission line method (Benson 
et al., 2005), scatterning based methods (Peterson et al., 1998; Sadiku 2000) and plane wave 
expansion methods for periodic structures (Joannopoulos et al., 1995; Sakoda 2001). In this 
work, we will be using the finite-difference time-domain method due to its generality, 
simplicity and linear scaling with problem size. For the band structure in Figure 2(b), the 
refractive index of the slab was set to n = 3.4, the hole radius to lattice constant ratio was set 
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to r/a = 0.29 and the slab thickness to lattice constant ratio was set to d/a = 0.6. These 
photonic crystal geometry parameters will hold for the rest of the devices analyzed in this 
chapter. 
 

 
Fig. 2. (a) Cross section of a two-dimensional photonic crystal defined in a dielectric slab of 
finite thickness. The field distribution in the vertical direction for guided and radiation 
modes is shown. (b) Photonic band diagram for a two-dimensional photonic crystal defined 
in a single-mode slab. c denotes free space speed of light. a denotes the lattice cosntant. The 
diagram depicts the lowest three bands for the TE-like modes of the slab. The inset shows 
the region of the first Brillouin zone described by the dispersion diagram. (c) A unit cell of a 
triangular photonic crystal lattice and the phase relationships between the boundaries 
determined by Bloch’s theorem. 

1.2 Defects in two-dimensional photonic crystals 
Much of the versatility and device applications of two-dimensional photonic crystal 
structures are associated with the introduction of defects into the periodic lattice. Figure 3(a) 
displays the out-of-plane component of the magnetic field of a typical mode associated with 
a photonic crystal waveguide formed by removing a single row of holes along the Γ − K 
direction. For the TE-like modes of the slab, only the Ex, Ey and Hz fields are nonzero at the 
midplane, and Hz is displayed due to its scalar nature. It is clear that the mode is localized to 
the defect region along the y-direction due to the photonic crystal bandgap, and 
confinement along the z-direction is due to index guiding as discussed with regard to Figure 
2(a). Figure 3(b) displays the unit cell used in the computation of the field shown in Figure 
3(a). The finite-difference time-domain method was used with Bloch boundary conditions 
along the x-direction (Kuang et al., 2006). Figures 6(b) and 7 depict photonic crystal 
waveguide dispersion diagrams. The mode depicted in Figure 3(a) is associated with the 
lowest frequency band in the bandgap and a propagation constant of βa = 1.9. It has been 
shown that photonic crystal waveguides are capable of low loss optical guiding (McNab et 
al., 2003) and have the ability to redirect light along different directions in-plane with low 
loss waveguide bends (Shih et al., 2004). 
Figure 3(c) displays the z-component of the magnetic field corresponding to a typical 
resonant mode of an L3 cavity (Akahane et al., 2003, 2005). The L3 cavity is formed by 
removing three adjacent holes along the Γ − K direction in a triangular photonic crystal 
lattice. The two dimensional in-plane confinement due to the photonic crystal bandgap is 
apparent. In the case of photonic crystal defect cavities, a single unit cell with Bloch 
boundary conditions is no longer applicable, and large three dimensional computational 
domains must be analyzed. Such a cavity can be used as an optical filter, an optical buffer or 
a laser. 
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Fig. 3. (a) Hz(x,y, z = 0) for a typical photonic crystal waveguide mode. z = 0 corresponds to 
the midplane of the slab as shown in Figure 2(a). (b) The unit cell of a photonic crystal 
waveguide and the phase relationship between the boundaries determined by Bloch’s 
theorem. (c) Hz(x,y, z = 0) for a typical L3 cavity mode. 

1.3 Photonic integrated circuits 
Photonic integratration is analogous to the integration of electronic devices on a silicon chip. 
Typical microprocessors contain on the order of 109 transistors in an area on the order of 
1cm2. Such dense device integration has resulted in microprocessors with exceptional 
functionality. And because the devices share a common substrate and metal wiring network, 
they can be mass produced with limited overhead costs. 
Similar to electronic integrated circuits, photonic integrated circuits are useful for any 
application in which a large number of devices need to be contained in a confined space. 
Photonic integrated circuits have a variety of applications including telecommunications, 
sensing and imaging. In telecommunication systems photonic integrated circuits have the 
potential for lower cost systems due to reduced packaging costs, improved reliability due to 
reduced alignment errors and improved bandwidth through all optical signal processing. 
Another application of photonic integrated circuits is in optical buses in multicore computer 
architectures. The inter-core communication and off-chip memory access can be a 
performance bottleneck for applications with heavy memory access. Optics has the potential 
to improve memory access bandwidth due in part to its ability to transmit signals at 
multiple wavelengths through a single waveguide. It also has the advantage of operating at 
a lower temperature due to the absence of resistive heating. 
Figure 4 shows a schematic diagram of a photonic crystal based photonic integrated circuit 
that includes sources, modulators, filters and detectors integrated on a single chip. This 
particular structure consists of a bus waveguide passing from left to right carrying 
modulated optical signals at wavelengths λ1 and λ2. First, the signals encounter frequency 
selective filters which couple the filtered signal to an optical detector. On-chip lasers 
operating at λ1 and λ2 generate a new carrier beam which is modulated and rerouted to the 
bus waveguide. The input and output ports could lead to other on-chip processing or to 
coupled optical fibers. From this simple example, it is clear that photonic crystals offer a 
versatile platform for realizing a variety of different devices by local rearrangements of the 
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Fig. 4. Schematic diagram depicting a simple photonic crystal based photonic integrated 
circuit. 

hole pattern. It is this flexibility along with their dispersive properties and high Q factor 
cavities that make photonic crystals an interesting candidate for photonic integration. 
Furthermore, devices based on photonic crystals have the potential to occupy smaller spaces 
than devices based on index guiding. In the remainder of this chapter we will focus our 
attention to aspects of designing photonic crystal cavities for on-chip laser sources. 

2. High quality factor photonic crystal cavities 
2.1 Role of the quality factor in determining laser threshold 
The Q factor is a figure of merit used to quantify the radiation losses of an optical resonator. 
Formally it is defined by 

 0= .UQ dU
dt

ω 〈 〉

−〈 〉
 (1) 

where ω0 is the resonance frequency, and the angled brackets denote a time-average over an 
integer number of optical periods. U represents the electromagnetic energy and is given by 

 1= [
2

U ∫ ε
1 ] .
2

E E H H dVμ⋅ + ⋅  (2) 

where ε represents the electric permittivity, E  represents the electric field, μ represents the 
magnetic permeability and H  represents the magnetic field. Equation 1 can be considered a 
first order ordinary differential equation in 〈U〉. Its solution is 

 0( ) = (0) exp( / ).U t U t Qω〈 〉 〈 〉 −  (3) 
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Equation 3 tells us that the temporal decay of the electromagnetic energy stored in a large Q 
factor cavity will be slower than that of a low Q factor cavity. From Eq. 3 a photon lifetime 
can be defined as τp = Q/ω0. This quantity is related to the average length of time that a 
photon spends inside a cavity. It is clear that a large Q factor results in a long photon 
lifetime. 
In order to illustrate the precise role that the Q factor plays in designing efficient, low-
threshold lasers, we will derive the laser threshold condition applicable to photonic crystal 
resonant cavities made from semiconductor active material (Mock & O’Brien, 2009a). 
Equation 4 is the Poynting theorem in its time averaged form and is a statement of 
electromagnetic energy conservation. S  is the Poynting vector and is given by =S E H× . 
Its closed surface integral represents the power radiated through the surface. Pa represents 
absorbed power which in the case of a semiconductor active material would occur in regions 
of the structure in which the carrier population is not inverted. Ps represents supplied power 
coming in the form of optical gain resulting from an external energy source. 

 = a s
US dA P P
t

∂
〈 〉 ⋅ −〈 〉 − 〈 〉 + 〈 〉

∂∫  (4) 

If one considers a passive cavity in which Ps = Pa = 0 and substitutes dU/dt in Equation 1 into 
Equation 4 one gets 

 0= .m
m

p

US dA
Q

ω 〈 〉
〈 〉 ⋅∫  (5) 

where the subscript m is used to specify that the Poynting vector and electromagnetic 
energy correspond to a specific mode m whose passive Q factor is given by Qp. The basic 
idea behind laser threshold is that the optical loss mechanisms should be exactly 
compensated by an optical power source which comes in the form of optical gain (Schawlow 
& Townes, 1958). At threshold when the loss just equals the gain, the temporal rate of 
change of the energy in the cavity is zero, and we can set dU/dt = 0 in Equation 4. If we then 
use Equation 5 in Equation 4, the result is 

 0 = .m
a s

p

U P P
Q

ω 〈 〉
+ 〈 〉 〈 〉  (6) 

Equation 6 is the laser threshold condition. The first term on the left side represents passive 
cavity (radiative) losses. The second term represents active cavity (absorptive) losses. The 
right side represents the supplied power required to offset the optical losses. From the first 
term in Equation 6, it is apparent that the passive Q factor should be as large as possible so 
as to reduce the radiative losses and thus the power required to reach threshold. It should be 
noted, however, that a high Q factor cavity often results in reduced output power, and 
tradeoffs between low threshold and sufficient output power should be considered when 
designing a prospective cavity for chip-scale laser applications. 

2.2 Two-dimensional photonic crystal cavities 
Figure 5 displays four cavity designs as well as the evolution of their Q factors over the 
passed decade. Early photonic crystal cavities were formed by removing a single hole from 
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a uniform lattice (Painter et al., 1999; Ryu et al., 2002). More recently, linear defects have 
been shown to have higher Q factors than single missing hole cavities (Akahane et al., 2003, 
2005), and the photonic crystal double heterostructure cavity has been shown to have the 
largest Q factor among two-dimensional photonic crystal cavities (Song et al., 2005; Tanaka 
et al., 2008). Because of its exceptionally high Q factor and small mode volume, the photonic 
crystal double heterostructure has been the subject of intense research for building efficient 
chip scale optical sources and will be highlighted in what follows. 
 

 
Fig. 5. Quality factor for different two-dimensional photonic crystal cavities as a function of 
time. Data points and figures come from (Painter et al., 1999; Ryu et al., 2002; Akahane et al., 
2003; Zhang & Qiu, 2004; Nozaki & Baba, 2006; Akahane et al., 2005; Song et al., 2005; Asano 
et al., 2006; Tanaka et al., 2008) 

3. Photonic crystal double heterostructure resonant cavities 
3.1 Introduction 
In 2005 Song et al. showed that a two-dimensional photonic crystal waveguide with a small, 
localized perturbation can form an ultra high Q factor cavity with a Q factor greater than 105 

and a mode volume on the order of one cubic wavelength (Song et al., 2005, 2007). Such a 
cavity was termed a photonic crystal double heterostructure and is depicted in Figure 6. The 
cavity is formed from an otherwise uniform photonic crystal waveguide by enlarging the 
lattice constant along the x-direction of the light colored air holes. Below the schematic 
diagram, the resulting photonic band structure is shown illustrating the formation of a 
photonic well along the x-direction. Further experimental work on these cavities has 
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demonstrated devices with passive Q factors as large as 106 (Asano et al., 2006). Since these 
initial reports, several groups have reported forming high Q factor photonic crystal double 
heterostructure cavities through a variety of methods including local modulation of a 
photonic crystal line defect width (Kuramochi et al., 2006), local air-hole infiltration (Smith 
et al., 2007), photosensitive materials (Tomljenovic-Hanic et al., 2007), effective index change 
through micro-fiber coupling (Kim et al., 2007) and local modulation of the hole radii (Kwon 
et al., 2008b). A numerical analysis showed that Q factors as high as 109 are possible with a 
tapered perturbation (Tanaka et al., 2008). The ultra high Q factors and cubic wavelength 
mode volumes along with the waveguide-like shape of the cavities have made them 
attractive for a variety of applications including chemical sensing (Kwon et al., 2008a), slow 
light (Tanabe et al., 2007; Takahashi et al., 2007), elements of coupled resonator optical 
waveguides (O’Brien et al., 2007) and edge-emitting lasers (Shih, Kuang, Mock, Bagheri, 
Hwang, O’Brien & Dapkus, 2006; Shih, Mock, Hwang, Kuang, O’Brien & Dapkus, 2006; 
Yang et al., 2007; Lu et al., 2007, 2008; Lu, Mock, Shih, Hwang, Bagheri, Stapleton, Farrell, 
O’Brien & Dapkus, 2009). 
 

 
Fig. 6. (a) Schematic diagram of a photonic crystal double heterostructure resonant cavity 
formed in a uniform single line defect waveguide by increasing the lattice constant of the 
light colored holes along the x-direction. The resulting photonic well diagram is illustrated 
below. (b) Photonic crystal waveguide dispersion diagram depicting the photonic crystal 
waveguide bands associated with the straight (black, solid) and perturbed (red, dashed) 
portions of the waveguide. The waveguide frequencies of the perturbed section that fall into 
the mode gap of the straight waveguide are labeled “candidate bound state frequencies.” 
The blue region denotes the photonic crystal cladding modes, and the gray region denotes 
the light cone. 

3.2 Spectral and modal properties 
When the lattice constant is locally increased, it shifts the frequencies of the waveguide band 
associated with the perturbed region to lower frequencies as shown in Figure 6(b). The 
bound state will oscillate near frequencies of the perturbed waveguide section that fall into 
the mode gap of the uniform waveguide sections. Candidate frequencies for bound state 
resonances are labeled in Figure 6(b). Only below the minima of the dispersion relation in 



Two-Dimensional Photonic Crystal Micro-cavities for Chip-scale Laser Applications  

 

39 

the uniform photonic crystal waveguide regions is there a possibility for a mode to exist in 
the central region without the possibility of there simultaneously being a mode in the 
cladding at the same frequency a small distance in wavevector away. In other words, only in 
these cases is there no mode that is nearby (in the wavevector sense) in the cladding at the 
same frequency (Mock et al., 2006, 2008). This mode formation is analogous to the formation 
of bound states in electronic heterostructures at the extrema of the electronic dispersion 
relations. 
Figure 7 is a comparison between the spectral features of a photonic crystal double 
heterostructure resonance spectrum and the frequency axis of the photonic crystal 
waveguide dispersion diagram corresponding to the underlying straight waveguide. The 
red dotted lines illustrate that the bound state resonance frequencies occur just below the 
waveguide dispersion minima. The resonance spectrum was obtained by taking a discrete 
Frourier transformation of a 2×105 element time sequence. The time sequence was calculated 
via the three dimensional finite-difference time-domain method. The computational domain 
included 20 uniform photonic crystal cladding periods on either side of the central defect 
region along the x-direction and 8 photonic crystal layers above and below the central 
waveguide core along the y-direction. This geometry was discretized with 950 × 340 × 200 
discretization points along the x × y × z directions and parallelized using 11 × 4 × 3 
processors (132 total processors) along the x × y × z directions. The geometry was discretized 
using 20 points per lattice constant (a). The lattice constant of the perturbed region was 
increased by 5% along the x-direction. 
 

 
Fig. 7. Left: photonic crystal waveguide dispersion diagram. Black lines correspond to the 
photonic crystal waveguide dispersion bands. Blue regions denote photonic crystal cladding 
modes. The gray region denotes the light cone projection. Right: photonic crystal double 
heterostructure resonant spectrum. Dashed lines illustrate correspondance between 
heterostructure bound state frequencies and waveguide dispersion extrema. 

Figure 8 depicts the z-component of the magnetic field for the bound state resonances 
labeled in Figure 7. These mode profiles may be interpreted as consisting of the waveguide 
mode of the underlying straight waveguide multiplied by a confining envelope function 
centered at the perturbation. It is interesting to point out that mode (c) exhibits significant 
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extension into the photonic crystal cladding. This can be attributed to the close proximity of 
the corresponding photonic crystal waveguide band to the photonic crystal cladding modes 
in Figure 7. To the right of each Hz(x,y, z = 0) mode profile is the corresponding spatial 
Fourier transform. Specifically, log(|FT(Ex)|2 + |FT(Ey)|2) is plotted where FT stands for 
Fourier transform. The two-dimensional spatial Fourier transform yields the spatial 
wavevector components that make up the bound state resonance. The spatial wavevector 
distributions are centered at βx = ±π/a. This is consistent with the observation that bound 
state resonance frequencies occur near the waveguide dispersion minima which coincide 
with the Brillouin zone boundary at βx = ±π/a for this particular waveguide. 
 

 
 

Fig. 8. Left: Hz(x, y, z = 0) for the three modes summarized in Table 1. Right: spatial Fourier 
transform log(|FT(Ex)|2 + |FT(Ey)|2) of each mode illustrating the distribution of spatial 
wavevectors making up the different resonant modes. 

Table 1 summarizes the normalized resonance frequencies of the three modes shown in 
Figure 8. The resonance frequencies and Q factors were obtained using the Padé 
interpolation method (Mock & O’Brien, 2008). It is clear that the bound state resonance 
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frequencies fall just below the photonic crystal waveguide band edge. Mode (a) has the 
largest Q factor and will be featured in the remainder of this chapter. 
 

Mode Resonance 
Frequency 

Bandedge 
Frequency Q factor 

(a) 0.2606 0.2629 336,700 
(b) 0.2800 0.2824 10,800 
(c) 0.3184 0.3227 8,250 

Table 1. Summary of Q factors and resonant frequencies for the resonant modes associated 
with a photonic crystal heterostructure cavity. 

3.3 Higher-order bound states 
The previous section discussed a photonic crystal double heterostructure cavity resulting 
from a 5% lattice constant stretching along the x-direction. Figure 9 shows several 
interesting features of the high Q factor mode in Table 1 as the degree of perturbation is 
varied. First, the Q factor exhibits a strong dependence on the percent lattice constant 
increase. For very shallow perturbations (<3%), Q factors in excess of one million are 
predicted. Whereas for perturbations exceeding 20%, the Q factor dips below one thousand. 
Intuitively, one would expect that by increasing the lattice constant perturbation, the 
photonic well is deepened which would lead to improved confinement. It turns out that 
deepening the well makes the transition between the straight waveguide and the 
perturbation region more abrupt and introduces high spatial frequencies into the envelope 
function of the mode along the x-direction (Akahane et al., 2003). Because these modes have 
Fourier space distributions centered near βx = π/a, large spatial frequencies in the envelope 
function get shifted to regions in Fourier space near βx =0. Fourier components inside the 
light cone centered at the origin in Fourier space radiate out-of-plane, and this loss 
mechanism dominates the overall loss properties of the mode. Researchers have 
investigated designs that smoothen the transition between the straight waveguide regions 
and the perturbation region and have obtained improved Q factors as a result (Akahane et 
al., 2005; Song et al., 2005). 
 

 
Fig. 9. Q factor versus perturbation depth for the first, second and third order bound states. 
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The second interesting feature of Figure 9 is the presence of higher order bound states. For 
perturbations greater than 7.5%, the cavity supports both a first order and a second order 
bound state. For perturbations greater than 20%, the cavity supports three bound states. The 
Q factors of the higher order bound state resonances exhibit a similar dependence on 
percent lattice constant increase as the first order bound state. It should also be pointed out 
that for a given perturbation, the highest order bound state has the largest Q factor. Figure 
10 displays the z-component of the magnetic field of the first three bound states associated 
with a heterostructure cavity. Also shown are the envelope functions obtained by extracting 
 

 
 

Fig. 10. Left: Hz(x, y, z = 0) field distributions for the first, second and third order bound 
states. Right: field envelopes extracted from |Hz(x, y = 0, z = 0)|. 
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the maxima of |Hz(x,y = 0, z = 0)| (the dotted white line in the top image of Figure 10 
depicts the contour along which the maxima were measured). The envelope functions show 
a similar behavior to the wavefunction solutions corresponding to a quantum well problem 
in quantum mechanics. 
From a technology perspective, if one chooses to work with a cavity that supports multiple 
bound states, then it is useful to be able to enhance one mode relative to the others. From 
Equation 6, one sees that the mode with the largest Q factor will be the first to reach threshold 
if the cavity is multimoded. However, from Figure 10, the various bound states have different 
spatial mode distributions and thus different overlap integrals with the spatial gain 
distribution. For instance, an optical pump beam directly centered on the heterostructure 
cavity will preferentially pump the first order bound state, and this mode could reach 
threshold first even though it has a smaller Q factor than the second order bound state. In 
order to get around this issue one can introduce cavity modifications that significantly reduce 
the Q factors of the unwanted modes while leaving the Q factor of the featured mode intact. 
Such a mode discrimination scheme improves side mode suppression as well. 
One strategy to perform mode discrimination is to place extra holes in the cavity near the 
maxima of the electric field corresponding to the mode we wish to suppress. This enhances 
out-of-plane radiation and lowers the Q factor (Kuang et al., 2005). Figure 11 displays 
modified cavities that were fabricated in a 240-nm-thick suspended InGaAsP membrane 
containing four compressively strained quantum wells. The semiconductor dry-etch was 
done in an inductively coupled plasma etcher using BCl3 chemistry at 165°C. The rest of the 
fabrication processes are the same as those in (Shih, Kuang, Mock, Bagheri, Hwang, O’Brien 
& Dapkus, 2006). The inset of Figure 11(a) displays a scanning electron micrograph of a 
cavity with a 10% perturbation which supports both the first order and the second order 
bound states. The inset of Figure 11(b) illustrates a cavity with holes placed at x = ±2.4a to 
suppress the second order bound state, and Figure 11(c) illustrates a cavity with a hole 
placed at x = 0 to suppress the first order bound state (Mock et al., 2009). 
The devices were optically pumped at room temperature by an 850 nm diode laser at 
normal incidence with an 8 ns pulse width and 1% duty cycle. The size of the pump spot 
was about 2 μm in diameter. The lower spectrum in Figure 11(a) is the single-mode lasing 
spectrum operating in the first bound state, while the upper multimode lasing spectrum 
shows the existence of the second bound state approximately 20 nm away from the first one 
when the pump spot is slightly moved off the device center along the waveguide core. The 
two modified structures in Figure 11(b) and (c) both operate in stable single-mode operation 
with respect to pump beam location. Their lasing wavelengths line up with the first and 
second bound states lasing in the unmodied structure. All four lasing spectra were taken at 
the peak incident power of 1.7mW. The broad resonance peak between 1.40 and 1.45 μm 
corresponds to a higher order waveguide dispersion band. Figure 11(d) depicts the light-in–
light-out (L-L) curves of the three lasers shown in (a)-(c). They have almost identical 
thresholds but different slopes, indicating the same amount of total optical loss but different 
portions of collected laser power. It is possible that the extra holes are causing some excess 
vertical scattering that is collected by the collection setup. 

3.4 Edge-emitting lasers 
As mentioned earlier in this chapter, large Q factor cavities lead to reduced laser thresholds 
resulting from reduced radiative losses. However, reduced radiative losses also reduce the  
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Fig. 11. (a)-(c) Lasing spectra of three double-heterostructure lasers with 10% perturbation 
( = 1.10x xa a′ ). Their SEM images are shown as insets. (d) Light-in–light-out curves of the 
lasers in (a)-(c). 

output power of a laser for a given pump level. For applications related to integrated 
photonics, it is important to have sufficient output power for efficient on-chip detection with 
a large signal-to-noise ratio and low bit error rate. Fortunately, high Q factor cavities give 
the designer freedom to lower the Q factor intentionally by introducing losses in a 
preferential radiation direction. For photonic integrated circuits, the preferential output 
direction is in-plane. Because the photonic crystal double heterostructure cavity is formed 
from a perturbation of a straight waveguide, the in-plane losses can be enhanced along the 
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waveguide direction by reducing the number of uniform waveguide periods cladding the 
perturbation region. Figure 12 displays a finite-difference time-domain simulation of a 
fabricated heterostructure cavity in which several uniform photonic crystal waveguide 
cladding periods on one side of the structure have been removed. The geometry was 
defined in the numerical simulation from a scanning electron micrograph of a fabricated 
device. For this structure, only five uniform waveguide periods remain between the etched 
facet and the perturbation region. In excess of 100 microWatts of peak power was measured 
from this cavity (Lu, Mock, Shih, Hwang, Bagheri, Stapleton, Farrell, O’Brien & Dapkus, 
2009). One issue with this structure is that the output power is diffracting at relatively large 
angles, so that our measurement setup did not collect all of the edge-emitted output power. 
More recent cavity designs have improved the directionality and have demonstrated output 
powers in excess of 500 microWatts (Lu, Mock, Hwang, O’Brien & Dapkus, 2009). It should 
be noted that in a real integrated photonics application, these cavities would be coupled to 
in-plane waveguides. Coupling efficiencies between defect cavities and photonic crystal 
waveguides as high as 90% have been reported (Nozaki & Watanabe, 2008) which suggests 
that over a milliWatt of power could be coupled to an in-plane waveguide. These results 
strengthen the technological viability of photonic crystal lasers as commercial on-chip 
sources. 
 

 
Fig. 12. Finite-difference time-domain calculation of the lasing mode in a fabricated edge-
emitting heterostructure laser. |Hz(x,y, z = 0)| is plotted. 

4. Heat sinking dielectric substrates 
In addition to demonstrating that photonic crystal lasers are capable of outputting sufficient 
output power, showing that these lasers are capable of continuous wave (CW) operation at 
room temperature and above is another important step in advancing the commercial 
viability of these sources. The experimental lasing results described thus far correspond to a 
pulsed optical pump. As mentioned previously, these cavities are formed in thin, suspended 
membranes which makes it difficult for the material to dissipate heat buildup in the vertical 
direction. Furthermore, the lattice of airholes reduces the effective thermal conductivity in-
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plane further reducing the ability of these lasers to dissipate heat. Pulsed pumping allows 
sufficient carrier excitation for the laser to reach threshold, but the pump beam is on for 
short enough time periods that the gain properties of the active material are not degraded 
due to heating. 
One approach to achieving CW operation is to grow or bond the semiconductor active 
material to a thermally conductive lower substrate to aid in heat dissipation (Cao et al., 
2005). Two candidate materials include silicon dioxide whose thermal conductivity is 
0.014W/cm-K and sapphire whose thermal conductivity is 0.34W/cm-K. These thermal 
conductivities are significantly larger than that of air alone (0.00024W/cm-K). The trade-off 
associated with introducing a thermally conductive lower substrate is that the index contrast 
between the semiconductor slab and the vertical cladding structure is reduced which 
increases the optical leakage into the substrate. Figure 13 depicts the total Q factor of the 
heterostructure cavity as a function of the index of the lower substrate. Also depicted are the 
directional Q factors characterizing radiative losses into the waveguide direction (WG), 
photonic crystal cladding (PC), air and substrate. Because the directional Q factors add as 
inverses to express the total Q factor, the lowest directional Q factor will represent the 
dominant loss mechanism. In this case, it is confirmed that radiation into the substrate is the 
dominant loss mechanism as the substrate index is increased. The refractive indices of 
silicon dioxide and sapphire are 1.45 and 1.74, respectively. From Figure 13, the total Q 
factor has dropped to 4600 for n=1.45 and 610 for n=1.74. Previous studies have found that 
the minimum Q factor required for CW lasing in sapphire bonded cavities is 1000 (Shih et 
al., 2006). One sees that the photonic crystal heterostructure cavity is predicted to have a Q 
factor below 1000 when its substrate refractive index is consistent with that of sapphire 
suggesting that this configuration is not capable of achieving CW threshold when bonded to 
sapphire. 
 

 
Fig. 13. (a) Depiction of a photonic crystal heterostructure cavity bonded or grown on a 
lower substrate. Radiation directions are indicated. (b) Q factor versus substrate refractive 
index for the total Q factor as well as the directional Q factors. 

In order to reduce optical radiation into the substrate, an alternative cavity design based on 
introducing a glide-plane along the waveguide direction has been proposed (Kuang & 
O’Brien, 2004; Mock & O’Brien, 2009b). Intuitively, the glide-plane introduces a phase shift 
between the fields on either side of the waveguide core, so that when the two fields combine 
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on-axis, they interfere destructively, and the out-of-plane radiation is reduced. This 
configuration is known as a type B photonic crystal heterostructure. A schematic of the 
cavity is shown in Figure 14(a) along with a directional loss anlaysis in Figure 14(b). It 
should be noted that the cavity analysed in Figure 14(b) included a tapered perturbation in 
which intermediate stretchings of 2.5% were included on either side of the 5% perturbation. 
The motivation for this was to reduce the glide-plane symmetry breaking which reduced in-
plane losses. It is apparent from the directional loss analysis that for substrate refractive 
indices between 1.0 and 1.5, the dominant loss mechanism is in-plane along the waveguide 
direction. The total Q factor remains flat over this range of substrate refractive indicies due 
to the improved susceptibility to out-of-plane radiation. For substrate refractive indicies 
greater than 1.5, the substrate losses dominate. It should be pointed out that the type B 
heterostructure has a total Q factor in excess of 1000 when its substrate refractive index is 
consistent with that of sapphire making this geometry a promising candidate for edge-
emitting photonic crystal lasers operated under CW conditions. 
 

 
                                 (a)                                                                                      (b) 

Fig. 14. (a) Schematic diagram of a type B heterostructure cavity. (b) Q factor versus 
substrate refractive index for the total Q factor as well as the directional Q factors. Radiation 
directions are the same as those in Figure 13(a). 

5. Conclusion 
In this chapter we have highlighted recent progress in the design of high Q factor two 
dimensional photonic crystal cavities for on-chip lasing. The photonic crystal double 
heterostructure was featured due to its ultra high Q factor and small mode volume. A first 
principles derivation of the laser threshold condition was presented which motivated using 
a large Q factor cavity to achieve low threshold. This was contrasted with the issue of output 
power in which the cavity Q factor was intensionally lowered in order to extract higher 
output power. The ability to discriminate between modes when these cavities supported 
multiple bound states was demonstrated. Finally issues of heat sinking were discussed, and 
the out- of-plane loss properties associated with dielectric lower substrates were quantified. 
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A novel cavity based on introducing a glide-plane symmetry was shown to have reduced 
out-of-plane losses. 
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1. Introduction  
1.1 General background    
GaN-based materials have been attracted a great deal of attention due to the large direct 
band gap and the promising potential for the optoelectronic devices, such as light emitting 
diodes (LEDs) and laser diodes (LDs). LEDs have the advantages of small size, conserve 
energy, and have a long lifespan. LEDs of solid-state lighting will be in a position to replace 
conventional lighting sources within years. At present, the efficiency of LEDs is still lower 
than that of fluorescence lamps in general lighting applications. Therefore, the ultimate 
optimization of all aspects of LED efficiency is necessary in solid-state lighting development. 
Several factors are likely to limit the light extraction efficiency of LEDs. One may think that 
the main limiting factor is internal light generation as internal quantum efficiency (IQE). 
Nevertheless, this is not the case in a variety of material where the conversion from carriers 
to photons reaches 50% to 90% if the material’s quality is high enough. In this case, the 
strongest limiting factor is that of external extraction efficiency, i.e. the ability for photons 
generated inside the semiconductor material to escape into air. Unfortunately, most of the 
light emitted inside the LED is trapped by total internal reflection (TIR) at the material’s 
interface with air. Although many efficient light extraction strategies have already been 
applied, they are mostly based on the principle of randomizing the paths followed by the 
light, such as surface roughening [1-2], flip-chip [3-4], and photonic crystals (PhCs) [5-6].  

1.2 Research niche  
Light-emitting diodes (LEDs) have become ubiquitous in illumination and signal 
applications as their efficiency and power level improve. While the improvement of the 
basic characteristics will benefit the replacement of the conventional light sources, further 
improvement in other characteristics can bring about unique applications. One notable 
example is the polarized light emission which is highly desirable for many applications [7], 
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e.g. back-lighting for liquid crystal displays and projectors. For the application of next-
generation LEDs, such in projector displays, backlight displays, and automobile headlights, 
further improvements the light extraction efficiency, the polarized emission, and the 
directional far-field patterns of light sources are required. Recently, PhC has attracted much 
attention for the possibility to improve the extraction efficiency [8-9], polarization [10], and 
directional far-field patterns [11-12] from GaN-based LEDs and GaN-based film-transferred 
LEDs, respectively. In order to optimize the PhC LED performance for a specific system, 
detailed knowledge of the light extraction and polarization, especially the angular 
distribution, is required. The light wave propagating in the PhC LED waveguide, with its 
propagation partially confined by the TIR, can interact with the reciprocal lattice vectors of 
the two-dimensional (2D) PhC lattice to exhibit a variety of novel behaviors from the light 
localization. On the other hand, through the Bragg diffraction with the PhC which fabricated 
on LEDs can scatter the guided light into the escaping cone to circumvent the deleterious 
effects due to TIR, which traps the majority of the emitted light in LED chips. In this study, 
the GaN-based LEDs with PhCs were demonstrated and investigated in the light extraction, 
and polarization. 
In this chapter, we first introduce the theory analysis and design method of GaN-based PhC 
LED structures in section 2. Then, in section 3, we exhibit the direct imaging of the 
azimuthal angular distribution of the 2D PhC light extraction using a specially designed 
waveguide structure. The optical images of the light extraction patterns from the guided 
electroluminescence (EL) light are obtained with a current injected into the center of the 
annular structure made on the GaN multilayer. With increasing lattice constant, symmetric 
patterns with varying number of petals according to the symmetry of the PhC are observed. 
The observed anisotropy is charted using the Ewald construction according to the lattice 
constant and the numerical aperture of the observation system. The appearance and 
disappearance of the petals can be explained using the Ewald construction in the reciprocal 
space. In addition, several novel features of light propagations associated with the PhC can 
also be directly observed including the focusing and collimating behavior. These results can 
be used for the optimization of LED devices with PhC extraction. Next, in section 4, 
polarization characteristics of the GaN-based PhC LEDs using an annular structure with 
square PhC lattice have been studied experimentally and theoretically. The observed a 
strong polarization dependence of the lattice constant and orientation of the PhC. It is found 
that the PhC can be as a polarizer to improve the P/S ratio of the extracted EL emission. The 
results of the P/S ratio for light propagating in different lattice orientation were found to be 
consistent with the results obtained using the PhC Bloch mode coupling theory. This 
polarization behavior suggests an efficient means to design and control the GaN blue PhC 
LEDs for polarized light emission. Finally, conclusions are provided in section 5. 

2. Fundamental and modelling of photonic crystal LEDs 
2.1 Waveguide properties of LED structures 
Although the IQE of GaN-based LEDs have reached up to 90%, the light emission from a 
multi-quantum well (MQW) into the air is fundamentally limited by TIR. LEDs have such 
low external extraction efficiency that most of the light generated in a high-index material is 
trapped by TIR. Due to the GaN-based LED layer behaving as a waveguide, trapped light is 
distributed in a series of so-called guided modes. The propagation properties, including 
electromagnetic field distributions and wave vectors of guided modes, affect PhC light 
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extraction behavior. In general, the high order guided modes interact strongly with PhC to 
have high extraction efficiency. By contrast, the low order guided modes have weak light 
extraction efficiency due to the poor overlap with the PhC regions. But the light of energy 
distribution coupling to the low order guided modes is larger. Therefore, our discussion 
begins with the guided mode properties in a waveguide structure of LED semiconductor 
layers, which is helpful to optimize the design of PhC structure on LEDs with high light 
extraction efficiency.  
A large number of waveguide modes exist in a typical GaN-based LED structure as 
asymmetric slab waveguide in geometry. For example, GaN-based blue LED structure is 
grown by metal-organic chemical vapor deposition (MOCVD) on c-sapphire substrate. The 
GaN blue LED structure consists of a 2 μm-thick un-GaN buffer layer, a 2-μm-thick n-GaN 
layer, a 100 nm InGaN/GaN MQW region, and a 200 nm-thick p-GaN layer, as shown in 
Fig. 1(a). In order to study the guided modes in the LED structures, the guided mode 
distributions were calculated in the asymmetric slab waveguide with the vertical effective 
refractive index profile, as shown in Fig. 1(b). Since the emitted light from the MQW is 
predominantly TE polarized in the waveguide plane [13], only TE modes are analyzed. In 
this case, thirty-two TE guided modes with effective refractive index distribution are 
obtained by using waveguide theory [14]. The first three and the last of the thirty-two 
guided modes of electric field distributions are plotted in Fig. 2, respectively. Each guided 
mode has different electromagnetic field distribution and wave vector. In a planar GaN-
based LED on a sapphire substrate, 66% of the total emitted light is wave guided within the 
GaN layer, while the remainder is found in the delocalized modes in the sapphire, as shown 
in Fig. 3(a). Only 8.7% of the light generated can directly escape from both top and bottom 
surfaces of the GaN medium into the air. Further, when the MQW emitter position was be 
considered in the LED structure, that the guided modes excited a percentage of relative 
intensity as shown in Fig. 3(b). In the fundamental mode (TE00), the excited percentage is 
19.5%; in the other guided modes, the excited percentages are 14.1%, 9.6%, 6.6%, 5.1%, and 
3.5%, respectively. The relative intensity ratio of the higher-order modes becomes weak due 
to the poor field overlap with the MQW emission regions. Therefore, the guided mode 
energy distribution is mainly in the lower-order modes. 
 

 
Fig. 1. (a) Schematic diagram of the MOCVD-grown GaN-based blue LED structure 
(dominant λ = 470 nm). (b) Vertical effective refractive index profile of the characterized 
GaN-based LED. 
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Fig. 2. Electric field distributions of the asymmetric slab waveguide for TE mode are (a) TE00 

(fundamental mode), (b) TE01, (c) TE02, and (d) TE31. 
 

 
Fig. 3. (a) Possible paths for emitted light in a GaN-based blue LED structure. (b) The guided 
modes excited percentage of relative intensity indicates overlap with MQW. 
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2.2 Ewald construction of Bragg’s diffraction theoretical analysis methods for 
photonic crystals 
Photonic crystals (PhCs) are artificial structures containing periodic arrangements of 
dielectric materials which exhibit unique dispersion properties (e.g. such as photonic 
bandgap (PBG) [15]) and that manipulate light emission behaviors. In this chapter, we will 
concentrate on the extraction of waveguide light from GaN-based LED structures. There are 
several schemes to obtain light extraction through PhC nanostructures [16], as shown in Fig. 
4, such as (a) inhibition of guided modes emission by PBG, (b) spontaneous emission 
enhanced in a small cavity by Purcell effect, and (c) emission extraction on the whole surface 
by leaky mode coupling. Accordingly, the emission region can be deeply etched with a 
pattern to forbid propagation of guided modes, as shown in Fig. 4(a), and thus force the 
emitted light to be redirected towards the outside. Defects in PhCs behave as microcavities, 
as shown in Fig. 4(b), such that the Purcell effect can be excited for spontaneous emission 
enhancement. Then, light can only escape through leaky modes coupling, as shown in Fig. 
4(c). In addition, PhCs can also act as 2D diffraction gratings in slabs or waveguides to 
extract guided modes to the air and to redirect the emission directions.  
The optimal design of PhC structures for high extraction efficiency is promising, which is 
strongly dependent on various parameters such as lattice constant (a), the type of lattice 
(square, triangular…), filling factor (f), and etch depth (t). Among parameters described 
here, we paid special attention to the effect of the lattice constant a. In order to discuss the 
effect of the lattice constant, we use the Ewald construction of Bragg’s diffraction theory. In 
addition, the plane-wave expansion method (PWE) and the finite-difference time-domain 
method (FDTD) are implemented to investigate the optical properties of PhC numerically. 
 

 
Fig. 4. Schematic the various extraction methods relying on PhCs are (a) PBG, (b) Purcell 
effect, and (c) leaky mode coupling.  

Figure 4(c) is a schematic of the surface grating devices that can be discussed in relation to 
the light extraction of the lattice constant of PhCs by using the Ewald construction of Bragg’s 
diffraction theorem. The light extraction of guided waves through diffraction by PhC is 
discussed. According to Bragg’s diffraction law, kgsinθ1+mG= k0sinθ2, the phase-matching 
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diagrams in the wave number space are shown in the Fig. 5(a). The two circles in the Fig. 5 
correspond to 1.) the waveguide mode circle with radius kg =2nπ/λ at the outside, where n is 
the effective refractive index of the guided mode; 2.) the air cone with radius ko=2π/λ at the 
inner circle. The light extraction from PhC also can be quantitatively analyzed using the 
Ewald construction in the reciprocal space. The extraction of waveguide light into air can be 
described by the relation |kg + G|< k0 , where G is the diffraction vectors. Such a relation can 
be represented graphically with the Ewald construction commonly used in the X-ray 
crystallography. In the present case, for reasons of simplicity, PhC is treated as a 2D in an 
overall 3D structure as is commonly done. In such case, the reciprocal lattice of the 2D PhC 
will be represented as the rods protruding perpendicular to the waveguide plane. Figure 
5(b) depicts the Ewald spheres for a square lattice with the k vector of the incident light 
pointing directly at a reciprocal lattice point. The center of the sphere is at the end of the 
vector and the radius is the magnitude of kg. The intersection points of the sphere with the 
protruding rods define the extraction direction of the diffracted light. For simplicity, only 
the in-plane propagation needs to be treated and a consideration of the projection on the 
waveguide plane is sufficient. When the in-plane component of the resultant wavevector 
after the coupling to a reciprocal lattice vector falls inside the air circle, the diffracted light 
can escape into air, as shown in Fig. 5(c).  
 

 
Fig. 5. (a) A schematic of the 2D PhC structure of the Bragg diffraction phase matching 
diagrams. (b) The Ewald construction for square lattice PhC. (c) The projection of the Ewald 
sphere construction on the waveguide plane. Thick red circle is air cone and dashed blue 
circle is waveguide mode cone. 
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diffraction does not occur, as shown in Fig. 6(a). When a is larger than this value, some 
amount of diffraction occurs, as shown in Fig. 6(b). When a is large enough to satisfy GΓM< k0 
(a/λ>√2), the diffraction vector is wholly included in the air curve, and this gives the 
maximum light diffraction efficiency. However, the diffraction efficiency cannot be unity for 
such larger a, since light can find not only the extracted light cone but also another solid 
angle not extracted by the diffraction. Even in light diffracted into the extracted light cone, 
half goes downward.  
 

 
Fig. 6. Brillouin zones for 2D square lattice, dispersion curves of k0 (center thick red circle) 
and kg (dashed blue circle). 

3. Anisotropy light extraction properties of GaN-based photonic crystal LEDs 
3.1 Sample prepared and measurement results 
In order to optimize the PhC LED performance for high light extraction efficiency, detailed 
knowledge of light extraction is required especially the angular distribution [9, 26]. 
Therefore, we present the direct imaging of the azimuthal angular distribution of the 
extracted light using a specially designed annual PhC structure, as shown in Fig. 7(a). The 
GaN-based LED samples used in this study were grown by metal-organic chemical vapor 
deposition (MOCVD) on a c-axis sapphire (0001) substrate. The LED structure (dominant 
wavelength λ at 470 nm) was composed of a 1-μm-thick GaN bulk buffer layer, a 2-μm-thick 
n-GaN layer, a 100-nm-thick InGaN/GaN MQW, and a 130-nm-thick top p-GaN layer. An 
annular region of square PhC lattice with an inner/outer diameter of 100/200 μm was 
patterned by holographic lithography. Two different periods of the lattice constant are used 
by 260 and 410 nm. A scanning electron microscopy (SEM) image of the square-lattice PhC 
structure is shown inset in Fig. 7(b). The holes were then etched into the top p-GaN layer 
using inductively coupled plasmon (ICP) dry etching to a depth of t =120 mm. The electron-
beam-evaporated Ni/Au film was used as the transparent ohmic contact layer (TCL) to p-
GaN, and a 200-nm-thick SiO2 layer was used for passivation. Finally, Ti/Al/Ti/Au layer 
was deposited on the n-GaN as an n-type electrode and onto TCL as a p-type electrode on 
LEDs, respectively. In addition, the schematics for the experimental setup are shown in Fig. 
7(b). An electroluminescence (EL) probe station system was utilized for the experiment after 
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fabrication, which included a continuous wave (CW) current source and a 15x microscope 
objective with numerical aperture (NA)=0.32. A 15x UV objective with NA of 0.32 was used 
to collect the on-axis emission signal from the sample, which formed a high-resolution 
image on a charge-coupled device (CCD); this was recorded with a digital camera. The 
experiment of the observed image is shown inset in Fig. 7(b).  
 

 
Fig. 7. (a) Schematic diagram of the GaN-based blue LED structure with annular PhC region. 
(b) EL probe station and CCD imaging system setup, where D.H.:driver holder; M.:mirror; 
T.L.: tube lens; O.: objective. 
 

 
Fig. 8. CCD images taken with square lattices with a = (a) 260 nm and (b) 410 nm. Inset of 
the photoluminescence (PL) CCD images. 
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can be seen that a varying number of petals appears as the lattice constant increases. Under 
certain conditions, some of the petals may become weaker or disappeared altogether. The 
observed anisotropy, therefore, primarily arises from the diffraction of guided EL light into 
the air, which is picked up by the microscope objective.  

3.2 Bragg diffraction theoretical discussion 
The appearance and disappearance of the petals observed in Fig. 8 can be qualitatively 
analyzed using the Ewald construction in the reciprocal space. The above observation 
established that the use of 2D Ewald construction explains the observed images. It can be 
invoked to determine the boundaries between regions with varying numbers of petals. As 
shown in Fig. 9, as a/λ increases above the cutoff, the resultant wave vector will start to 
couple to the shortest lattice vector GΓX. The resultant wave vector falls inside the NA circle 
as shown in Fig. 9(a), where the NA circle with radius NA=0.32k0 at the inside corresponds 
to the acceptance angle of the objective lens with NA numerical aperture. For the ΓM 
direction, the resultant wave vector falls outside the NA circle and will not be seen by the 
NA=0.32 objective lens as shown in Fig. 9(b). Therefore, a pattern with four petals pointing 
in the ΓX direction is observed. As a/λ increases further, the resultant wave vector after 
coupling to GΓX may fall short of the NA circle and therefore it will not be observed, as 
shown in Fig. 9(c). Thus, there is a range of a/λ within which the resultant wave vector can 
fall into the NA circle for a particular propagation direction. The boundary for when this 
range with four petals pointing in the ΓX direction starts to appear can be determined by the 
relation k =|GΓX - NA| to be a/λ = 1/(n+NA). For further increase of a/λ, the resultant 
wavevector will leave the NA circle as shown Fig. 9(c). 
 

 
Fig. 9. Ewald constructions for a/λ increases above the cutoff and just start to couple with the 
shortest lattice vector GΓX (a) in the ΓX directions. (b) ΓM direction with the resultant wave 
vector falling outside the NA circle and will not be seen by the NA=0.32 objective. (c) a/λ 
increases further as nk0 just starts to leave the NA circle to disappear from the CCD image. 
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For larger lattice constants, the escape cone and the guided mode circle become larger 
relative to the reciprocal lattice. For a/λ > √2/n, the coupling to GΓM becomes possible and 
four more petals appears representing four equivalent ΓM directions. For even larger lattice 
constants, coupling to the third nearest wave vectors is possible and the number of petals 
increases to 16. These increased coupling possibilities are observed as the increased number 
of petals in the images. The boundaries separating these regions can be readily derived 
using the Ewald construction as shown in Fig. 10 along with our observations.  
The above discussion considers the simple case of single mode propagation in the 
waveguide plane. Since the thickness of the epitaxial layer used for the present study is 3 
um, the waveguide is multimode. Every mode can couple with different reciprocal vectors 
to form their own boundaries for a given number of pedals. When plotted on the map, these 
boundaries will appear as a band of lines. To present these multimode extractions clearly, 
only the first and the last mode with modes number ‘m’ are shown on Fig. 10. The two 
outermost lines, G+ΓX and Gm-ΓX, define the boundary of the possible a/λ’s for all the modes 
that can fall into NA circle after coupling to GΓM. The a/λ values shown on the right side of 
Fig. 10 correspond to the boundaries for NA=1. 
 

 
Fig. 10.  Map showing regions with different number of petals. The formulas on the right of 
the figure are the boundary for regions for NA=1. The insets showed the observed 8-fold (a 
= 260 nm) and 16-fold (a = 410nm) symmetry patterns. The regions of various petals are 
shown with different colors. The directions of the petals are shown in the parenthesis. The 
“+” and “-” signs indicate the lower and upper boundary for the regions. The highest mode 
order number is designated as ‘m’ with nm=1.7 (Sapphire) and the maximum index is n=2.5 
(GaN). 

In addition, we also observed that the intensity of the light propagating inside the PhC is 
found to decrease with a decay length of 70-90 μm, depending on the orientation and the 
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size of the holes. The decay length is determined using the data in the middle dynamic 
range of the CCD camera where the intensity decay appears as a linear line on the log linear 
plot. This value is in the same range of that reported in David et al.[17]. Such a parameter is 
needed for the design of the PhC light extractors.  

4. Polarized light emission properties of GaN-based photonic crystal LEDs 
Due to valence band intermixing, the side emission of light from quantum well structure is 
predominantly polarized in the TE direction (along the wafer plane). The observed 
polarization ratio has been reported to be as high as 7:1 for GaN/InGaN QWs [18]. For 
common GaN LED structures grown along the c axis, access to this polarized light can only 
be gained by measurements taken from the edge of the sample [19-20]. Several authors have 
reported polarized light emission for LED structures grown on nonpolar or semipolar GaN 
substrates [21-22]. In the present study, we investigate the approach employing photonic 
crystals (PhCs) which do not require the growth on different orientation of sapphire or GaN 
substrates nor using specific wafer orientations. PhC has been widely studied in recent years 
[9, 23-26] for the enhancement of LED efficiency, but polarized light emission using PhC has 
not been investigated. In this section, we use the PhC structure to access the polarized 
emission and measured their orientation dependence using a specially designed PhC 
structure to extract the waveguided light. It is found that the PhC can behave as a polarizer 
to improve the P/S ratio of the extracted EL emission. The results of the P/S ratio for light 
propagating in different lattice orientation was found to be consistent with the results 
obtained using the PhC Bloch mode coupling theory [10, 27-28]. 

4.1 Measurement results 
The GaN-based PhC LED samples used in the present work are the same as described before 
section 3. The polarization properties of the GaN blue PhC LEDs were measured at room 
temperature using a scanning optical microscopic system, which included continuous wave 
(CW) current source (Keithley 238), a 20× microscope objective with numerical aperture 
(NA) = 0.45, a 40× microscope objective with NA = 0.6, and charge-coupled device (CCD) 
spectrometer with spectral resolution of 0.1 nm. A 20× objective is used to collect the on-axis 
emission signal from the sample and formed a high-resolution image with a digital camera 
CCD. Figure 11(a) shows EL CCD image for the sample with square lattice constant a = 260 
nm corresponding to a/λ = 0.553. Inset in Fig. 11(a) are the PL CCD image and the reduced 
Brillioun zone. The observed light emission is from the light propagation along the ΓM and 
ΓX directions as reported before section 3. Further, the extraction enhancement of the PhC 
LED chips was determined to be above 100% by mounting the dies on TO packages and 
using an integration sphere with Si photodiode, when compared to the GaN-based LED 
chips without PhC. A polarizer (Newport, 10LP-VIS-B) was placed on the GaN blue PhC 
LEDs for the EL measurements. Figure 11(b) presents CCD image of room temperature EL 
for samples biased at a drive current of 20 mA. The red dash line indicates the polarization 
axis for the polarizer. Since the polarization direction of the light is perpendicular to its 
propagation directions, the light propagated in the direction align with the axis of the 
polarizer will be blocked. The luminescent signal emitted by the sample was collected by the  
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Fig. 11. (a) CCD EL images for lattice constants a = 260 nm, inset of the PL CCD image, and 
the reduced Brillouin zone. (b) CCD EL images show polarization properties; the red line 
indicates the polarization axis of the polarizer. (c) Spectrally integrated EL intensity of the 
GaN PhC LED as a function of polarizer angle θ. (d) P/S ratio of different lattice constant as a 
function of orientation direction. 
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40× objective lens of the confocal microscope and was transferred to a monochromator for μ-
PL measurement through an optical fiber with core diameter of 600 μm. Figure 11(c) shows 
the EL intensity as a function of the orientation of the polarizing filter placed between the 
GaN blue PhC LED and the spectrometer, at a drive current of 20 mA. The intensity at 
various angles was determined from image taken under the same bias condition. Thus the 
polarization for different propagation direction can be determined as shown in Fig. 11(c). It 
can be seen that there is a periodic variation of the EL intensity with angular orientation of 
the polarizer. This indicates that the light collected from the PhC LED is partially polarized, 
and the P/S ratio [defined as P/S=Imax/Imin] were 5.5 and 2.1 for square lattice (a = 260 nm) in 
ΓX and ΓM direction, respectively, as shown in Fig. 11(d). Fig. 11(d) also shows the P/S ratio 
measured in other samples with different period. For square-lattice PhC LEDs, P/S ratio in 
ΓX orientation is larger than those in other orientations despite the lattice constants. In 
addition, for the same orientations, PhC LEDs with shorter lattice constant have higher P/S 
ratio. 

4.2 Coupled mode theoretical discussion 
The experimental results described above can be explained by examining the 
electromagnetic field distributions of PhC Bloch modes. Field distributions of Bloch modes 
were calculated by plane wave expansion (PWE) method using the structure with PhC 
sandwiched in between air and GaN materials. Figure 12(a) schematically shows the device 
structure where light is generated and extracted through PhCs. Due to the valence band 
mixing effects in MQW, guided light propagating in the GaN slab is nearly linear polarized 
in transverse direction as shown in Fig. 12(b). For PhC a/λ = 0.553, the field distribution for 
propagation in ΓX and ΓM directions are shown schematically in Fig. 12(c) and Fig. 12(d), 
respectively, where the arrows indicate the electric field vectors in the plane, and black 
circles indicate the locations of holes. The individual electric field distributions are 
complicated, resulting in complicated polarization pattern. It can be seen that the field 
distribution in ΓX orientation has linear-like polarization behavior, and those in ΓM 
orientation has circular-like polarization [29]. This behavior can be inferred from the 
arrangement of the atoms relative to the propagation direction. For ΓX direction, the 
propagating wave sees the same atom arrangement in the planes perpendicular to the 
propagating direction from one lattice plane to plane, while in the ΓM direction, the field 
distribution sees an alternately displaced atom arrangements from plane to plane. Such a 
staggered atom arrangement will tend to generate the field components normal to the 
polarization plane. Based on the couple mode theory, the polarization behavior of extracted 
light can follow the Bloch modes in PhCs and reveal the similar polarization characteristics. 
Therefore P/S ratio of light extracted through ΓX orientation would be higher than through 
ΓM orientation. From the Bloch mode patterns in Fig. 12, the experimental polarization 
results can be realized and consistent with the above discussion. 
At a/λ = 0.872, the field distribution in ΓX orientation also has more linear-like than circular-
like behavior, and those in ΓM orientation have stronger circular-like polarization as shown 
in Fig. 12(e) and 12(f). The degree of the polarization appears to be much weaker than that 
for a/λ = 0.553. In order to discuss this observation, P/S ratio as a function of normalized 
frequency was calculated. We employ the plane-wave expansion method to calculate the 
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Fig. 12. (a) Schematic of the light generating, propagating, and coupling to PhC Bloch 
modes. Electromagnetic field distributions for a waveguiding mode in the (b) plane slab 
guide mode and PhC Bloch modes in the (c) ΓX and (d) ΓM directions of the frequency a/λ = 
0.553 and in the (e) ΓX and (f) ΓM directions of the frequency a/λ = 0.872, respectively. 
Arrows indicate the electric field vectors in the plane, and black circles indicate the locations 
of lattice points. 
 

 
 

Fig. 13. P/S ratio of PhC Bloch leaky modes in ΓX direction as a function of normalized 
frequency. 
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polarization properties (P/S ratio) of the leaky modes in the ΓX directions as a function of 
normalized frequency. In the calculation, the polarization of the generated light is assumed 
to be TE polarized. The calculation was carried for each band alone the ΓX direction up to 
the light line where the light becomes guided and its polarization is then the same as they 
were generated. As can be seen in Fig. 13, the trend of P/S ratio is decreasing with 
normalized frequency although the trend within each band is not uniform depending on the 
filed distribution. Details of this discussion will appear in later publication. It can also be 
seen from Fig. 13 that by varying the fill factor the lattice constant, the PhC can be designed 
to have higher extraction efficiency for TE polarization while discriminating the TM 
polarization. In such case, very high P/S ratio (>102) can be achieved. The maximum 
efficiency for the polarized emission that can be obtained in such case is equal to the TE 
portion of the total emission which be as high as 88% for a 7:1 P/S ratio. 
 

5. Conclusion 
In conclusion, we have experimentally and theoretically demonstrated that surface emitted 
anisotropic light extraction and polarized light from GaN-based LEDs. The EL images of the 
anisotropy light extraction distribution in the azimuthal direction were obtained with 
specially designed annual GaN PhC LED structures, which is dependent on the orientations 
of the PhC lattice and lattice constants and shows a four-fold symmetric light extraction 
patterns with varying numbers of petals in the plane of the waveguide. The regions 
corresponding to the various numbers of petals are determined for increasing lattice 
constant. More petals appear in the observed image with increasing lattice constant, and 
some of the petals may disappear. The regions for the appearance and disappearance of the 
petals are determined by the Bragg diffraction analysis using Ewald construction. In 
addition the angular dependence of the light extraction for waveguided light incidents to 
plane with various lattice orientations is also determined. The results show that the light 
extraction for the square lattices can only occur for certain crystal directions according to the 
lattice symmetry. Further, a P/S ratio of 5.5 (~85% polarization light) has been observed. 
The polarization characteristics are theoretically discussed by couple mode theory. At lower 
normalized frequency, PhC LED has better polarization property, and lattice orientation not 
only affects the extraction efficiency but also P/S ratio of radiative light. This polarization 
behavior suggests an efficient means to design and control the GaN blue PhC LEDs for 
polarized light emission. 
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1. Introduction    
The telecommunication and computing industries are currently facing increasing challenges 
to transfer data at a faster rate. Researchers believe that it might be possible to engineer a 
device operate at optical frequencies. Photonic technology using photon instead of electron 
as a vehicle for information transfer paves the way for a new technological revolution in this 
field. Photons used for communication has several advantages over electrons which are 
currently being used in electronic circuits. For example, photonic devices made of a specific 
material can provide a greater bandwidth than the conventional electronic devices and can 
also carry large amount of information per second without interference. 
Photonic crystals are such kind of material. They are periodic structures that allow us to 
control the flow of photons. (John, 1987; Yablonovitch, 1987) To some extent it is analogous 
to the way in which semiconductors control the flow of electrons: Electrons transport in a 
piece of silicon (periodic arrangement of Si atoms in diamond-lattice), and interact with the 
nuclei through the Coulomb force. Consequently they see a periodic potential which brings 
forth allowed and forbidden electronic energy bands. The careful control of this electronic 
band allowed the realization of the first transistor. Now, we change our perspective from 
atom scale to wavelength scale and imagine a slab of dielectric material in which periodic 
arrays of air cylinders are placed.  Photons propagating in this material will see a periodic 
change in the index of refraction. To a photon this looks like a periodic potential analogous 
to the way it did to an electron. The difference of the refractive index between the cylinders 
and the background material can be adjusted such that it confines light and therefore, 
allowed and forbidden regions for photon energies are formed. (Joannopoulos et al., 1995) 
Nowadays, extensive theoretical and experimental studies have revealed many unique 
properties of photonic crystals useful in optical communication. Intrigued by their vast 
potential in photonics engineering, tremendous efforts have been invested into the 
fabrication of three dimensional (3D) photonic crystal structures. However, the fabrication 
of those photonic crystals with a complete photonic bandgap, i.e. can exhibit bandgaps for 
the incident lights from all directions, still proves to be a challenge. Considerable efforts 
have been dedicated to develop fabrication techniques to produce large area defect-free 3D 
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photonic structures toward device applications. This part of research needs to develop a 
CMOS-compatible, fast and repeatable technique to produce 3D photonic crystal structures 
with complete bandgaps around the visible and near infrared telecommunication windows. 
(Ho et al., 1994; Blanco et al., 2000 ; Campbell et al., 2000 ; Deubel et al., 2004) 
The Chapter is organized as follows: Section 2 recalls the definition of photonic crystals, its 
optical properties and the laser holographic lithography fabrication technique for 3D 
photonic crystal templates. After that, based on the related fundamentals of optics and the 
interference principle of light beams, Section 3 introduces the novel phase mask techniques 
for our laser holographic fabrication. The utilization of the phase masks simplifies the 
fabrication configuration of photonic crystals and is amendable for massive production and 
chip-scale integration of 3D photonic structures. In Section 4, we discuss specific cases for 
3D photonic crystal template fabrication with phase masks techniques. The templates have 
woodpile symmetries constructed and synthesized at sub-micron scale by pattern rotation 
and superposition. Section 5 concludes the chapter.  

2. Photonic crystal holographic lithography fabrication  
2.1 3D photonic crystals 
Photonic crystals are typically classified into three categories: 1D, 2D and 3D crystals 
according to the dimensionality of the stack. Depending on the refractive index contrast, 
structure geometry and the periodicity, photonic bandgaps are determined for specific 
frequency ranges in the electromagnetic (EM) spectra. (Joannopoulos et al., 1995) The band 
structure of a photonic crystal indicates the response of the crystal to certain wavelengths of 
the EM spectra for a certain propagation direction. It defines optical properties of the crystal 
such as transmission, reflection and their dependence on the direction of propagation of 
light. No EM waves can propagate inside the corresponding bandgap ranges. Using this 
property allows one to manipulate, guide and confine photons, which in turn makes it 
possible to produce an all optical integrated circuit.  
Currently, the fabrication of photonic crystals is quite a hot topic; many groups with many 
different techniques have shown the formation of photonic crystals with different 
dimensionalities. Among them, 3D photonic crystals have attracted enormous interest in the 
last decade in both science and technology communities. Its unique capability to trap 
photons offers an interesting scientific perspective and can be useful for optical 
communication and sensing. It is now possible to produce 1D or 2D photonic crystal, at high 
volume and low cost, through use of deep ultraviolet photolithography, which is the 
standard tool of the electronics industry. But efficient micro-fabrication of 3D photonic 
bandgap microstructures, especially at a large-scale has been a scientific challenge over the 
past decade. So far, a number of fabrication techniques have been employed to produce sub-
micron 3D photonic crystals or templates. They include: conventional multilayer stacking of 
woodpile structures by using semiconductor fabrication processes, (Ho et al., 1994) colloidal 
self-assembly, (Hynninen et al., 2007) and multi-photon direct laser writing, (Deubel et al., 
2004). Each method posses some extent of success. However, we still need to find an 
economic and rapid way to produce defect-free nano/mrico-scale structure over uniform 
and large area. This mission has been accomplished by the application of the holographic 
lithography method. (Berger et al. 1997) 
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2.2 Holographic lithography method 
Holographic lithography has recently been employed to fabricate 3D photonic crystals by 
exposing a photoresist or polymerizable resin to interference patterns of laser beams. 
(Campbell et al., 2000) This interference technique requires that multiple coherent beams 
converge on the same spatial region, which is also called multi-beam interference 
lithography. It is promising because it creates periodic microstructures in polymers without 
extensive lithography and etching steps. The monochromaticity and spatial volume of laser 
light has produced nearly defect-free structures, at submicron scale and over large substrate 
areas. Photonic structures are defined in photoresist by iso-intensity surfaces of interference 
patterns. In the case of negative photoresist, the underexposed material is then dissolved 
away in the post-exposure processing. The overexposed region forms a periodic network 
motif and acts as a 3D photonic crystal template. In the post processing step, the template 
can be infiltrated at room temperature with SiO2 and burned away, leaving behind a 
daughter inverse template. Then, the daughter SiO2 template is inverted by infiltration with 
silicon and selective etching of SiO2. (Tétreault et al., 2006)  The final structure has relative 
higher index contrast ratio (Si/Air holes) in 3D form, corresponding to relative larger 
photonic bandgap.  
Holographic lithography allows complete control of the translational symmetry of the 
photonic crystal and provides considerable freedom for design of the unit cell. The electrical 
field of a laser beam can be described by 

 ( , ) cos( )i i i iE r t E k r tω δ= ⋅ − +  (1) 

where k and ω are the wave vector and angular frequency, respectively, E is the electric field 
strength, and δ is the phase. When two or more coherent laser beams are presented 
simultaneously in the same region, the waves interfere with each other and generate a 
periodic spatial modulation of light. The intensity distribution of the interference field I for 
N laser beams can be described by a Fourier superposition, 

 2

1
( , ) cos[( ) ( )]

N N

i i j i j i j
i i j

I E r t E E k k r δ δ
= <

=< > + • − • + −∑ ∑   (2) 

The structure of the interference pattern can be designed by controlling beam properties 
such as electric field strength, polarization, wave vector, and phase. The photonic structure 
formed through holographic lithography has the translational periodicity determined by the 
difference between the wave vectors ki-kj of the interfering beams. Therefore, lattice 
constants of the photonic structure are proportional to the wavelength of the interfering 
laser beam. The polarization, represented by the electric field vector, determines the motif 
placed within the unit cell of the photonic lattice. The initial phase difference shifts the 
interference pattern and changes the motif within the unit cell. The laser intensity, exposure 
time, photoresist preparation, and post-exposure development condition will also contribute 
to the motif of the interference pattern. The photonic structure formed through holographic 
lithography should have good connectivity in both the dielectric and the air component so 
that the structure is self-supporting and the unwanted photoresist can be dissolved away. 
The N coherent laser beams produce an intensity pattern with maximal (N-1) dimensional 
periodicity if the difference between the wave vectors is non-coplanar. For example, two 
interfering beams form a 1D fringe pattern and three crossed beams form a 2D hexagonal 
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log-pile pattern. By using a 4-beam interference setup, a pattern with 3D symmetry can be 
designed. (Shoji et al., 2003; Lai et al., 2005) Hence, by selecting different beam 
combinations, and even performing some pattern translations, patterns with different lattice 
symmetries are possible to make.  
To have successful interference lithography, coherence requirements must be met. It is 
preferred to use a monochromatic and coherent light source. This is readily achieved with a 
laser or filtered broadband sources. The monochromatic requirement can be reached if a 
diffraction element is used as a beam splitter, since different wavelengths would diffract 
into different angles but eventually recombine anyway. In this case, spatial coherence and 
normal incidence would still be necessary. The coherent length for our laser system requires 
that the path difference not exceed 10 cm.  

3. Phase mask techniques  
Fabrication strategies that rely on interference of multiple independent beams can introduce 
alignment complexity and inaccuracies due to differences in the optical path length and 
angles among the interfering beams as well as vibration instabilities in the optical setup. In 
order to improve the optical setup, diffractive optical elements or phase masks have been 
introduced to create the interference pattern for the holographic fabrication of photonic 
crystals. (Diviliansky et al., 2003; Lu et al., 2005; Lin et al., 2005) Other than the traditional 
bulk optical reflective/refractive elements such as mirrors, beam splitters and top-cut 
prisms (Campbell et al., 2000; Yang et al., 2002), a diffractive optical element is a promising 
alternative CMOS-compatible choice for 3D holographic lithography. It can be incorporated 
into phase/amplitude masks used in optoelectronic circuit fabrications to enable a full 
integration of 3D photonic structures on-chip.  A phase mask, typical a phase grating with 
periodically index variation in height direction, can create multiple laser beams in various 
diffraction orders that are inherently phase-locked and stable for reproducible creation of 
3D interference patterns from a single laser beam. Fig. 1 shows a schematic of the 
propagation of a laser beam through a 1D phase mask as a diffractive optical element. The 
phase mask will create three major stable co-plane output beams. These coherent beams 
then generate a pattern inside the overlap region below the phase mask, in the shape of 2D 
log-pile. The pattern is recorded in a photoresist to form a periodic template.  
 

 
Fig. 1. (left) phase mask based interference. A phase mask can replace a complex optical 
setup for a generation of interference pattern; (middle) a simulated woodpile-type photonic 
structure formed in the doubly-exposed photoresist; (right) a schematic illustration of 
woodpile-type photonic structure with orthorhombic or tetragonal symmetry and its lattice 
constants.  
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Theoretically, when a single beam goes through a one-dimensional phase grating, the beam 
will be diffracted into three as shown in Fig. 1 (left). Beams 1 and 2 are from first order 
diffraction and beam 3 is from zero order diffraction. Beam 1 and 2 has a diffraction angle θ 
relative to beam 3. Mathematically these three beams are described by:  

 1 1 1( , ) cos[( cos ) ( sin ) ]E r t E k z k x tθ θ ω δ= − − +   (3) 

 2 2 2( , ) cos[( cos ) ( sin ) ]E r t E k z k x tθ θ ω δ= + − +   (4) 

 3 3 3( , ) cos( )E r t E kz tω δ= − +   (5) 
 

These three beams will generate a two-dimensional interference pattern. The interference 
pattern is determined by the laser intensity distribution I in 3D space: 
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θ θ δ δ
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+ − + −

  (6) 

 

Fig. 1 (left) shows the interference pattern generated behind the phase mask, assuming the 
incident laser beam has polarization in y direction. The interference pattern is periodic in the 
z-direction as well as in x-direction. The periodicity of the interference pattern along x 
direction is λ/(sinθ) (where λ is the wavelength of laser beam generating the interference 
pattern). The periodicity c of the interference pattern along z direction is λ/(2sin2(θ/2)). (Lin 
et al., 2006a) After the photoresist is exposed to such interference pattern, the sample is 
rotated by an angle of α along the propagation axis of the incident beam and its position is 
displaced along the laser propagation direction by 1/4 times λ/(2sin2(θ/2)). Then the 
photoresist receives second exposure. The doubly-exposed photoresist is then developed to 
form a 3D woodpile-type photonic crystal template. Fig. 1 (middle) shows a simulated 
photonic structure formed with the rotation angle α=90º if a negative photoresist is used.  
After the photoresist development, the under-exposed area is dissolved away while the area 
exposed with above-threshold laser dosage is networked to form periodic structures. We 
illustrate in Fig. 1 (right) how we construct crystal lattices. We set a fundamental length 
scale L=λ/(sinθ) for such structure because the three beam interference pattern is 
determined by the laser wavelength and the interference angle θ. L is actually equal to  
the grating period of the phase mask. The lattice constants in xy plane depend on the angle. 
They are related by a=L/(cos(α/2)) and b=L/(sin(α/2)), respectively. The photonic crystal 
template has a lattice constant c=λ/(2sin2(θ/2))=L(cot(θ/2)) along the z direction. If the 
sample rotation angle is 90º, we have a=b. Thus the 3D structure has a face-centered-
tetragonal or face-centered-cubic symmetry. (Lin, 2006a) If the angle α  is less than 90º, a 
face-centered-orthorhombic (a≠b≠c) or face-centered-tetragonal (a≠b=c) structure is formed 
in the photoresist.   
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Contrary to an intensity (amplitude) mask, the laser beam travels through a phase mask and 
accumulates an additional phase relative to light that travels through the air gap. However, 
a phase mask has much larger diffractive efficiency than an amplitude mask. This property 
enables those periodic structures have enough contrast ratio to the background in the 
photoresist polymerization.   
The fabrication technique of 1D phase masks has been demonstrated by H. Jiang etc in 1999, 
(Jiang etc., 1999). E-beam lithography has been used to pattern fine gratings in Si substrate. 
Then an inversed elastomer mask is obtained by casting a layer of silicon-based organic 
Polydimethylsiloxane on the substrate. After curing and removal of the master mold, the 
elastomer mold is used as a mask again in the photolithography process to reproduce a 
photoresist phase grating on glass substrate. The phase grating fabricated has high quality 
surface and profile but the required processes are costly, laborious and time-consuming.  
Here we demonstrate our holographic approach for phase mask fabrication. (Xu et al., 2008) 
The experimental setup is based on the principle of a Mach-Zehnder interferometer. As 
shown in Fig. 2, two coherent beams were cleaned, collimated, separated and focused back 
into the same photoresist region to produce interference patterns directly. The pattern 
recorded is a series of parallel fringes with sinusoidal profile. Thus we obtain the phase 
grating made of photoresist. This phase grating has refractive index difference between 
photoresist (n=1.67) and air gap, which can produce three coherent beams when it is used as 
a mask. This approach simplified the previous process and can be applied to more 
complicated fabrication. If we do multiple exposures and rotate the receiving photoresist 
between each exposure, we can get a phase mask with higher dimension. In the next section 
we will describe some concrete experimental steps to fabricate holographic phase masks and 
use them for the interference lithography fabrication of complex photonic crystal templates. 
 
 

 
Fig. 2. Experimental setup for holographic fabrication of phase masks. 

Overall, the optical diffractive elements are designed to avoid the alignment complexity and 
inaccuracies due to differences in the optical path length and angles among the interfering 
beams as well as vibration instabilities in the optical setup. They provide improved 
convenience in holographic lithography. It is useful to note that the current optical elements, 
such as beam splitter, mirrors, prisms and phase masks, can be used to generate pattern 
with all fourteen Bravais lattices in the space group. (Berger et al., 1997; Sharp et al., 2003) 
All that remains is a need to establish a better understanding of the relationship between the 
resulting symmetries and the beam parameters. 



Holographic Fabrication of Three-Dimensional Woodpile-type  
Photonic Crystal Templates Using Phase Mask Technique  

 

77 

4. 3D woodpile photonic crystal fabrication by using 1D phase mask 
It is well known that a 1D phase mask can generate three beam interference patterns, which 
has a 2D log-pile structure. The structure is polarization dependent of the incident EM wave 
thus lacks completeness of bandgap required for photonic communication. Previous 
researchers have proposed a method of building a 3D structure using two orthogonal 1D 
phase masks. (Chan, et al., 2006; Chanda et al., 2006) The beams that propagate through two 
phase masks will have two log-pile patterns recorded inside the photoresist. If well 
controlled, a 3D woodpile structure may be piled up by the log-pile structure. However, 
additional diffractions occur. The distance between two phase masks can also bring 
unwanted phase delay, which is difficult to adjust in practice. Our solution consists of 
multiple exposures through one 1D phase mask, which is spatially shifted between 
exposures, demonstrating an new approach for controllable 3D woodpile structure fabrication. 

4.1 Pattern transformation 
Here we demonstrate the fabrication process of 3D woodpile photonic crystals template, 
which can have orthorhombic or tetragonal structure depending on the rotational angle. 
(Lin et al., 2006a; Poole et al., 2007) Furthermore, the elongation in the z-direction can be 
compensated by rotating phase mask by an appropriate angle, which increases the lattice 
constant in the other direction. Theory predicts that the optimized rotation angle of a phase 
mask can achieve up to a 50% increase in photonic bandgap compared with those formed by 
two orthogonally oriented phase masks.   
 

 
Fig. 3. Experimental setup for 3D photonic crystal template fabrication. Zoom in view is the 
schematic sketch of the double exposures procedure.  
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The interference pattern for a single exposure through a phase mask is in 2D log-pile 
structure, which is periodic in the z direction as well as in the x (or y) direction, as shown in 
Fig. 3.  If we do a second exposure to record another log-pile structure on the same region, 
with appropriate relative rotation and shifting, we can have a 3D woodpile structure, which 
has periodic structure in all x, y and z directions, as shown in Fig. 4. It demonstrates a 
simulated structure from the dual-exposure procedure. Similar to how the photoresist reacts 
to illumination, the structure represents the receiving laser intensity distribution, i.e. the 
interference region, in the negative photoresist.  The boundary of the 3D pattern is defined 
by setting a threshold value. The regions with intensity lower than the threshold value are 
removed and the regions with intensity equal and greater than the threshold value are 
sustained. Thus the photoresist records the interference pattern and can be visualized after 
development.    
   

 
 

Fig. 4. Simulated 3D woodpile structure generated by double exposures. The rotational 
angle of phase mask is 60o. The scale bar shows the accumulated laser energy density upon 
two exposures.  

Theoretically, the rotation of the interference pattern can be regarded as  replacing the wave 
vector k of the diffractive beams, by a coordinate transform with rotation angle α;  

 1 ( cos ) [( sin )cos ] [( sin )sin ]k k z k x k yθ θ α θ α= − −   (7) 

 2 ( cos ) [( sin )cos ] [( sin )sin ]k k z k x k yθ θ α θ α= − +  (8) 

 3 ( cos )k k zθ=  (9) 
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while the spatial movement of the pattern can be induced through the phase shift of 
interfering beams. When a phase difference (ρi-ρj) is introduced between interference beams, 
the interfering term Iint in Eq.(2) becomes  

  
3

int cos[( ) ( ) ( )]i j i j i j i j
i j

I E E k k r ρ ρ δ δ
<

= • − • + − + −∑   (10) 

Such a phase difference between laser beams will translate the interference pattern by rs as 
described by (Lin et al., 2006b) 

 
3

int cos[( ) ( ) ( )]i j i j s i j
i j

I E E k k r r δ δ
<

= • − • + + −∑   (11) 

where the translation rs is determined by (ki-kj)· rs=(ρi-ρj). In general, the initial phase 
difference δi -δj is a constant if the laser beams are mutually coherent. It will shift the 
interference pattern relative to the one generated with (δi-δj)=0. But the initial phase 
difference will be the same for two exposures. The interference pattern generated by the 
second exposure needs to be shifted relative to the first one to fabricate the woodpile 
photonic crystal. The shifting is produced through the extra phase shift of (ρi-ρj). 
Specifically, the initial phase difference is zero if all diffracted beams are generated through 
a single diffractive optical element. Then the final 3D structure can be expressed by adding 
up the interfering terms Iint for two exposures, normalizing and setting proper threshold 
isosurface values.  
Experimentally, the basic approach utilized to fabricate an interconnected periodic 
polymeric structure is the double-exposure of photosensitive material to three interfering 
laser beams generated by a 1D phase mask as shown in Fig. 3. A linearly polarized beam 
from an argon ion laser at 514.5nm is expanded, collimated, and passed through a phase 
mask to produce two 1st order and one 0th order diffracted beams (intensity ratio 1:5). A 
layer of photoresist on a silicon wafer is first exposed to the interference of the three laser 
beams. Thus, a spatially modulated chemical change in the photoresist is produced. A 
second rotated and translated phase mask is then used to induce a second set of spatially 
modulated chemical changes in the photoresist. The orientation of the second interference 
pattern is controlled by the orientation angle α of the second phase mask with respect to the 
first one. To form an interconnected 3D woodpile structure, the phase mask was shifted 
along the z direction (c-axis) by a distance rs=(0, 0, Δz) for the second exposure. This shift 
has a significant impact on the size of overlap between the two interference patterns and 
consequently on the size of the bandgap formed in the final structure. A translation of Δz= 
0.25c of the second interference pattern along the c-axis yields an optimized fully-
interconnected woodpile structure as shown in Fig. 4. High-precision motion stages were 
used to control the movements of the phase masks with ±100nm accuracy. By controlling the 
rotational angle and the relative shift of the phase mask along the optic axis, both 
orthorhombic and tetragonal photonic crystal structures were formed. Fig. 4 shows a 
simulated face-centered orthorhombic photonic crystal structure formed by rotating the 
phase mask by α=60o between two exposures. The lattice constants (a, b, c) labelled in Fig. 4 
are determined by the angle of diffraction θ of the 1st order beams in the photoresist and by 
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the angular rotation of the phase mask α as (L/(cos(α/2)), L/(sin(α/2)), and L(cot(θ/2)), 
(Lin et  al., 2006a) respectively. Where L is the grating period given by L= λ/sinθ , and λ is 
the laser wavelength in the photoresist material.   

4.2 Band diagram of woodpile photonic crystal 
The woodpile-type photonic crystal template will be converted into high refractive index 
materials using the approach of CVD infiltration (Miguez et al., 2002; Tétreault et al., 2005) 
in order to achieve a full bandgap photonic crystal. (Maldovan& Thomas, 2004) We 
calculated the photonic bandgap for converted silicon structures where ‘logs’ are in air 
while the background is in silicon. The calculation has been performed for photonic 
structures formed with various interference angles θ and rotation angles α. Fig. 5 (left) 
shows the first Brillouin surface of the face-centered-orthorhombic lattice. Coordinates of 
high symmetric points on the Brillouin surface varies with different structures. MIT 
Photonic-Bands Package (Johnson & Joannopoulos, 2005) was used to calculate the photonic 
bandgap of the converted silicon structure. Fig. 5 (right) shows the photonic band structure 
for the converted silicon woodpile-type structure with c/L=2.4 and α=51º (the dielectric 
constant of 11.9 was used for silicon in the calculation). (Toader et al., 2004) We would like 
to clarify that the λphoton in the y-axis label of the Fig. 5 (right) is the wavelength of photons 
in the photonic band, not the wavelength of the exposure laser. The band structure shows 
that a photonic full bandgap exists between the 2nd and 3rd bands with a bandgap size of 
8.7 % of the gap central frequency.  

 
Fig. 5. (left) First Brillouin surface of face-centered-orthorhombic lattice; (right) photonic 
band structure for an orthorhombic photonic crystal. λphoton is the wavelength of photons in 
the photonic band. 

4.3 Bandgap size  vs  shifting Δz and rotation α 
The significance of the overlap between the two alternating high-intensity stacks controlled 
by the translation Δz of the second phase mask along the optical axis is depicted in Fig. 6.  
The relative bandgap size is measured from the bandgap diagram as shown in Fig. 5 (right) 
and defined by the ratio of central frequency and the frequency range of the bandgap. From 
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Fig. 6 we can see that a global bandgap of 4% exists in structures with α=60º and Δz=0.03c. 
The maximum photonic bandgap appears at Δz=0.25c, where the 2nd log-pile pattern moves 
to a location closest to the 1st log-pile pattern, symmetrising the whole 3D woodpile 
structure. In structures where Δz≤0.03c, the width of the bandgap reduces rapidly and 
eventually vanishes. A maximum bandgap of 17% was achieved at a shift Δz=0.25c.  
 

 
 

Fig. 6. Photonic bandgap as function of the phase mask displacement Δz between two 
exposures. The phase mask rotational angle α is 60º. Insets are the first Brillouin surface and 
photonic band diagram for the face-centered-orthorhombic structure. 

To study the dependence of the size of the bandgap on α, photonic bandgap calculations 
were performed with various c/L ratios as shown in Fig. 7. Since all the laser beams come 
from the same half-space, the interference pattern generated will be elongated along the c-
axis due to relatively small interference angles. This elongation, along with a rotational 
angle of 90º, causes the lattice constant c to be larger than a and b, yielding a face-centered 
tetragonal structure. When the rotation angle of phase mask decreases from 90º, the lattice 
constant b increases, while a decreases; in effect reducing the photonic crystal structure to a 
lattice with orthorhombic symmetry. A small phase mask rotational angle α can transfer the 
lattice back into tetragonal again when the lattice constant b is equal to c. When the value of 
b approaches that of c, the structure becomes more symmetric and the bandgap increases. 
From simulation, we found that the maximum bandgap occurs when the structure has the 
highest possible symmetry. For relatively small c/L ratios, where c approaches a and b, and 
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α=90º, the widest bandgap is produced. For larger c/L ratios, the maximum bandgap occurs 
at a rotational angle α≠90º. Fig. 7 also illustrates the rotation angles α that maximize the 
bandgap for structures with a large c/L values. When c is larger than 1.9L, a small rotational 
angle of the phase mask is required to maximize the bandgap. For c/L=2.0, a 60º rotational 
angle maximizes the photonic bandgap. Maximizing the bandgap for structures with c/L 
ratios larger than 2 requires less than 60º angular displacements.  For this c/L ratio, varying 
the rotation angle from 90º initially results in a drop in the width of the gap followed by an 
increase. This is consistent with the symmetry transformation of the photonic structure, 
changing from tetragonal symmetry to orthorhombic symmetry then back to tetragonal 
symmetry.  

 
Fig. 7. Photonic bandgap as a function of the phase mask rotational angle α.  

4.4 Bandgap size  vs  c/L ratio 
Fig. 8 shows the optimum bandgap size in face-centered-tetragonal photonic structures 
which is formed with the rotation angle α=90º and in face-centered-orthorhombic structure 
where α≠ 90º, under different beam interference geometries. When c/L is small (beams have 
a larger interference angle), a rotation angle of 90º is preferred in order to have a larger 
bandgap. However if c/L is larger than 2.0, then the face-centered-orthorhombic structure is 
preferred for a larger bandgap. At c/L=2.3, the optimum bandgap size is 11.7% of the gap 
central frequency for a face-centered-orthorhombic structure formed with a rotation angle 
near 55º. While the face-centered-tetragonal structure formed with α=90º has a gap size of 
6.7%.  
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To demonstrate the feasibility of the proposed fabrication technique, both orthorhombic and 
tetragonal structures were recorded into a modified SU-8 photoresist. Utilizing the phase 
mask method a number of photonic structures can be generated; however there are some 
practical issues in realizing a photonic structure with a full photonic bandgap. Fig. 8 shows 
that a photonic bandgap exists in structures with smaller c/L values. Because c/L=cot(θ/2), 
a bigger interference angle is required in order to generate an interference pattern for a 
structure with a full bandgap. When the photoresist is exposed into an interference pattern, 
the interference pattern recorded inside the photoresist will be different from that in air. In 
the case of c/L=2.5, an interference angle θ=43.6º is required, which is greater than the 
critical angle of most of photoresist. 

 
Fig. 8. Photonic bandgap size in face-centered-tetragonal structures (= 90º) and in face-
centered-orthorhombic structures (< 90º) for various structures with a different c/L value.  

4.5 Experimental results 
In order to expose the photoresist to an interference pattern formed under a bigger 
interference angle, a special setup is arranged for the phase mask and the photoresist as 
shown in Fig. 9 (left). The photoresist is placed on the backside of the phase mask with the 
contact surface wetted with an index-match mineral oil. The design of the phase mask is 
modified correspondently. As a proof-of-principle, we show in Fig. 9 (right) scanning 
electron microscopy (SEM) of woodpile-type structures in SU-8 photoresist formed through 
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the phase mask based holographic lithography. An Ar ion laser was used for the exposure 
of 10 μm thick SU-8 photoresist spin-coated on the glass slide substrate. The photoresist and 
phase mask were both mounted on high-precision Newport stages. Both the phase mask 
and photoresist were kept perpendicular to the propagation axis of the incident Ar laser 
beam.  
 

 
Fig. 9. (left) an arrangement of the phase mask and the photoresist. The interface between 
the backside of the phase mask and the photoresist is wetted with an index-match fluid; 
(right) SEM top-view of an orthogonal woodpile-type structure in SU-8 photoresist formed 
through the phase mask based holographic lithography.  

The photoresist solution was prepared by mixing 40 gram SU-8 with 0.5 wt % (relative to 
SU-8) of 5,7-diiodo-3-butoxy-6-fluorone (H-Nu470), 2.5 wt% of iodonium salt co-initiator 
(OPPI) and 10 ml Propylene Carbonate to assist the dissolution. Due to the large 
background energy presented in the generated interference pattern (53% of 0th order), the 
photoresist solution was further modified by the addition of 20 mol percent Triethylamine. 
Subsequent exposure to light generates Lewis acids that are vital in the crosslinking process 
during post exposure bake. The addition of Triethylamine, acting as an acid scavenger, 
allowed the formation of an energy gap which prevented the polymerization process in 
locations exposed below the energy threshold. The substrates utilized for crystal fabrication 
were polished glass slides cleaned with Piranha solution and dehumidified by baking on a 
hot plate at 200 ºC for 20 min. Each substrate was pre-coated with 1µm layer of Omnicoat to 
enhance adhesion. The SU-8 mixture was spin-coated onto the pre-treated substrate at 
speeds between 700 and 1500 rpm; resulting in a range of thicknesses from 25 to 5 µm. Pre-
bake of SU-8 films was preformed at a temperature of 65 ºC for about 30 min. The prepared 
samples were first exposed under 500mw illumination for 0.9 s using the first phase mask. A 
second phase mask, which was rotated by α about the optic axis and translated by Δz with 
respect to the first, was then used for an additional 0.9 s exposure.  The samples were post-
baked at 65 ºC for 10 min and 95 ºC for 5 min and immersed in SU-8-developer for 5 min.  
Fig. 10(a) shows an SEM top view picture of a woodpile orthorhombic structure recorded in 
SU-8 with an α of 60º. The inset of the same figure details the predicted structure from 
simulation. The 3D span of the structure visible in Fig. 10(b) was also imaged by SEM. The 
layer-by-layer, woodpile nature of the structure is clearly demonstrated. The overlapping 
and cross-connection of neighbouring layers ensures a stable formation of 3D structures for 



Holographic Fabrication of Three-Dimensional Woodpile-type  
Photonic Crystal Templates Using Phase Mask Technique  

 

85 

further processing. From figure 10 (a) and (b), we measured in the SEM the lattice constants 
to be b=1.3 μm and c=3.4 μm. The elongation in the z-direction was thus compensated by 
the 60º rotation, compared with b=1.06 μm and c=6.13 μm in the structure generated by two 
orthogonally-oriented phase masks with similar period used in this work. 
 

 
Fig. 10. (a) A SEM top view picture; and (b) a SEM side view picture of a woodpile 
orthorhombic structure recorded in SU-8 with α=60º. Simulated structures are inserted in 
Fig.s. 

5. Conclusion 
In summary, we demonstrate the fabrication of 3D photonic crystal templates in SU-8 using 
phase mask based holographic lithography technique. Both face-centered-orthorhombic and 
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face-centered-tetragonal woodpile-type photonic crystals have been fabricated. The usage of 
phase mask dramatically simplified the optical setup and improved the sample quality. The 
structure and symmetry of the photonic crystals have been demonstrated by controlling the 
rotational angle of a phase mask to compensate the structural elongation in z-direction in 
order to enlarge the photonic bandgap. Photonic bandgap computations have been 
preformed optimally on those woodpile structures with α between 50º to 70º as well as 
traditional 90º rotation. Our simulation predicts that a full bandgap exists in both 
orthorhombic and tetragonal structures. The study not only leads to a possible fabrication of 
photonic crystals through holographic lithography for structures beyond intensively-
studied cubic symmetry but also provides a blueprint defining the lattice parameter for an 
optimum bandgap in these orthorhombic or tetragonal structures.  
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1. Introduction 
Cavity quantum electrodynamics (cavity QED) describes few atoms coupling to quantized 
electromagnetic fields inside an optical cavity (Mabuchi & Doherty, 2002). The core of cavity 
QED is the strong coherent interaction between the single-mode electromagnetic field and 
the internal states of the atom. It is one of few experimentally realizable systems in which 
the intrinsic quantum mechanical coupling dominates losses that due to dissipation (Cirac et 
al., 1997). Furthermore, it represents an almost ideal and the simplest quantum system 
which allows quantitative studying of a dynamical open quantum system under continuous 
observation. Up to the present, three representative optical microcavities have been 
proposed for studying quantum optics and implementing quantum information (Vahala, 
2004). The first one is the conventional Fabre-Perot (FP) type cavities consisting of two 
concave dielectric mirrors facing each other at a distance of the order of a few 100 μm, where 
single neutral atoms can be trapped through magneto-optical trap (MOT), optical dipole 
trap or magnetic trap for a long time (up to several seconds). The second is the microcavities 
supporting whispering gallery modes, including microspheres, microdisks, and 
microtoroids. The third type is the nanoscale cavities in photonic crystal (Foresi et al., 1997). 
With FP-type microcavities, numerous theoretical schemes have been suggested for 
generating nonclassical states of cavity fields (Vogel et al., 1993; Parkins et al., 1993; Law et 
al., 1996) and entangled states of many atoms (Cabrillo et al., 1999), and realizing two-qubit 
logic gates (Pellizzari et al., 1995; Pachos and Walther, 2002) and universal gates for Fock-
state qubits (Santos, 2005), which lead to experimental realization of the Einstein-Podolsky-
Rosen (EPR) state of two atoms, Greenberger-Horne-Zeilinger (GHZ) states of three parties 
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(two atoms plus one cavity mode), Schrödinger cat state (Brune et al., 1996), and single-
photon state (Brattke et al., 2001) of a cavity field. However, FP-type microcavities have their 
inherent problems. For example, it is extremely difficult to realize a scalable quantum 
computation in experiment by integrating many microcavities, though theoretical protocols 
may be simple and elegant. Recently, whispering gallery microcavities have been studied 
for cavity QED toward quantum information processing (Xiao et al., 2006) due to their 
ultrahigh quality factors (Q, which is proportional to the confinement time in units of the 
optical period) and high physical scalability. Strong-coupling regime has been demonstrated 
when cold caesium atoms fall through the external evanescent field of a whispering gallery 
mode. Nevertheless, the cold atoms are ideal stationery qubits (quantum bits), but not suited 
for good flying qubits. Thus, a solid-state cavity QED (involved single quantum dot (QD), 
for example) system with whispering gallery microcavities seeks further advancements. 
As a new resonant configuration, nanocavities in photonic crystal with high quality factors 
(Q) and ultrasmall mode volumes (V) are attracting increasing attention in the context of 
optical cavity QED (Faraon et al., 2008; Fushman et al., 2008; Hennessy et al., 2007; Badolato 
et al., 2006; Reithmaier et al., 2004; Yoshie et al., 2004). Combined with low loss and strong 
localization, they present a unique platform for highly integrated nanophotonic circuits on a 
silicon chip, which can also be regarded as quantum hardware for nanocavity-QED-based 
quantum computing. Toward this goal, strong interactions between a QD and a single 
photonic crystal cavity have been observed experimentally (Hennessy et al., 2007; Badolato 
et al., 2006; Reithmaier et al., 2004; Yoshie et al., 2004). Moreover, single photons from a QD 
coupled to a source cavity can be remarkably transferred to a target cavity via an integrated 
waveguide in an InAs/GaAs solid-state system (Englund et al., 2007a), which opens the 
door to construct the basic building blocks for future chip-based quantum information 
processing systems. Weak coupling nanocrystal ensemble measurements are reported in 
TiO2-SiO2 and AlGaAs cavity systems (below 1 μm wavelengths) recently (Guo et al., 2006; 
Fushman et al., 2005) and also independently in silicon nanocavities with lead chalcogenide 
nanocrystals (a special kind of QDs) at near 1.55 μm fibre communication wavelengths 
recently (Bose et al., 2007). 
In this Chapter, we theoretically study the coherent interaction between single nanocrystals 
and nanocavities in photonic crystal. This Chapter is organized as follows. In section 2, our 
attention is focused on a single QD embedded in a single nanocavity. First, we introduce, 
derive, and demonstrate the explicit conditions toward realization of a spin-photon phase 
gate, and propose these interactions as a generalized quantum interface for quantum 
information processing. Second, we examine single-spin-induced reflections as direct 
evidence of intrinsic bare and dressed modes in our coupled nanocrystal-cavity system. In 
section 3, however, our attention is switched on the N coupled cavity-QD subsystems. We 
examine the spectral character and optical delay brought about by the coupled cavities 
interacting with single QDs, in an optical analogue to electromagnetically induced 
transparency (EIT) (Fleischhauer et al., 2005). Furthermore, we then examine the usability of 
this coupled cavity-QD system for QD-QD quantum phase gate operation and our 
numerical examples suggest that a two-qubit system with high fidelity and low photon loss. 

2. Nanocrystals in silicon photonic crystal standing-wave cavities 
In this section, we examine the single-photon pulse (or weak coherent light pulse) 
interactions of a single semiconductor nanocrystal in a system comprised of standing-wave 
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high-Q/V silicon photonic crystal nanocavities (Xiao et al., 2007a). In contrast to earlier 
travelling-wave whispering gallery cavity studies (Xiao et al., 2006), we show here that a 
QED system based on coupled standing-wave nanocavities can realize a spin-photon phase 
gate even under the bad-cavity limit and provide a generalized quantum interface for 
quantum information processing. In addition, we demonstrate numerically a solid-state 
universal two-qubit phase gate operation with a single qubit rotation. This theoretical study 
is focused within the parameters of near 1.55 μm wavelength operation for direct integration 
with the fiber network, and in the silicon materials platform to work with the vast and 
powerful silicon processing infrastructure for large-array chip-based scalability. 

2.1 Theoretical model 
We begin by considering a combined system consisting of coupled point-defect high-Q/V 
photonic crystal cavities, a line-defect photonic crystal waveguide, and an isolated single 
semiconductor nanocrystal. We offer some brief remarks on this system before building our 
theoretical model. When a photon pulse is coupled into the cavity mode via a waveguide 
(Fig. 1(a)), photons can couple out of the cavity along both forward and backward 
propagating directions of the waveguide because the cavity supports standing-wave modes. 
While each cavity can each have a Faraday isolator to block the backward propagating 
photon, such implementation may not be easily scalable to a large-array of cavities. To 
obtain only forward transmission, here we examine theoretically a defect cavity system with 
accidental degeneracy (Fan et al., 1998; Xu et al., 2000; Min et al., 2004) as a generalized 
study of cavity-dipole-cavity systems, and which also provides close to 100% forward-only 
drop efficiency. This framework is also immediately applicable to non-reciprocal magneto-
optic cavities which have larger fabrication tolerances. Both systems support two degenerate 
even |e〉 and odd |o〉 cavity modes (h-polarized, dominant in-plane E-field) that have 
opposite parity due to the mirror symmetry, as shown in Fig. 1(a). The waveguides can 
support both v-polarizations (dominant in-plane H-field) and h-polarizations for 
polarization diversity (Barwicz et al., 2007). 
 

 
Fig. 1. (a) Sketch of a waveguide side coupled to a cavity which supports two degenerate 
modes ec and oc with opposite parity. (b) lead chalcogenide (e.g. lead sulphide) nanocrystal 
energy levels and the electron-exciton transitions in the presence of a strong magnetic field 
along the waveguide direction, which produces nondegenerate transitions from the electron 
spin states ↑  and |↓〉 to the charged exciton states 1e  and 2e  under the transition 
selection rules.  
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Fig. 1(b) shows the energy levels and electron-exciton transitions of our cavity-dipole-cavity 
system. In order to produce nondegenerate transitions from the electron spin states, a 
magnetic field is applied along the waveguide direction (Atatüre et al., 2006). |↑〉 and |↓〉 play 
the rule of a stationary qubit, which have shown much longer coherence time than an exciton 
(dipole or charge). The transition 1e↑ ↔ , with the descending operator 1eσ = ↑− , is 
especially chosen and coupled with the cavity modes with single-photon coupling strengths 

( )eg rG  and ( )og rG , while other transitions are decoupled with the cavity modes. 
Now we construct our model by studying the interaction between the nanocrystal and the 
cavity modes. The Heisenberg equations of motion for the internal cavity fields and the 
nanocrystal are (Duan et al., 2003; Duan & Kimble et al., 2004; Sørensen & Mølmer, 2003) 

 [ ] ( )
1 in

1,2
i , i je

e e e e
j

dc c H c c
dt

κ κ
=

= − − + ∑ , (1) 

 [ ] 1 ( )
1 in

1,2
i , ( 1) j jo

o o o o
j

dc c H c c
dt

κ κ+

=

= − − + − ∑ , (2) 

 [ ]i ,d H
dt
σ σ γσ−

− −= − − , (3) 

where the interaction Hamiltonian 

 †

,
[ ( ) . .]al cl p p p p

p e o
H c c g r c h cδ σ σ δ σ+ − +

=

= + + +∑ G  (4) 

is in a rotating frame at the input field frequency lω . In contrast to earlier work [Xiao et al., 
2006; Waks & Vuckovic, 2004; Srinivasan & Painter, 2007], here we examine the case with 
the two |e〉 and |o〉 modes in the standing-wave cavities in order for forward-only 
propagation of the qubit. The cavity dissipation mechanism is accounted for 
by ( ) ( )0 ( )1e o e o e oκ κ κ= + , where ( )0e oκ  is intrinsic loss and ( )1e oκ  the external loss for the even 
(odd) mode. The nanocrystal dissipation is represented by / 2s pγ γ γ≡ +  where sγ  is the 
spontaneous emission rate and pγ  the dephasing rate of the nanocrystal. 
When the two degenerate modes have the same decay rate, i.e., 0 0 0e oκ κ κ= = , 1 1 1e oκ κ κ= = , 
and 0 1κ κ κ≡ + , two new states ( )i / 2e o± = ±  are suitable to describe this system, 
which can be thought as two traveling (or rotating) modes. In this regard, the interaction 
Hamiltonian is expressed as  

 †

,
[ ( ) . .]al cl s s s s

s
H c c g r c h cδ σ σ δ σ+ − +

=+ −

= + + +∑ G  (5) 

where the effective single-photon coupling rates are ( )( ) ( ) i ( ) / 2e og r g r g r± =
G G G∓ . In this case, 

Eqs. (1) , (2), and (3) are rewritten into the corresponding forms with c± . 
The nanocrystal-cavity system is excited by a weak monochromatic field (e.g., single-photon 
pulse), so that we solve the above motion equations for the below explicit analytical 
expressions 

 ( ) ( ) ( )
,

i ( ) / is s al
s

g r cσ ω ω δ γ−
=+ −

= − +∑ G  (6) 
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and ( )c ω±  are given as 

 ( ) ( ) ( ) ( )(1) *
1 ini 2 i i ( ) 0clc c g rκ ω δ κ ω σ ω+ + −− + − =

G , (7) 

 ( ) ( ) ( ) ( )(2) *
1 ini 2 i i ( ) 0clc c g rκ ω δ κ ω σ ω− − −− + − =

G . (8) 

Note that orthogonality of the |e〉 and |o〉 basis modes (as shown in Fig. 1a) forces the 
nanocrystal to choose only either ( ) ( )e og r ig r=K K , or  ( ) ( )e og r ig r= −K K , or both (in which case 
|e〉 and |o〉 are uniquely zero), but no other possibilities. Photon qubit input from only the 
left waveguide forces only one of the cavity states (|e〉 + i|o〉) to exist (Fan et al., 1998), and 
we assume this cavity environment from the existing photon qubit enhances the 

( ) ( )e og r ig r= −K K probability. Of course, with only the left waveguide qubit input in a non-
reciprocal magneto-optic cavity, this condition is strictly enforced. Hence we can take 

( ) i ( )e og r g r= −
G G , which implies ( ) 0g r− =

G , ( ) 2 ( )eg r g r+ =
G G , to further simplify Eqs. (7)-(8). 

Now note that the left output (1)
outc  remarkably vanishes, while the right output is given by 

( ) ( )(2) (1)
out in 12 i / ic c κ κ δ λ κ δ λ= − − + − + , where ( ) ( )2

2 / [i ]eg rλ δ γ= Δ − +
G , and al clδ δΔ ≡ −  

and clδ δ≡ −  denote the nanocrystal-cavity and input-cavity detunings, respectively. 
Importantly, this implies that our quantum phase gate provides a true one-way transmission 
through the cavity-dipole-cavity system. 

2.2 Spin-photon phase gate 
To examine more of the underlying physics, we consider first the case of exact resonance 
( 0Δ = , 0δ = ). When 2( ) | / 1eg r κγ >>K   (the nanocrystal occupies the spin state |↑〉), we 
obtain (2) (1)

out inc c≈ . When ( ) 0eg r =
G  (the nanocrystal occupies the spin state |↓〉), we obtain 

(2) (1)
out inc c≈ −  for  1 0κ κ>> , which indicates that the system achieves a global phase change ie π . 

This distinct characteristic allows the implementation of a spin-photon phase gate. After the 
photon pulse passes though the cavity system, we easily obtain a gate operation 

 
,  ,

,  .

h h h h

v v v v

↑ → ↑ ↓ → − ↓

↑ → ↑ ↓ → ↓
 (9) 

This two-qubit phase gate combined with simple single-bit rotation is, in fact, universal for 
quantum computing. More importantly, this interacting system can be regarded as a quantum 
interface for quantum state sending, transferring, receiving, swapping, and processing. 
To efficiently evaluate the quality of the gate operation, the gate fidelity is numerically 
calculated, as shown in Fig. 2. Considering specifically a lead chalcogenide (e.g. lead 
sulphide) nanocrystal and silicon photonic nanocavity system for experimental realization, 
we choose the spontaneous decay as γs ~ 2 MHz and all non-radiative dephasing γp ~ 1 GHz 
at cooled temperatures. Photonic crystal cavities have an ultrasmall mode volume V  
(~ 30.1 μm  at 1550 nm), with a resulting calculated single-photon coherent coupling rate eg  
of ~ 30 GHz. High Q of up to even ~106 experimentally and ~107 theoretically (Asano et al., 
2006; Kuramochi et al., 2006) has been achieved in photonic crystal cavities. 
With these parameters, as shown in Fig. 2a, the gate fidelity of the cavity-dipole-cavity 
system can reach 0.98 or more, even when photon loss is taken into account, and even when 
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the vacuum Rabi frequency ge is lower than the cavity decay rate κ (bad-cavity limit). The 
gate fidelity increases initially as the cavity approaches more into the over-coupling regime 
due to less photon loss and eventually decreases as the nanocrystal-cavity system moves 
away from the strong coupling regime. Secondly, we note that with non-zero detuning 
(Δ/κo=2; Case III and VI), the gate fidelity slightly decreases but is still adequate. With 
increasing nanocrystal dissipation rate (Fig. 2b), the fidelity decreases as expected and the 
system moves away from strong coupling (less nanocrystal interactions with the cavity). The 
physical essence behind such high fidelities is the true one-way transmission where the 
nanocrystal couples to |+〉 mode, with only forward propagation with no backward 
scattering of the qubit. In addition, accidental degeneracy mismatch may degrade the gate 
performance. To validate the feasibility of the present scheme, we perform a direct 
calculation of gate fidelity for different frequency and lifetime of the opposite-parity cavity 
modes. Even with degeneracy mismatch (ωe - ωl = δel ≠ δol = ωo - ωl; in Case IV and VII) with 
some backward scattering of the qubit, the gate fidelity is shown to remain high. Moreover, 
with different lifetimes of the cavity modes (Case VII), the fidelity remains high as long as 
the 2| ( ) | / 1g r κγ >>K   condition is satisfied. 
 

 
Fig. 2. Gate fidelity versus 1κ  (panel a) and γ  (panel b) respectively for the lead sulphide 
nanocrystal in degenerate cavity modes, illustrating that the fidelity mainly depends on 

2 /eg κγ  and 0 1/κ κ . Case I: κ0 = 0.1 GHz, δel = δol = δal = 0. Case II: κ0 = 1GHz, δel = δol = δal = 
0. Case III: κ0 = 1GHz, δel = δol = 0, δal = 5κ0. Case IV: κe0 = κo0 = 0.1GHz, δel = -δol = 5GHz, δal = 
0. Case V: κe0 = κo0 = κ0 = 1GHz, κe1 = κo1 = κ1 = ge, δel = δol = δal = 0. Case VI: identical to Case 
V but with δal = 5κ0. Case VII: κe0 = 2κo0 = 0.2GHz, κe1 = 1.1κo1 = ge, δel = -δol = 5GHz, δal = 
1GHz. 

2.3 Single-spin-induced reflections 
Furthermore, we show that the above cavity-dipole-cavity interaction mechanism can result 
in interesting transmissions and reflections based on the presence or absence of dipole 
interaction, and with different detunings. We examine the case of ( )eg r g=

G  and ( ) 0og r =
G , 

such as when the nanocrystal is positioned at the cavity mirror plane. Some typical 
transmission and reflection spectra are shown in Fig. 3. In the absence of a dipole (i.e., the 
nanocrystal occupies the spin state |↓〉), the cavity system has near-unity transmission, 
except when on-resonance. However, when the located nanocrystal is in state |↑〉, the 
interacting system is transmission-free and remarkably reflects the cavity field strongly. We 



Quantum Electrodynamics in Photonic Crystal Nanocavities  
towards Quantum Information Processing  

 

95 

emphasize that this reflection is induced by a single spin state, and hence can be termed 
single-spin-induced reflection. The constructive interference of the cavity field can be 
considered as an optical-analog to electromagnetically induced absorption in the excited 
state of a 3-level atomic system. The three reflection peaks in Fig. 3(a) can be understood by 
considering the strong cavity-dipole-cavity interaction, where the input photon pulse 
experiences three modes: bare odd mode (central peak) and two dressed even modes (side 
peaks). When the total cavity decay increases, the three peaks overlap increasingly and form 
a new peak (Figs. 3b-3d) at zero detuning input. We note the high reflectivity for the cavity-
dipole-cavity system at zero detuning, even under the bad-cavity limit. This high reflectivity 
is helpful to permit arrayed controlled phase flip operation with a single circulator at the 
input. 
 

 
Fig. 3. Reflection and transmission of the spin-photon phase gate with an isolated 
semiconductor nanocrystal in the degenerate point-defect standing-wave cavity modes. 
Other conditions for this parameter set include: 0 / 10γ κ=  and 1 020κ κ= , with the nanocrystal 
located at the cavity mirror plane ( ( )eg r g=

G  and ( ) 0og r =
G ). The black solid (green dashed) line 

is the reflection (transmission) in the absence of a dipole in the cavity. The red dotted (blue 
dashed-dot) line is the reflection (transmission) in the presence of a dipole in the cavity. 

3. Coupled electrodynamics in photonic crystal cavities 
Over the past few years, theoretical and experimental interests are mainly focused on a 
single cavity interacting with atoms, and tremendous successes have been made ranging 
from strongly trapping single atoms and deterministic generation of single-photon states, to 
observation of atom-photon quantum entanglement and implementation of quantum 
communication protocols. For more applications, current interest also lies in the coherent 
interaction among distant cavities. The coherent interaction of cavity arrays has been 
studied as an optical analogue to EIT in both theory (Smith et al., 2004; Xiao et al., 2007b) 
and experiment (Xu et al., 2006; Totsuka et al., 2007). Coupled cavities can be utilized for 
coherent optical information storage because they provide almost lossless guiding and 
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coupling of light pulses at slow group velocities. When dopants such as atoms or QDs 
interact with these cavities, the spatially separated cavities have been proposed for 
implementing quantum logic and constructing quantum networks. Recent studies also show 
a strong photon-blockade regime and photonic Mott insulator state (Hartmann et al., 2006; 
Hartmann & Plenio, 2007), where the two-dimensional hybrid system undergoes a 
characteristic Mott insulator to superfluid quantum phase transition at zero temperature 
(Greentree et al., 2006; Angelakis et al., 2007). Recently, it has shown that coupled cavities 
can also model an anisotropic Heisenberg spin-1/2 lattice in an external magnetic field 
(Hartmann et al., 2007). The character of a coupled cavity configuration has also been 
studied using the photon Green function (Hughes, 2007). 

3.1 Model of coupled N cavity–QD subsystems 
Using transmission theory, we study coherent interactions in a cavity array that includes N 
cavity–QD subsystems (Xiao et al., 2008), with indirect coupling between adjacent cavities 
through a waveguide (Fig. 4). First, we investigate a subsystem in which a single cavity 
interacts with an isolated QD. Here for simplicity we suppose that only a single resonance 
mode (h-polarized) is present in the cavity, although two-mode cavity–QD interactions have 
been considered in the previous section. The cavity–QD–waveguide subsystem has mirror-
plane symmetry, so that the mode is even with respect to the mirror plane. We can easily 
obtain the Heisenberg equations of motion 

 ( )( ) ( )
1,

ˆ ˆˆ ˆ ˆ,j
j j j j j

dc
i c H c i a b

dt
κ⎡ ⎤= − − Γ + +⎣ ⎦

j j
in in  (10) 

 ,
, ,

ˆ
ˆ ˆ ˆ,j

j j j j j j

d
i H

dt
σ

σ γ σ γ σ− ′ ′
− −⎡ ⎤= − − +⎣ ⎦  (11) 

where jc is bosonic annihilation operator of the j-th cavity mode with resonant frequency  

,c jω . ( ) ( )ˆˆ ( )a bj j
in in and ( ) ( )ˆˆ ( )a bj j

out out describe the input and output fields in the left (right) port 
respectively, with standard input-output relations ( ) ( )

1,
ˆˆ ˆj ja b cκ= +j j

out in  and 
( ) ( )

1,
ˆ ˆ ˆj jb a cκ= +j j
out in . 2 jΓ represents total cavity decay with ( )0, 1,2 / 2j j jκ κΓ = + , where 0, jκ is 

the intrinsic cavity decay rate and 1, jκ the external cavity decay rate. ( ),ˆ jσ− + is the descending 
(ascending) operator of the interacting two-level QD with transition frequency ,r jω .  jγ is 
the total decay rate of the QD, including the spontaneous decay (at rate sγ ) and dephasing 
(at rate pγ ) in the excited state e ; jH is the subsystem Hamiltonian  

( )†
, , , , ,ˆ ˆ ˆ ˆ ˆ ˆ . .j c j j j r j j j j j jH c c g r c h cω ω σ σ σ+ − +⎡ ⎤= + + +⎣ ⎦

G , where ( )jg rG  is the coupling strength 
between the cavity mode and the dipolar transition  g e↔ .  ˆ jσ ′ is the vacuum noise 
operator associated with the decay rate jγ

′ . 
In the weak excitation limit (excited by a weak monochromatic field or a single photon pulse 
with frequency ω ), and by omitting the term which concerns the Langevin noises, the 
motion equations can be solved, with the transport relation in the frequency domain 

 
( )
( )

( )
( )
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Here the transmission matrix is 

 1,

1, 1,1,

1
2

j j j
j

j j j jj j j

T
κ α

α κ κα κ
− − Γ⎛ ⎞

= ⎜ ⎟− Γ ++ − Γ ⎝ ⎠
 (13) 

where ( ) ( )2

, ,/j c j j r j ji g r iα γ= Δ + Δ −
G , , ,c j c jω ωΔ = −  ( , ,r j r jω ωΔ = − ) represents the 

detuning between the input field and the cavity mode (QD transition). For convenience, we 
also define the cavity-QD detuning , ,j c j r jδ ω ω≡ − . The transport matrix can be regarded as 
a basic cell in cascading subsystems and obtaining the whole transportation for the N -
coupled cavity-QD system. The transport properties can thus be expressed as 
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( )
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( )

(N) (1)
in in

0 0 2 0 1 (1)(N)
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b a
T T T T T T

ab

ω ω
ωω

⎛ ⎞ ⎛ ⎞
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Here 0T , the transmission matrix via the waveguide between the two adjacent nanocavities, 
can be expressed as 

 0
0

0

i

i

e
T

e

θ

θ

−⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 (15) 

where k Lθ = ⋅
G G

, and L is the distance between the adjacent nanocavities. 
 

 
Fig. 4. (a) Example scanning electronic micrograph of periodic waveguide-resonator 
structure containing N side-coupled nanocavities (h-polarized) at a distance L. The 
nanocavities are side coupled through the integrated waveguide, with no direct coupling 
between any two nanocavities. (b) The j-th quantum dot – cavity subsystem. (j) (j)

in in
ˆˆ ( )a b  and 

(j) (j)
out out

ˆˆ ( )a b describe the input and output fields in the left (right) port, respectively. 
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When studying only the spectral character of the coupled cavity-QD interaction (Section 
3.2), we note that this is analogous to classical microwave circuit design, where the 
transmission and reflection characteristics from Eq. (14) can also be examined with coupled-
mode theory with dipole terms inserted. Examining the spectral character first (Section 3.2) 
helps to understand the coupled cavity-QD controlled quantum phase gate operation and 
performance (Sections 3.3 and 3.4). 

3.2 Spectral character of coupled cavity-QD arrays 
To examine the physical essence, we need to first examine the spectral character of the 
coupled cavity-QD system. The reflection and transmission coefficients are defined as 

( ) ( ) ( )(1) (1)
1 ˆ ˆ/Nr a aω ω ω≡ out in  and ( ) ( ) ( )( ) (1)

1
ˆ ˆ/N

Nt b aω ω ω≡ out in . In the following, we also assume that 
these cavities possess the same dissipation characteristic without loss of generality, i.e., 

0, 0jκ κ= , 1, 1jκ κ= , 1 050κ κ= , and jΓ = Γ . 
 

 
Fig. 5. (a) and (b): Transmission spectra of two coupled empty cavities, where 20θ π= . 
Solid, dashed, and dotted lines describe the cases of 21 0, / 2,δ = Γ Γ , respectively. (b) 
Numerical 3D FDTD simulations of optical analogue of EIT in two coupled cavity ( 0θ =  ) 
for detunings 1.14Γ  (red; 0.135εΔ =cavities ), 1.26Γ (blue; 0.160εΔ =cavities ), and 1.49Γ  
(green; 0.185εΔ =cavities ). The arrows denote the EIT peak transmissions. The dashed grey 
lines denote the two detuned individual resonances for the case of 1 0.05s a= . The black 
curve is for a single cavity transmission for reference. (c) Example xE -field distribution of 
coupled empty photonic crystal cavities. 

Fig. 5a describes the transmission spectra of two coupled empty cavities (without QD) with 
different detuning ( 21 , 2 ,1c cδ ω ω≡ − ). When the two cavities are exactly resonant, a 
transmission dip is observed; with increasing 21δ , a sharp peak exists at the center position 
between the two cavity modes. This is an optical analogue to the phenomenon of EIT in 
atomic vapors. We examine the classical optical analogue exactly through 3D finite-
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difference time-domain (FDTD) numerical simulations. Specifically, Fig. 5b and 5c show an 
example of the transmission and field distributions through the coherent interaction with 
two coupled empty cavities, where the resonance of one cavity is detuned by three 
cases: 21 1.14δ = Γ , 1.26Γ , and1.49Γ . The optical transparency peak from the FDTD is 
broader than in Fig. 5a due to the finite grid-size resolution, and is observed on top of a 
background Fabry-Perot oscillation (due to finite reflections at the waveguide facets). The 
analogy and difference between an all-optical analogue to EIT and atomic EIT are recently 
discussed in Ref. (Xiao et al., 2007). 
 

 
Fig. 6. (a) Transmission spectra of two coupled subsystems with one QD (top) and two QDs 
(bottom) where / 2g = Γ , 1 2 0γ γ γ κ= = = . Other conditions are same as Fig. 5a. (b) Spectral 
character of three coupled subsystems with 31 / 2δ = Γ  and 1, 2,3 0δ = . Inset: 31 / 2δ = Γ , 

21 0δ = , 1 3 0δ δ= = , with 2 / 2δ = Γ (top) and Γ (bottom). (c) and (d): Photon phase shift and 
delay (τsto ) through two cavity-QD subsystems, where ( ),c r jω ϖ= , 0.2g = Γ . Inset: 
transmission spectrum. 

In the presence of QDs, Fig. 6a (top) shows the spectral characteristics in which a single QD 
resonantly interacts with the first cavity. When both cavities are resonant, there exist two 
obvious sharp peaks located symmetrically around 0ω =  (for convenience, we define 

,1 0cω = ). This fact can be explained by dressed-mode theory. Resonant cavity-QD 
interaction results in two dressed modes, which are significantly detuned from the second 
empty cavity with the detuning 1( ) / 2g r± = ±Γ

G . Both dressed modes non-resonantly couple 
with the empty mode, resulting in two transparency peaks located at frequencies / 4ω ≈ ±Γ . 
When 21 / 2δ = Γ , one dressed cavity mode non-resonantly couples with the empty mode 
with a detuning Γ , which leads to a transparency peak located near 0ω � ; while the other 
dressed mode resonantly couples with the empty mode, which does not result in a 
transparency peak. When 21δ  continually increases, e.g., 21δ = Γ , the vanished peak 
reappears since the two dressed modes are always non-resonant with the empty mode. 
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Fig. 6a (bottom) illustrates the case where both cavities resonantly interact with a single QD 
each. Similar to the above analysis, we can explain the number and locations of sharp peaks 
with respect to different 21δ by comparing the two pairs of dressed modes. For example, 
when 21δ = Γ , the dressed modes in the first cavity is located at / 2±Γ  while the second pair 
is at / 2Γ and 3 / 2Γ , so the transparency peaks are located at [ / 2, / 2]−Γ Γ and [ / 2,3 / 2]Γ Γ , 
i.e., two peaks are near 0 and Γ . Fig. 6b shows the spectral character of three coupled 
cavity-QD subsystems, under various cavity-cavity and cavity-QD detunings. These 
transmission characteristics are helpful during experimental realization efforts to identify 
the required tuning and detunings when multiple QD transitions and cavity resonances are 
involved. 
Phase shift and photon storage.– To further examine this coupled cavity-QD system, Fig. 6c 
shows the transmission phase shift for various detunings of the input photon central 
frequency, where the cavity and QD transition are resonant for both subsystems. The phase 
shift has a steep change as we expected intuitively, which corresponds to a strong reduction 
of the group velocity of the photon. As shown in Fig. 6d, the delay time ( stoτ ) in this coupled 
system is almost hundreds of the cavity lifetime ( life 1 / 2τ = Γ ). This coupled cavity-QD 
system can essentially be applied to the storage of the photon. Moreover, our solid-state 
implementation has an achievable bandwidth of 50∼ MHz in contrast to less than 100 kHz 
in atomic systems, although the delay-bandwidth product is comparable. To obtain longer 
photon storage, one can consider dynamical tuning (Yanik et al., 2004; Xu et al., 2007; Yanik 
& Fan, 2007) to tune the cavity resonances with respect to the QD dipolar transitions to 
break the delay-bandwidth product in a solid-state cavity-QD array system. 

3.3 Quantum phase gate operation 
In the section above, we have shown the novel transport character of the coupled cavity-QD 
system. Now we study the possibility of quantum phase gate operation of the QDs based on 
this transport character. The schematic to realize this multi-QD coupled cavity-cavity system 
is illustrated in Fig. 7. The QDs are represented by two ground states |g〉 and |r〉, where the 
state |r〉 is largely detuned with the respective cavity mode. The two ground states can be 
prepared via QD spin-states such as demonstrated remarkably in experiment in Ref. 
(Atatuer et al., 2006) with near-unity fidelity. The input weak photon pulse is assumed h-
polarized, with an input pulse duration D (e.g. 1 ns) larger than the loaded cavity lifetime 
for the steady-state approximation. To remove the distinguishability of the two output 
photon spatial modes in the waveguide (transmitted and reflected), a reflecting element is 
inserted in the end of waveguide (such as a heterostructure interface), as shown in Fig. 7. 
This ensures that the photon always exits in the left-propagating mode |L〉 (from a right-
propagating input mode|R〉) without any entanglement with the QD states. Alternatively, a 
Sagnac interferometer scheme such as introduced in Reference (Gao et al., 2008) can also be 
implemented to remove the spatial mode distinguishability and QD-photon entanglement. 
In this single input single output mode scheme,  |h〉  and  |v〉  represent the two polarization 
states of the input photon. We emphasize that in the below calculations we have considered 
the complete characteristics of the full system (including the end reflecting element and the 
resulting "standing wave" due to the long photon pulse width) where we examined the final 
left-propagating output mode |L〉 from a right-propagating input mode |R〉 (Fig. 7). The 
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reflection interference is included where we force (2) (2)
in out

ˆ ˆb b= (Fig. 4b) from the reflection 
element, when calculating the temporal pulse delays for the different QD states. 
 

 
Fig. 7. Schematic to illustrate two-qubit quantum phase gate based on the coupled cavity-
cavity multi-QD scheme. A heterostructure reflection element is introduced in the end of 
waveguide to remove spatial mode distinguishability, with only a single output mode |L〉 
for an input photon mode |R〉. The QDs have a superposition of two ground states, |g〉 and 
|r〉. PBS1 and PBS2 represent the polarization beam splitters, D1 and D2 the single photon 
detectors, C the circulator, M the reflecting mirror. Here PBS1 and PBS2 are actually 
regarded as filters since only the h-polarized photon is required in our scheme. The 
response of detectors D1 and D2 provide an indication to show the gate operation success, 
and can also be used for measurement-induced entanglement in future. 

To facilitate the discussion but without loss of generality, we describe the all resonance case 
(i.e., ( ),c r jω ω= ) to describe the idea of the phase gate operation; in the subsequent numerical 
calculations, we will demonstrate the gate feasibility under non-ideal detunings. As an 
example, we focus on the realization of a two-qubit (two QDs) phase gate. Fig. 8 now shows 
the calculated reflection field (real and imaginary components) of the complete coupled 
cavity-cavity and two QD systems for the four superpositioned states 

1 2 3 4in 1 2 1 2 1 2 1 2
r r g r r g g gα α α αΨ = + + + . We address the following cases for the 

different QD states. 
Case I: The two QDs are initially prepared in 

1 2
u v  ( , ,u v g r= ) and at least one QD 

occupies the ground state |r〉. From Figs. 8a and 8b and for the all resonance case, we see 
that Re 21[ ] 1r −�  and Im 21[ ] 0r � under the over-coupling regime ( 0 1κ κ� ) and with the large 
Purcell factor ( 2 / 1g γΓ � ). This fact can be understood by regarding the resonant condition 
( ,c jω ω= ). The input photon will be almost reflected by one empty cavity, in which the QD is 
in |r〉, resulting in a final state 

1 2
u v L . 

Case II: The QDs initially occupy in 
1 2

g g . In this case, note that the photon pulse 
interacts coherently with both cavities and two QDs, including the reflection element which 
is placed specifically to achieve (2) (2)

in out
ˆ ˆb b= , before completely exiting the system. As 

demonstrated in Figs. 8a and 8b and for the all resonance case, the final output state is 
described by Re 21[ ] 1r � and Im 21[ ] 0r � . The resulting state is 

1 2
g g L . We note that the 
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photon loss is small for all four cases when the input photon pulse is on resonance with the 
cavity resonances, as can be done experimentally by tuning the input photon. 
 

 
Fig. 8. Real (a) and imaginary (b) parts of the reflection coefficients for initial QD 
states,

1 2
r r ,

1 2
r g ,

1 2
g r , and

1 2
g g . Here we assume 1 2( ) ( ) 2g r g r= = Γ

G G , 
21 1 2 0δ δ δ= = = , and the propagation phase between the second cavity and the reflection 

element is adjusted as  / 2nθ π π′ = +   to compensate the phase shift induced by the mirror 
reflection (ideally, π ). Other parameters are the same as Fig. 5a. (c) Shape function of the 
photon pulse for cases when the single QD is coupled (|g〉) or decoupled (|r〉) to the single 
cavity, and without the cavity. (d) Real and imaginary parts of the reflection coefficient 
when the reflection phase of the mirror deviates from ideal  π   with a deviation of 0.5. 

Therefore, with the exit of the photon of the single input single output system, the state of 
the two QDs after the interaction is now described by 

1 2 3 4out 1 2 1 2 1 2 1 2
r r g r r g g gα α α αΨ = − − − + . Hence, after the above process and 

recombining at PBS1, the state of the QD-QD gate described by 12i g gU e π=  can be 
manipulated. Moreover, if  1 / 2( 1,2,3,4)i iα = =  , we have  

out 1 2 1 2
(1 / 2)( )r gΨ = − + +  

[where 
2 2 2

1 2 ( )g r− = −  and 
2 2 2

1 2 ( )g r+ = + ], which is the generation of the 
maximally entangled state in the coupled QDs. Most importantly, this idea can also be 
extended to realize an N -qubit gate with only one step, which is of importance for reducing 
the complexity of practical quantum computation and quantum algorithms for physical 
realization. In addition, using this configuration, some special entangled QD states (for e.g., 
the cluster state) can be generated (Cho and Lee, 2005). 
We provide a few more notes on this designed coupled cavity-cavity multi-QD system. First, 
the temporal distinguishability is small for the single cavity-QD system, where in Fig. 8c we 
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plot the shape function of the output photon pulse for cases when the QD is coupled (|g〉), 
decoupled (|r〉), or without the cavity, through numerical simulation of the dynamical 
evolution of the system. The pulse shape function overlaps very well. Secondly, the 
calculated temporal distinguishability in the coherently coupled cavity-cavity multi-QD 
system is also small compared to the pulse duration  D  . Specifically, with the parameters 
in Fig. 8a, the photon delays due to the coupling to the cavities are calculated as 
approximately lifeτ , life2τ  , life2τ  , and life4τ  in case of the states

1 2
r r ,

1 2
r g ,

1 2
g r , and 

1 2
g g , respectively, where the loaded cavity lifeτ  is about 0.02 ns. The photon delay of the 

complete system is therefore sizably smaller than the pulse duration (of 1 ns, for example). 
Furthermore, this cavity-induced delay will furthermore decrease with increasing the 
coupling rate g , furthering reducing temporal distinguishability. Of course, the size of the 
chip is also small (tens of microns) so that the propagation time ( 2 /S v , where S  denotes 
the distance between the first cavity and the reflector, and v the group velocity) in the 
waveguide is much smaller than the pulse duration D . Thirdly, we examine the 
dependence of the overall system reflection coefficient on the phase variation from the 
reflection element, when deviating from the ideal π phase shift. Fig. 8d shows the numerical 
results, where a slight dependence is observed when there is a phase deviation of  0.5  from  
π . Moreover, the phase shift from the reflection element can be externally controlled stably, 
such as with an external and focused pump beam to thermally tune the reflection region. 

3.4 Gate fidelity and photon loss 
To exemplify the coupled cavity system, isolated single semiconductor QDs in high- Q small 
modal volume (V ) photonic crystal cavities are potential candidates, such as self-assembled 
InAs QDs in GaAs cavities, or PbS nanocrystals in silicon cavities at near 1550 nm 
wavelengths. For PbS nanocrystal and silicon cavity material system, we use the following 
parameters in our calculations: ~ 2sγ  MHz, ~ 1pγ GHz at cooled temperatures, ~ 4V 3μm at 
1550 nm, with resulting single-photon coherent coupling rate 12.4g ∼ GHz. Loaded cavity  
Q  in the range of 104 and 105 are achievable experimentally, with intrinsic Q  up to 106  
reported recently (Noda et al., 2007; Tanabe et al., 2007). 
To characterize the present gate operation, Figs. 9a and 9b present the two-qubit phase gate 
fidelity F and photon losses P for various g and the parameters described above, even 
under non-ideal detuning conditions and the bad cavity limit. It should be noted here that, 
with 21δ and 1, 2δ , we can know the detuning between two QDs. For example, in case of  

21 05δ κ=  and 1, 2 0δ = , we deduce the detuning between the two QDs is 05κ . Based on the 
above parameters, F can reach to 0.99 or more, and P can be below 0.04. As shown in Fig. 9, 
for cavity-cavity detunings in the range of the intrinsic cavity decay rate, both F and  does 
not degrade significantly but is strongly dependent on the cavity decay rate. Likewise, with 
cavity-QD detuning that is comparable with the intrinsic cavity decay rate, both F and P 
does not change significantly but is dependent on the cavity decay rate. We note that the on-
resonant photon loss P can be larger than the non-resonant case when g is small. This can be 
explained by considering the decay of QDs. When the QDs resonantly interact with cavity 
modes, the decay of QDs becomes distinct, resulting in an increasing of photon loss. 
Moreover, we note the QD-QD detuning plays an important role in the quantum gate 
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operations. Given the current large inhomogeneous distribution of QD transitions, however, 
active tuning methods such as Stark shifts would probably be needed to control the 
detuning within acceptable bounds to obtain strong quantum gate fidelity and low photon 
loss. Furthermore, we note that, with increasing g, the photon loss P exhibits an increase 
before a decrease, which can be understood by studying the photon loss when the QDs are 
in the state of 

1 2
g g . When / 2g Γ� , the absorption strength (resulting from 0κ and γ ) of 

the input photon by the coupled cavities reaches the maximum. 
 

 
Fig. 9. Gate fidelity change ( 1F Fδ ≡ − ) (a) and photon loss P  (b) of the two-qubit gate 
versus /g Γ . The reflecting element has 95%  reflectivity. Here the carrier frequency is 
assumed as 02.5ϖ κ−  to avoid the EIT-like peaks of two coupled empty cavities, and a 
scattering loss of 1%  is used for the short propagation lengths. Other parameters are same 
as Fig. 6a. The shaded areas correspond to loaded cavity Q  in the range of 410  to 510 . 

4. Summary 
In this Chapter, with the nanocavities in photonic crystal, we theoretically introduce, derive, 
and demonstrate the robust implementation of a single spin-photon phase gate in a cavity-
dipole-cavity system. The conditions of accidental degeneracy are examined to enforce 
complete transfer, either in the forward transmission or in reflection, of the qubit. In 
addition, we observe that a photon pulse is strikingly reflected by a cavity interacting with a 
single spin, even under the bad-cavity limit. This combined nanocrystal-cavity system, 
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examined in a silicon materials platform with lead chalcogenide nanocrystals in the near 
infrared, can serve as a QD spin-photon two-qubit quantum phase gate and, indeed, as a 
general quantum interface for large-array chip-based quantum information processing. To 
further utilize the high-Q and small-V nanocavities of photonic crystal, we also investigate 
the operation and performance of a scalable cavity–QD array on a photonic crystal chip 
towards controlled QD-QD quantum gates. The coupling among single-QD emitters and 
quantized cavity modes in a coherent array results in unique transmission spectra, with an 
optical analogue of EIT-like resonances providing potential photon manipulation. In the 
quantum phase gate operation, we note that the gate fidelity can reach 0.99 or more and the 
photon loss can be below 0.04 in a realistic semiconductor system, provided the non-ideal 
detunings are kept within the cavity decay rates. Our study provides a potential for a chip-
scale quantum gate towards a potential quantum computing network with the platform of 
silicon photonic crystal. 
For future experimental quantum information processing in photonic crystal, we note that it 
is possible to realize the initial idea in a single nanocavity-QD coupled system, as 
experimentally demonstrated in the context of strong cavity-QD coupling (Hennessy et al., 
2007; Badolato et al., 2006; Reithmaier et al., 2004; Yoshie et al., 2004; Faraon et al., 2008; 
Fushman et al., 2008) and the quantum state transfer between a single QD and a target 
cavity (Englund et al., 2007a). This opens the door to construct the basic building blocks for 
future chip-based quantum information processing systems. However, it is still a challenge 
to implement quantum information with a nanocavity array in photonic crystal. The 
challenge includes several main technique difficulties. First, it is necessary to precisely place 
a single two-level nanocrystal (or other QDs) with respect to the corresponding nanocavity 
mode in photonic crystal, for the largest Rabi frequency, and also to position across an array. 
Second, both the cavity resonances and QD transitions should spectrally overlap within 
approximately the cavity or exciton linewidths, although our theoretical model is still robust 
with small QD-QD, cavity-QD, and cavity-cavity detunings. The former challenge depends 
on careful nanofabrication techniques, while the latter condition can be relaxed through 
high-precision tunability of the cavity resonances or QD transitions. Moreover, we note that 
the ultrahigh-Q and low-V regime is desired to operate well into the strong coupling regime,  
suppressed chip-scale photon losses or improved collection to improve quantum state 
transfer, as well as control of dephasing especially at high temperatures in order for chip-
level scalability in solid-state quantum information nanosciences.  
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1. Introduction 
Terahertz waves are the electromagnetic radiation whose frequency ranges from millimeter 
waves to the far infrared, shown in Figure 1. While both sides of this range have had a long 
history of research and development, leading to already commercially available sources, 
detectors, meters, and many additional devices, the terahertz wave range is still in its 
infancy, representing the last unexplored part of the electromagnetic spectrum between 
radio waves and visible light. This delayed development was mainly caused by the 
difficulty of producing reliable and strong terahertz wave generators, as well as the 
unavailability of sensors that can detect this unusual radiation. Technology extrapolation 
from both neighboring sides has been facing difficult problems: Up-conversion from the 
microwaves is inefficient due to the frequency being too high; down-conversion from the 
infrared is limited by the energy gaps. 
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Fig. 1. A schematic showing the terahertz wave within the electromagnetic spectrum. 

In recent years, terahertz wave sources have received considerable attention for use in many 
applications. Especially, recent research using terahertz waves, transmission imaging and 
fingerprint spectra have had an important contribution in the bioengineering and security 
fields, such as in material science, solid state physics, molecular analysis, atmospheric 
research, biology, chemistry, drug and food inspection, and gas tracing (Tonouchi, 2007). 
There are several ways to generate terahertz waves. In the laboratory, one of the most 
widespread processes is the optical rectification or photoconductive switching produced 
using femtosecond laser pulses (Smith et al., 1988; Zhang et al., 1990). Applied research, 
such as time domain spectroscopy (THz-TDS), makes use of the good time resolution and 
the ultra broad bandwidth, up to the terahertz region. Novel tunable sources already exist in 
the sub-THz (several hundred GHz) frequency region, such as the backward-wave oscillator 
(BWO). However, the output power of a BWO rapidly decreases in the frequency region 
above 1 THz, and its tuning capability is relatively limited. 
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Only few sources bring together qualities such as room temperature operation, 
compactness, and ease of use. The terahertz wave parametric generation is based on an 
optical parametric process in a nonlinear crystal (Sussman, 1970; Pietrup et al., 1975). The 
principles of the terahertz wave parametric generator (TPG) (Shikata et al., 2000; Sato et al., 
2001; Shikata et al., 2002) and the terahertz wave parametric oscillator (TPO) (Kawase et al., 
1996; 1997; 2001) allow building systems that are not only compact but also operate at room 
temperature, making them suitable as practical sources. In principle, both a narrow 
linewidth and a wide tunability are possible in injection-seeded TPG/TPO (is-TPG/TPO) 
systems with single-longitudinal-mode near-infrared lasers as seeders (Kawase et al., 2001; 
2002; Imai et al., 2001). 
In basic research, these sources were pumped using flash lamp- or laser diode- pumped Q-
switched Nd:YAG lasers which have Gaussian beam profile and long pulse widths (15 ~ 25 
ns). The output energy of terahertz wave increases with the pump energy, but eventually 
the damage threshold of the crystals is reached. Recently, we demonstrated how the output 
energy/power was further enhanced and how the TPG was reduced to palmtop size by 
using a small pump source having a short pulse width and top-hat beam profile (Hayashi et 
al., 2007). These characteristics of the pump beam enable high intensity pumping especially 
close to the output surface of the terahertz wave without thermal damage of the crystal 
surface. The higher intensity pumping and smaller absorption of the terahertz wave inside 
the crystal enable higher output energy than previously reported. Further, we also 
demonstrated a compact and tunable terahertz wave parametric source pumped by a 
microchip Nd:YAG laser, seeded with the idler wave provided by an external cavity diode 
laser (ECDL) (Hayashi et al., 2009). We show how the output peak power and tunability 
were further enhanced and how the is-TPG was reduced to palmtop size by using a 
passively Q-switched small pump source having a short pulse width. These characteristics 
of the pump beam permit high intensity pumping close to the output surface of the 
terahertz wave without thermal damage to the crystal surface. The higher intensity 
pumping and smaller absorption of the terahertz wave inside the crystal allow a broader 
tuning range than that previously reported. 

2. Principles of a Terahertz-wave parametric generation 
When a strong laser beam propagates through a nonlinear crystal, photon and phonon 
transverse wave fields are coupled, behave as new mixed photon-phonon states, called 
polaritons. The generation of the terahertz wave results from the efficient parametric 
scattering of laser light via a polariton, that is, stimulated polariton scattering. The scattering 
process involves both second- and third-order nonlinear processes. Thus, strong interaction 
occurs among the pump beam, the idler wave, and the polariton (terahertz) wave. 
One of the most suitable nonlinear crystal to generate terahertz wave is the lithium niobate 
(LiNbO3) thanks to its large nonlinear coefficient (d33 = 25.2 pmV−1 at λ = 1064 nm) (Shoji et 
al., 1997) and its transparency over a wide wavelength range (0.4 – 5.5 μm). LiNbO3 has four 
infrared- and Raman-active transverse optical (TO) phonon modes, called A1-symmetry 
modes, and the lowest mode (ω0 ~ 250 cm-1) is useful for efficient terahertz wave generation 
because it has the largest parametric gain as well as the smallest absorption coefficient. 
The principle of tunable terahertz wave generation is as follows. The polaritons exhibit 
phonon-like behavior in the resonant frequency region (near the TO-phonon frequency ωTO). 
However, they behave like photons in the non resonant low-frequency region as shown in 
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Figure 2, where a signal photon at terahertz frequency (ωT) and a near-infrared idler photon 
(ωi) are created parametrically from a near-infrared pump photon (ωp), according to the 
energy conservation law ωp = ωT + ωi (p: pump beam, T: terahertz wave, i: idler wave). In the 
stimulated scattering process, the momentum conservation law kp = ki + kT (noncollinear 
phase-matching condition, Figure 2) also holds. This leads to the angle-dispersive 
characteristics of the idler and terahertz waves. Thus, broadband terahertz waves are 
generated depending on the phase-matching angle. Generation of a coherent terahertz wave 
can be achieved by applying an optical resonator (in the case of the TPO) or injecting a 
“seed” for the idler wave (in the case of the is-TPG/TPO). Continuous and wide tunability is 
accomplished simply by changing the angle between the incident pump beam and the 
resonator axis or the seed beam. 
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Fig. 2. Dispersion relation of the polariton. An elementary excitation is generated by the 
combination of a photon and a transverse optical phonon (ωTO). The polariton in the low 
energy region behaves like a photon at terahertz frequency. Due to the phase-matching 
condition as well as the energy conservation law which hold in the stimulated parametric 
process, tunable terahertz wave is obtained by the control of the wavevector ki. The right 
figure shows the noncolinear phase-matching condition. 

The bandwidth of the TPG is decided by the parametric gain and absorption coefficients in 
the terahertz region. According to a plane-wave approach, analytical expressions of the 
exponential gain for the terahertz and idler wave are given by (Shikata et al, 2000; 2002) 
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where αT is the absorption coefficient of the terahertz wave in the nonlinear crystal. 
Parameter φ is the phase-matching angle between the pump beam and the terahertz wave; 
g0 is the parametric gain in the low-loss limit, and takes the form 
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where Ip is the pump intensity, nT, ni, np are the crystal refractive indices at the wavelengths 
of the terahertz wave, idler wave, and pump beam, respectively, ω0 is the resonance 
frequency of the lowest A1-mode, and S0 is the oscillator strength. The nonlinear coefficients 
dE and dQ represent second- and third-order nonlinear processes, respectively. The 
absorption coefficient αT in the terahertz region is given by, 

 ( )2 ImT Tc
ωα ε= ,  (4) 

where εΤ is the dielectric constant of the nonlinear crystal. 
Figure 3 shows the calculated gain and the absorption coefficient at several pump 
intensities. The gain curve has a broad bandwidth of around 3 THz, with a dip appearing at 
around 2.6 THz. This is because the low frequency modes of doped MgO in the 
MgO:LiNbO3 work as a crystal lattice defects for LiNbO3. 
 

 
Fig. 3. Calculated gain and absorption coefficient. 

3. Terahertz-wave parametric generator (TPG) 
Broadband terahertz waves are generated by single-pass pumping, in a TPG. The linewidth 
of the terahertz wave emitted from the TPG is typically broad, about 1 THz. In addition, 
several applications are better suited to a broadband source (TPG) than to a nawwor 
linewidth source (TPO or is-TPG), such as tomographic imaging, interferometric 
spectroscopy, and diffuse reflection spectroscopy. Tomographic imaging and 
interferometric spectroscopy have to use a broadband source. The detection of scattered 
terahertz radiation strongly depends on the grain size of samples made of particles; using a 
broadband source reduces this effect. Also, the TPG is useful for many industrial 
applications such as transmission imaging for materials or food inspection. 
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A TPG uses a quite simple configuration since it needs no resonator or seeder, as shown in 
Figure 4. The MgO:LiNbO3 crystal used in the experiment was cut to the size 65 (x) × 5 (y) × 
4 (z) mm3. The x-surfaces at both ends were mirror polished and antireflection coated. The 
y-surface was also mirror polished, in order to minimize the coupling gap between the 
prism base and the crystal surface, and to prevent scattering of the pump beam. The pump 
beam passed through the crystal close to the y-surface, to minimize the travel distance of the 
terahertz wave inside the crystal. 
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Fig. 4. A terahertz wave parametric generator with a Si-prism array. The Si-prism array was 
placed on the y-surface of the MgO:LiNbO3 to increase the output and to reduce the 
diffraction angle of the terahertz wave by increasing the coupling area. 

Most of the generated terahertz wave was absorbed or totally reflected inside the crystal due 
to the material's large absorption coefficient and large refractive index. Therefore, it was 
rather difficult to couple out the terahertz wave efficiently to the free space. We introduced a 
Si-prism coupler (n ≈ 3.4) to extract the terahertz wave generated inside a nonlinear crystal, 
thereby substantially improving the exit characteristics. The terahertz wave output energy, 
peak power and linewidth emitted from the TPG is typically 1 pJ/pulse, 300 μW, and 1 THz 
respectively.  

4. Terahertz-wave parametric oscillator (TPO) 
Coherent tunable terahertz waves can be generated by realizing a resonant cavity for the 
idler wave. This is the basic configuration of a TPO, and it consists of a Q-switched Nd:YAG 
laser, the nonlinear crystal placed inside the 15 cm long cavity, as shown in Figure 5. Both 
mirrors were half-area-coated, so that only the idler wave could resonate and the pump 
beam propagate through the uncoated area without scattering. The mirrors and a nonlinear 
crystal were mounted on a rotating stage, and tunability was obtained by rotating the stage 
slightly to vary the angle of the resonator with respect to the pump beam. The pump power 
and pulsewidth were 30 mJ/pulse and 25 ns, respectively. The pump beam entered the x-
surface of the crystal and passed through the MgO:LiNbO3 crystal close to the surface of the 
Si-prism coupler to minimize the absorption loss of the terahertz wave. A near-infrared idler 
oscillation around 1.07 μm was clearly recognized by its oscillating spot above a threshold 
pump power density of about 130 MW/cm2. The idler wave is amplified in the resonator 
consisting of flat mirrors with a half-area HR coating. The mirrors and crystal are installed 
on a precise, computer-controlled rotating stage for precise tuning. When the incident angle 
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of the pump beam into the MgO:LiNbO3 is varied between 3.13 and 0.84 deg, the angle 
between the pump wave and the idler wave in the crystal changes from 1.45 down to 0.39 
deg, whereas the angle between the terahertz wave and the idler wave changes from 67.3 
down to 64.4 deg. With this slight variation in the phase-matching condition, the 
wavelength (frequency) of the terahertz wave could be tuned between 100 and 330 mm (3 – 
0.9 THz); the corresponding idler wavelength changed from 1.075 down to 1.067 mm. The 
terahertz wave radiation was monitored with a 4K Si bolometer. 
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Fig. 5. TPO configuration. The TPO consists of a Q-switched Nd:YAG laser, a nonlinear 
crystal, and a parametric oscillator. The idler wave is amplified in the resonator consisting of 
flat mirrors with a half-area HR coating. The mirrors and crystal are installed on a precise, 
computer-controlled, rotating stage for fine tuning. 

Typical input-output characteristics of a TPO are shown in Figure 6, in which the oscillation 
threshold was 18 mJ/pulse. With a pump power of 34 mJ/pulse, the output energy of 
terahertz wave from TPO was 192 pJ/pulse (≅ 19 mW at the peak), calibrated using the 
sensitivity of the bolometer. Since the Si-bolometer output becomes saturated at 
approximately 5 pJ/pulse, we used several sheets of thick paper as an attenuator after they 
were properly calibrated. The minimum sensitivity of the Si-bolometer is approximately 1 
fJ/pulse, therefore, the dynamic range of measurement using the TPO as a source is 192 pJ / 
1 fJ, which exceeds 50 dB. 
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Fig. 6. Input-output characteristics of a terahertz wave parametric oscillator. 
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5. Injection-seeded Terahertz-wave parametric generator (is-TPG) 
The TPG spectrum was narrowed to the Fourier Transform limit of the pulse width by 
introducing an injection seeding for the idler wave. Figure 7 shows our experimental setup 
of the is-TPG. An array of seven Si-prism couplers was placed on the y-surface of the 
secondary MgO:LiNbO3 crystal for efficient coupling of the terahertz wave. The pumping 
laser was a single longitudinal mode Q-switched Nd:YAG laser (wavelength: 1.064 μm; 
energy: < 50 mJ/pulse; pulsewidth: 15 ns; beam profile: TEM00). The pump beam diameter 
was 0.8mm. The pump beam was almost normal to the crystal surfaces as it entered the 
crystals and passed through the crystal close to the y-surface. A continuous wave tunable 
diode laser (wavelength: 1.066–1.074 μm; power: 50 mW) was used as an injection seeder for 
the idler. Observation of the intense idler beam easily confirmed the injection-seeded 
terahertz wave generation. The polarizations of the pump, seed, idler, and terahertz waves 
were all parallel to the z-axis of the crystals. The terahertz wave output was measured with 
a 4K Si bolometer. 
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Fig. 7. Experimental setup of the is-TPG. 

It was possible to tune the terahertz wavelength using an external cavity laser diode as a 
tunable seeder. A wide tunability, from 125 to 430 μm (frequency: 0.7 to 2.4 THz), was 
achieved as shown in Figure 8 by changing simultaneously the seed wavelength and the 
seed incident angle. Open squares and closed circles indicate the tunability of the terahertz 
and idler waves, respectively. Both crystals were MgO:LiNbO3 in this experiment. The 
wavelength of 430 μm (0.7 THz) was the longest ever observed during our study of TPGs 
and TPOs. In the longer-wavelength region, the angle between the pump and idler becomes 
less than 1°; thus it is difficult for the TPO to oscillate only the idler inside the cavity without 
scattering the pump. In the shorter-wavelength region, the terahertz wave output is 
comparatively smaller than the idler wave output, due to the larger absorption loss inside 
the crystal. 
The absorption spectrum of low-pressure (< 1 torr) water vapor was measured to 
demonstrate the continuous tunability and the high resolution of the is-TPG. The absorption 
gas cell used was an 87-cm-long stainless steel pipe with TPX windows at both ends. Figure 
9 shows an example of measurements at around 1.92 THz, where two neighboring lines 
exist. Resolution of less than 100 MHz (0.003 cm-1) was clearly shown. In fact, it is not easy 
for FTIR spectrometers in the terahertz wave region to demonstrate a resolution better than 
0.003 cm-1 because of the instability of the scanning mirror for more than a meter. The 
system is capable of continuous tuning at high spectral resolution in 4 GHz segments  
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Fig. 8. Wide tunability of an is-TPG. Open squares and closed circles indicate the tunability 
of the THz and idler waves, respectively. 
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Fig. 9. An example of the absorption spectrum measurement of low-pressure (<1 torr) water 
vapor at around 1.919 THz. Resolution of less than 100 MHz (0.003 cm-1) was clearly 
demonstrated. 

anywhere in the region from 0.7 to 2.4 THz. Since there is no cavity to be slaved, the 
continuous tuning is extendible, in principle, to the full tunability of the is-TPG by using a 
mode-hop-free seeder, such as a Littman-type external cavity diode laser. 
The input-output characteristic of the terahertz wave from an is-TPG is shown in Figure10. 
The maximum conversion efficiency was achieved when the pump and seed beams almost 
fully overlapped at the incident surface of the first MgO:LiNbO3 crystal. The maximum 
terahertz wave output of 1.3 nJ/pulse (peak power over 300 mW) was obtained with a 
single-mode pump beam of 34 mJ/pulse and a seed beam of 50 mW. To prevent saturating 
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the Si bolometer, again we used several sheets of thick paper as an attenuator after 
calibrating them. In our previous studies, the maximum terahertz wave output from a 
conventional TPG and a TPO was 1 and 190 pJ/pulse, respectively. The Si-bolometer 
became saturated at about 5 pJ/pulse, so we used several thick calibrated sheets of paper as 
an attenuator. As the minimum sensitivity of the Si-bolometer is about 1 fJ/pulse, the 
dynamic range of the is-TPG system was from 1.2 nJ down to 1 fJ, that is, ∼ 60 dB, which is 
sufficient for most applications. The dynamic range can be significantly increased using a 
lock-in amplifier. 
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Fig. 10. Input-output characteristics of the is-TPG. 

6. Recent progress 
6.1 Energy-enhanced TPG 
In this section, we report some recent developments of a TPG using a small pump source 
with a short pulse width and top-hat beam profile. In our experimental configuration, the 
output energy of the TPG is mainly limited by the damage threshold of the nonlinear 
crystal. We can generate high energy, broadband terahertz waves by using a short-pulsed 
pump beam with a top-hat beam profile which can provide high intensity pumping near the 
crystal surface without damaging the crystal. 
The experimental apparatus, shown in figure 11, consists of a flash-lamp pumped Q-
switched Nd:YAG laser, a lens, mirrors, and two nonlinear crystals. All components, except 
for the detector in figure 11, can be mounted on a 12 × 22 cm breadboard. The small pump 
source has a short pulse width, of around 5 ns. Its slight divergence is corrected by a lens 
placed at the output of the source. It has a top-hat profile with a beam diameter of 1.3 mm 
(full width at half maximum) on the first crystal. We used two 65-mm-long nonlinear 
MgO:LiNbO3 crystals. Both crystal ends are antireflection coated for a wavelength of 1064 
nm. The gap between the two crystals is about 100 μm in our experiment, which is short 
enough for the phase matching condition. A Si-prism array placed on the y-surface of the 
MgO:LiNbO3 crystal acts as an efficient output coupler for the terahertz waves to avoid the 
total internal reflection of the terahertz waves on the output side crystal surface. 
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Fig. 11. Experimental setup of the energy-enhanced TPG. 

For an efficient extraction of the terahertz waves, the pumped region inside the second 
crystal must be as close as possible to the Si-prism array, because of the large absorption 
coefficient of the MgO:LiNbO3 crystal in the terahertz range. A top-hat beam profile is 
suitable for this purpose, since the high intensity region of the pump beam can be brought 
closer to the y-surface than in the case of a Gaussian beam. The distance between the y-
surface and the beam center was precisely adjusted to obtain a maximum terahertz wave 
output, and it was approximately equal to the pump beam radius. 
The terahertz wave output extracted through the Si-prism array was measured using a 4.2 K 
silicon bolometer, while the idler wave energy was measured using a pyroelectric detector. 
The minimum and maximum sensitivity levels of the bolometer are about 0.01 pJ and 10 pJ 
without any amplifier or attenuator. Attenuators were used when the detector was 
saturated; to cut diffused light from the pump and idler, a thick black polyethylene sheet 
was used. 
Figure 12 shows the output energy/power (peak) of the terahertz wave as a function of the 
pump intensity. As the pump intensity is higher, the terahertz wave starts to be detected at a 
pump intensity of around 300 MW/cm2 (25 mJ/pulse) then increase monotonically. The 
highest values obtained are 105 pJ/pulse (62 mW peak power) for the terahertz wave when 
the pump intensity is 830 MW/cm2 (66 mJ/pulse), which corresponds to a pump energy of 
66 mJ/pulse. The output of terahertz wave appears to saturate when the pump intensity 
exceeds 750 MW/cm2 (60 mJ/pulse). Because higher intensity pumping leads to broader 
bandwidth as indicated by Eq. (1), however, the absorption coefficient for the terahertz 
wave rapidly increases in the high frequency range. 
In previous TPG/TPO research, the crystal damage threshold was below the value of 200 
MW/cm2 for the pump beam intensity. With this report, by using a short-pulsewidth pump 
beam, the damage threshold is increased about 4 times. Moreover, the top-hat beam profile 
enables high intensity pumping especially close to the terahertz wave output surface, 
without any thermal damage to the crystal surface. These combined characteristics of pump 
beam yield 100 times more output energy of the terahertz wave. 
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Fig. 12. The input-output characteristics of the energy-enhanced TPG. 

Figure 13 shows the idler wave spectrum observed for varying pump energies. According to 
the noncollinear phase-matching condition, the propagating direction of the generated idler 
waves is slightly different from that of the pump beam, with an angle between them of 
around 1.5° outside the crystal. As the pump energy increases, the idler wave spectrum 
covers a broader spectral region, especially towards longer wavelengths. At the maximum 
pump energy, the idler wave spectrum was found to cover the range 1067 – 1079 nm. This 
spectrum corresponds to the terahertz wave frequency range 0.898 – 3.87 THz (77.6 – 
334 µm). The measured spectrum is much broader than that observed in a previous report. 
The main reason for this broader spectrum might be the fact that the parametric gain could 
have broader bandwidth by higher pump energy as shown in Figure 3. The dip in the 
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Fig. 13. Idler spectra at several pump energies. 



 Recent Optical and Photonic Technologies 

 

120 

spectra around 1073 nm appears due to the MgO doping of the LiNbO3; the lattice defects 
produced by the MgO leads to additional peaks of the absorption coefficient αT. 

6.2 Tunability-enhanced is-TPG 
We have enhanced the tunability of terahertz wave parametric generator using 
MgO:LiNbO3 pumped by a sub-nanosecond, passively Q-switched, microchip Nd:YAG 
laser. This pump source allows high intensity pumping without damaging of the nonlinear 
crystal and generates a narrow linewidth and tunable terahertz wave with injection seeding 
by an external cavity diode laser for the idler wave. The high intensity pumping causes a 
gain curve broadening of the terahertz wave parametric generation, especially in the high 
frequency region.  
The experimental setup, shown in Figure 14, consists of a pumping source (Microchip 
Nd:YAG laser), a seeding source (External Cavity Diode Laser) and the nonlinear crystal.  
The pump source is a diode end-pumped single-mode microchip Nd3+:YAG laser, passively 
Q-switched by a Cr4+:YAG saturable absorber. This microchip configuration enables the low 
order axial and transverse mode laser oscillation, whose linewidth is below 0.009 nm. The 
laser delivers 1.1 MW peak power pulses (530 µJ/pulse) with 430 ps pulse width at 100 Hz 
repetition rate with a M2 factor of 1.09. This laser is free from the electric noise, unlike the 
active Q-switched lasers we used before. Additionally, this kind of fixed passively Q-
switching allows us to obtain a stabilized peak power, with less than ±2 % power jitter 
(Pavel et al., 2001; Sakai et al., 2008 ). The pump beam diameter on the first crystal is 0.3 mm 
(full width at half maximum). We used two 65-mm-long nonlinear MgO:LiNbO3 crystals.  A 
silicon-prism array placed on the y surface of the second crystal acts as an efficient output 
coupler for the terahertz waves to avoid the total internal reflection of the terahertz waves 
on the crystal output side. For an efficient terahertz wave emission, the pumped region 
within the second crystal must be as close as possible to the silicon-prism array, because of the 
large absorption coefficient of the MgO:LiNbO3 crystal in the terahertz range. The distance 
between the y-surface and the beam center was precisely adjusted to obtain a maximum 
terahertz wave output, and it was approximately equal to the pump beam radius.  The 
terahertz wave output extracted through the silicon-prism array was measured using a 4.2 K 
silicon bolometer, while the idler-wave energy was measured using a pyroelectric detector. 
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Fig. 14. Experimental setup of tenability-enhanced is-TPG. 
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Figure 15 shows the idler wave spectrum when the pump intensity is 2.9 GW/cm2.  According 
to the noncollinear phase matching condition, the propagating direction of the generated 
idler waves is slightly different from that of the pump beam, with an angle between them of 
around 1.5° outside the crystal. The idler wave spectrum was found to cover the range 1069 
– 1075 nm, corresponding to the terahertz wave frequency range 1.4 – 2.9 THz without 
seeding beam. Compared with a previous report, this is a shift to higher frequency. The dip 
in the spectra around 1073 nm appears due to the MgO doping of the LiNbO3; the lattice 
defects produced by the MgO leads to additional peaks of the absorption coefficient. 
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Fig. 15. Idler spectrum. 
Figure 16 shows the time waveform of the terahertz wave output signals measured by the 4 
K silicon bolometer. When we generate the terahertz wave without injection seeding to the 
idler wave, we observe a broadband terahertz wave with the peak power of about 1 mW 
(lower curve), however, after injection seeding, we observed a narrow linewidth terahertz 
wave with a peak power of about 20 mW (upper curve). This is about more than 100 times 
narrower and 20 times higher than when the seeding laser is cut off. In addition, the pulse 
width of this microchip laser is the shortest among our parametric sources. 
It is possible to tune the terahertz frequency using an ECDL as a tunable seeder.  When the 
pump intensity is 1.8 GW/cm2 (peak, energy of 650 μJ/pulse) and the seeding power is 80 
mW (CW), a wide tunability from 0.9 – 3 THz is observed, as shown in figure 6 by changing 
both the seed wavelength and the seed incident angle. The maximum output peak power of 
terahertz wave was about 100 mW at around 1.8 THz. The tuning curve has a broad 
bandwidth, with a dip appearing at around 2.7 THz. This is because the low frequency 
modes of doped MgO in the MgO:LiNbO3 work as crystal lattice defects for LiNbO3.5 

Figure 18 shows an example of wavelength and linewidth measurement by a scanning 
Fabry–Perot etalon consisting of two Ni metal-mesh plates with a 65 μm grid. The 
displacement of one of the metal mesh plates corresponds directly to half of the wavelength. 
We observed a narrow linewidth terahertz wave with a wavelength of 140 μm and peak 
power of about 60 mW by the 4 K silicon bolometer. The free spectral range (FSR) of the 
etalon was about 100 GHz, and the linewidth was measured to be less than 10 GHz. 
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Fig. 16. Time dependent terahertz wave output signals. 

 
Fig. 17. Wide tunability of is-TPG with a dip at aroud 2.7 THz. 
 

 
 

Fig. 18. Example of the wavelength and linewidth measurement using the scanning Fabry-
Perot etalon consisting of metal mesh plates. 
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7. Conclusion 
We reviewed terahertz wave parametric sources based on the optical parametric process. 
We have introduced several types of TPG, TPO, and is-TPG. Measurements on tunability, 
coherency, and power have been accomplished, proving this method to be suitable for many 
application fields. These include spectroscopy, communication, medical and biological 
applications, THz imaging, and so forth.  
We also demonstrated output power enhancement of the TPG, while at the same time 
achieving a considerable downsizing of this terahertz source, all of which were realized by 
using a small pump source with a short pulse width and a top-hat beam profile. We 
measured a terahertz wave output energy of 105 pJ/pulse, with a power peak at 62 mW, 
and a broadband spectrum, extending from 0.9 to 3.8 THz. The new source is more than 100 
times brighter and has a spectrum more than twice broader than previously reported.  
In the next section, we demonstrated a compact and tunable terahertz wave source pumped 
by a microchip Nd:YAG laser. This source generates a narrow linewidth and high peak 
power terahertz wave by injection seeding for the idler wave. Using a microchip laser as the 
pumping source allowed high intensity pumping and the broadening of the tuning range 
towards the high frequency region. We could also observe a dip around 2.7 THz in the 
tuning curve, as expected from the calculation. 
Further improvement of our system is possible. As OPGs and OPOs have improved 
tremendously in the last decade, the use of TPGs and TPOs shows great potential to move 
towards a lower threshold, higher efficiency, and wider tunability. A lower threshold and a 
narrower linewidth can be expected using a nonlinear optical waveguide and a longer 
pump pulsewidth, respectively. Operation in other wavelength regions, through proper 
crystal selection, should also be possible. Success in this will prove the practicality of a new 
widely tunable THz-wave source, the IS-TPG, that will compete with free-electron lasers 
and p-Ge lasers. For tunable THz-wave applications, the simplicity of the wave source is an 
essential requirement since cumbersome systems do not encourage new experimental 
thoughts and ideas. Compared with the available sources, the present parametric method 
has significant advantages in compactness, tunability, and ease of handling. 
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1. Introduction     
Terahertz (THz) waves present attractive possibilities in advanced applications including 
biomedical analysis and stand-off detection for hazardous materials. The development of 
monochromatic and tunable coherent THz-wave sources is of great interest for use in these 
applications. Recently, a parametric process based on second-order nonlinearities was used 
to generate tunable monochromatic coherent THz waves using nonlinear optical crystals 
(Boyd et al., 1972; Rice et al., 1994; Shi et al., 2002; Tanabe et al. 2003). In general, however, 
nonlinear optical materials have high absorption coefficients in the THz-wave region, which 
inhibits efficient THz-wave generation. 
Avetisyan et al. proposed surface-emitting THz-wave generation using the difference 
frequency generation (DFG) technique in a periodically poled lithium niobate (PPLN) 
waveguide to overcome these problems (Avetisyan et al., 2002). A surface-emitted THz 
wave radiates from the surface of the PPLN and propagates perpendicular to the direction 
of the pump beam. The absorption loss is minimized because the THz wave is generated 
from the PPLN surface. Moreover, the phase-matching condition can be designed using 
PPLN with an appropriate grating period (Sasaki et al., 2002). Surface-emitted THz-wave 
devices have the potential for high conversion efficiency, and continuous wave THz-wave 
generation has been successfully demonstrated (Sasaki et al., 2005). Unfortunately, the 
tuning range of the THz waves is limited to about 100 GHz by the nature of PPLN, and a 
wide tuning range cannot be realized using the quasi-phase–matching method. 
We developed a Cherenkov phase-matching method for monochromatic THz-wave 
generation using the DFG process with a lithium niobate crystal, which resulted in both 
high conversion efficiency and wide tunability. Although THz-wave generation by 
Cherenkov phase matching has been demonstrated using femtosecond pumping pulses 
(Auston et al., 1984; Kleinman et al., 1984; Hebling et al., 2002; Wahlstrand, 2003; Badrov et 
al., 2009), producing very high peak power (Yeh et al., 2007), these THz-wave sources are 
not monochromatic. Our method generates monochromatic and tunable THz waves using a 
nanosecond pulsed laser source. 

2. Cherenkov phase matching 
The Cherenkov phase-matching condition is satisfied when the velocity of the polarization 
wave inside the nonlinear crystal is greater than the velocity of the radiated wave outside. 
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The radiation angle θ is determined by the refractive index of the pumping wave in the 
crystal, nopt, and that of THz-wave in the crystal, nTHz (Sutherland, 2003), 
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where λ is a wavelength of the contributing waves in the DFG process (ω1 – ω2 = ωTHz), n1, n2 
(n1=n2≅nopt) and nTHz are refractive index of the crystal at pump waves and THz-wave 
frequencies, respectively, and Lc is the coherence length of the surface-emitted process (Lc = 
π/Δk, where Δk=k1–k2 and k is the wave number). The Cherenkov angle, θcrystal, is 
determined by the refractive indices of the pumping wave and the THz-wave in the crystal, 
so the angle is strongly dependent on the choice of material.  THz-frequency waves radiated 
at Cherenkov angles propagate to the crystal-air interface, and if the angle is greater than a 
critical angle (determined by the difference in refractive indices at the interface), the THz-
frequency wave is totally reflected at the interface. To prevent total internal reflection, a clad 
material with a lower refractive index than that of the crystal in the THz range and a proper 
prism shape, is coupled in at the output.  Figure 1 shows a schematic of Cherenkov radiation 
and output coupling of a THz-frequency wave.   
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Fig. 1. Schematic of Cherenkov phase-matched monochromatic THz-wave generation. 

Figure 2 shows relation of Cherenkov angle and critical angle of several clad materials. We 
choose polyethylene, diamond, Si and Ge as clad materials, because these materials have 
low absorbance and low dispersion character at THz frequency region. A total internal 
reflection occurs below the curve.  For example, lithium niobate (LiNbO3) has 2.2 and 5.2 of 
refractive index at near infrared and THz-wave region, results in 65 degree of Cherenkov 
angle in the crystal. On the other hands, critical angle of total internal reflection from the 
crystal to air, polyethylene, diamond, Si and Ge in a θ manner are 79, 76, 63, 49 and 40 
degrees, respectively. The figure tells that diamond, Si and Ge prevent total internal 
reflection of Cherenkov radiation for lithium niobate crystal. 
The angle in the clad material, θclad, is determined by Snell’s law as shown in Fig. 1, using 
the refractive index of the clad material nclad. 
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Fig. 2. Cherenkov angle for various nonlinear crystals (pink collared diamonds) and 
calculated critical angle between a crystal and a clad.  Black, aqua, green, blue and red curve 
represent Air, polyethylene, diamond, Si and Ge as a clad material, respectively.  A total 
internal reflection occurs below the curve. 
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The radiation angle θclad, which is important for practical applications, is determined by the 
refractive indices of the pumping waves in the crystal and the THz-wave in the clad layer.  
Equation (2) is mathematically equivalent to a model in which the THz-wave is directly 
radiated to a clad layer. The equation tells us that nclad should be larger than that of the 
nonlinear crystal in the pumping wave region. A comparison of the refractive indices of 
various nonlinear crystals with that of Si (about 3.4 in the THz-region) indicates that Si is an 
appropriate Cherenkov radiation output coupler for many crystals. 
The radiation angle hardly changes during THz-frequency tuning because the silicon has 
low refractive index dispersion in the THz-wave region and the optical wavelength requires 
only slight tuning. The change in radiation angle is less than 0.01° for a fixed pumping 
wavelength. The actual angle change of the THz wave is significantly better than for the 
THz parametric oscillator (TPO) with a Si prism coupler (Kawase et al., 2001), which has an 
angle change of about 1.5° in the 0.7–3 THz tuning range. 
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3. Cherenkov phase-matched monochromatic THz-wave generation using 
difference frequency generation with a bulk lithium niobate crystal 
3.1 Experimental setup 
We demonstrated the method described above using the experimental setup shown in Fig. 3 
(Suizu et al. 2008). The frequency-doubled Nd:YAG laser, which has pulse duration of 15 ns, 
a pulse energy of 12 mJ when operating at 532 nm, and a repetition rate of 50 Hz, was used 
as the pump source for a dual-wavelength potassium titanium oxide phosphate (KTP) 
optical parametric oscillator (OPO). The KTP-OPO, which consists of two KTP crystals with 
independently controlled angles, is capable of dual-wavelength operation with independent 
tuning of each wavelength (Ito et al., 2007). The OPO has a tunable range of 1300 to 1600 nm. 
The maximum output energy of 2 mJ was obtained for a pumping energy of less than 12 mJ. 
The 5 mol% MgO-doped lithium niobate crystal (MgO:LiNbO3) used in the experiment was 
cut from a 5 × 65 × 6 mm wafer, and the x-surfaces at both ends were mirror-polished. An 
array of seven Si prism couplers was placed on the y-surface of the MgO:LiNbO3 crystal. 
The y-surface was also mirror-polished to minimize the coupling gap between the prism 
base and the crystal surface, and to prevent scattering of the pump beam, which excites a 
free carrier at the Si prism base. To increase the power density, the pump beam diameter 
was reduced to 0.3 mm. The polarizations of the pump and THz waves were both parallel to 
the Z-axis of the crystals. The THz-wave output was measured with a fixed 4 K Si 
bolometer.  
 

f 200 mm

MgO:LN (5mol%）65 mm

Si-prism coupler

Pumping waves 1300-1600 nm

Si-Bolometer

Turupica f 45 mm

Nd:YAG LaserNd:YAG LaserKTP-OPOKTP-OPO

THz-wave

 
Fig. 3. Experimental setup for Cherenkov phase-matching monochromatic THz-wave 
generation with a bulk lithium niobate crystal. 

3.2 Results and discussions 
The THz-wave output map for various pumping wavelengths and corresponding THz-
wave frequencies is shown in Fig. 4. The magnitude of the map denotes the output voltage 
of a Si bolometer with a gain of 200. The noise level of the bolometer was about 10 mV and is 
shown as the blue region in the figure. The regions where over 2 V of output voltage were 
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obtained is red. As seen in the figure, wide tunability in the range 0.2–3.0 THz was obtained 
by choosing the proper pumping wavelength. Especially for lower frequency below 1.0 THz, 
this was very efficient compared to our previous TPO systems that used 1470 nm pumping. 
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Fig. 4. THz-wave output mapping for various pumping wavelengths and corresponding 
THz-wave frequencies. The X-axis and Y-axis denote pumping wavelength λ1 and THz-
wave frequency, respectively. The magnitude of the map values indicates the output voltage 
of the detector.  

Figure 5 (a) shows cross sections of the THz-wave output map of Fig. 4.  The highest THz-
wave energy obtained was about 800 pJ, using the fact that 1 V ≈ 101 pJ/pulse for low 
repetition rate detection, pulsed heating of the Si device, and an amplifier gain of 200 at the 
bolometer, and the energy conversion efficiency from the λ1 wave (1 mJ/pulse) was about 
10–4%. This value is comparable to that obtained with our previous TPO systems, despite the 
low excitation energy of only 1 mJ. The figures clearly show the strong dependence of THz-
wave output energy on the pumping wavelength. In the case of 0.8 THz generation, the 
output energy had a dip at a pumping wavelength of approximately 1400 nm as shown in 
Fig. 5(a). We obtained extremely high energy in the low-frequency region below 0.3 THz 
(millimeter wave region) using 1470 nm pumping. The reason for this is not clear, and the 
dispersion of pumping waves cannot explain the results; thus, an explanation is left for 
future research. The important result is that we could obtain a flat output spectrum in the 
range 0.2–2 THz by choosing proper pumping wavelength, as shown in Fig. 5(b). 
Cherenkov phase matching inherently requires a waveguide structure for nonlinear 
polarization waves in the crystal to suppress phase mismatching in the direction 
perpendicular to the guiding mode (i.e., normal to the crystal surface). If we reduce the 
width of the pumping beams in the direction of THz-wave propagation to about one-half of 
the THz wavelength, (i.e., about 10 μm for 3 THz) by taking into account the refractive index 
of MgO:LiNbO3 in the THz-wave region, no need exists to consider phase matching in that 
direction (Suizu et al., 2006). In our case, the waist of the pump beams in the MgO:LiNbO3 

was about 300 μm, which corresponds to about five cycles of THz waves at 1.0 THz, and one 
cycle of THz waves at 0.2 THz. Although the experimental conditions did not satisfy the 
requirement for Cherenkov phase matching, we did successfully detect Cherenkov-radiated 
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Fig. 5. THz-wave spectra (a) at various pumping wavelength and (b) under choosing proper 
pumping wavelengths. 

THz waves, which originated in the higher absorbance area of the crystal at the THz-wave 
region. The THz waves generated far from the crystal surface would be attenuated and no 
significant phase mismatch would occur. This also remains an area for future study. 
By shaping the pumping beams with a focused cylindrical lens or by adopting the 
waveguide structure of the crystal, we could neglect phase mismatches and obtain a higher 
power density of the pumping beams, resulting in higher conversion efficiency. 

4. Efficient Cherenkov-type phase-matched widely tunable THz-wave 
generation via an optimized pump beam shape 
We demonstrated the Cherenkov-type phase-matching method for monochromatic THz-
wave generation via the DFG process using bulk lithium-niobate crystal.  We successfully 
generated monochromatic, widely tunable THz waves in the 0.2- to 3.0-THz range. We 
obtained efficient energy conversion in the low-frequency region below 0.5 THz and 
achieved a flat tuning spectrum by varying the pumping wavelength during THz-wave 
tuning. The highest THz-wave energy was about 800 pJ pulse-1, which was obtained for a 
broad spectral region in the range of 0.2 to 2.0 THz.  However, obtaining high conversion 
efficiency in the frequency domain above 2 THz was difficult, and the output was almost 
zero at 3 THz.  The output of the THz wave decreased in the high-frequency region due to a 
phase mismatch incurred by the finite size of the pumping beam diameter.  As shown in Fig. 
6(b), Cherenkov-type phase matching arises due to a superposition of spherical THz waves 
from the nonlinear polarization maxima created by pumping lights of two different 
frequencies in the NLO crystal, and thus, when the finite beam size is taken into account, the 
phase shift of the wave depends on the distance from the y-surface of the crystal. THz 
waves generated far from the crystal surface destructively interfere with those generated in 
the neighbourhood of a crystal surface. The beam diameter of the pumping wave in a 
lithium-niobate crystal in our previous work was about 300 μm, corresponding to about the 
wavelength of the THz wave at 0.2 THz, and ten cycles of THz waves at 2.0 THz, as the 
refractive index of lithium niobate is about 5.2.  Since the 300-μm beam diameter is over 15 
times the wavelength of a THz wave above the 3-THz region, a phase mismatch occurred 
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and the THz-wave output decreased.  In this experiment, we attempted to improve the THz-
wave generation efficiency above 3 THz by optimizing the beam shape of the pumping 
wave to decrease the beam-diameter dependence effect (Shibuya et al., 2009). 
 

Pump waves

THz-wave phase front

THz-wave phase front

(a) (b)

 
Fig. 6. (a) Ideal Cherenkov-type phase-matching condition; (b) Cherenkov-type phase-
matching condition when the beam diameter of the exciting light is considered. In (b), the 
phase mismatch is caused by the finite size of the beam diameter. 

4.1 Experimental setup 
A dual-wavelength potassium titanium oxide phosphate (KTP) optical parametric oscillator 
(OPO) with a pulse duration of 15 ns, a pulse energy of 1.6 mJ, a 50-Hz repetition rate, and a 
tunable range of 1300 to 1600 nm was used for a DFG pumping source. The size of the MgO-
doped lithium-niobate crystal was 5×65×6 mm3. We used cylindrical lenses to reduce the 
pump beam diameter. The focal lengths of the cylindrical lenses were 20, 50, 100, and 150 
mm, and the beam widths parallel to the crystal’s y-axis were 35, 46, 83, and 127 μm 
(FWHM), respectively. The pump power was adjusted, and the power density on the focus 
position was made constant at 200 MW cm-2 for all lenses. 
The obtained THz-wave output spectrum is shown in Fig. 7. The vertical axis is the THz-
wave pulse energy calculated from the output voltage of a Si-bolometer detector. The 
horizontal axis is the THz-wave frequency. THz-wave output spectra were measured by 
selecting the excitation wavelength in which the maximum output was obtained for each 
THz-wave frequency. The output in the high-frequency region increased as the focal length 
of the cylindrical lens decreased. THz-wave generation was confirmed over the 3-THz 
region with the 20-mm and 50-mm cylindrical lenses. The tunable range for the 20-mm 
cylindrical lens was about 0.2 to 4 THz. This is the widest tuning range for the previous 
lithium-niobate crystal-generated THz-wave source. The pumping-wave beam diameter in 
the lithium-niobate crystal using the 20-mm cylindrical lens was about 35 μm, which 
corresponded to about 1.8-THz wave cycles at 3 THz.  The phase mismatch is thought to 
have decreased as the beam diameter decreased, leading to an output improvement in the 
high-frequency region. Meanwhile, the conversion efficiency decreased because the 
pumping-wave beam diameter corresponded to over 2.3-THz wave cycles and the 
absorption coefficient increased rapidly above 4 THz. The absorption coefficient of the 
crystal at 4 THz was 425 cm-1. When the pump beam moved 100 μm away from the y-
surface of the crystal, 98.6% of the output was lost. Additionally, narrowing the beam 
diameter further was difficult due to diffraction. As the beam diameter narrowed, the 
confocal length shortened and the conversion efficiency decreased. The low-frequency 
region generation efficiency was expected to decrease for the 20-mm cylindrical lens case 
because the confocal length shortened. This problem can be prevented by using a 
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waveguiding structure.  By limiting the beam diameter of the pump wave to half of the 
wavelength using only the waveguide mode for THz-wave generation, the phase mismatch 
can be neglected and absorption loss reduced. This is because the distance from the y-
surface to the pump beam drops to almost zero, causing a higher conversion efficiency and a 
wider spectrum. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. THz-wave output spectra obtained using various cylindrical lenses, as measured by 
selecting the excitation wavelength in which the maximum output was obtained for each 
THz-wave frequency. 

5. Extremely frequency-widened Cherenkov-Type Phase-Matched terahertz 
wave generation with a lithium niobate waveguide 
Here, we show that Cherenkov radiation with waveguide structure is an effective strategy 
for achieving efficient and extremely wide tunable THz-wave source (Suizu et al., 2009).  We 
fabricated MgO-doped lithium niobate slab waveguide with 3.8 μm of thickness and 
demonstrated difference frequency generation of THz-wave generation with Cherenkov 
phase matching. Extremely frequency-widened THz-wave generation, from 0.1 to 7.2 THz, 
without no structural dips successfully obtained. The tuning frequency range of 
waveguided Cherenkov radiation source was extremely widened compare to that of 
injection seeded-Terahertz Parametric Generator. The tuning range obtained in this work for 
THz-wave generation using lithium niobate crystal was the widest value in our knowledge. 
The highest THz-wave energy obtained was about 3.2 pJ, and the energy conversion 
efficiency was about 10–5 %. The method can be easily applied for many conventional 
nonlinear crystals, results in realizing simple, reasonable, compact, high efficient and ultra 
broad band THz-wave sources. 

5.1 Experimental setup 
Here, we prepared a slab waveguide of a lithium niobate crystal.  A Y-cut 5 mol % MgO-
doped lithium niobate crystal on a thick congruent lithium niobate substrate was polished 
down to 3.8 μm. A thin MgO-doped lithium niobate layer worked as an optical slab 
waveguide, because the refractive indexes of 5 mol % MgO-doped lithium niobate and 
congruent lithium niobate at 1300 nm are 2.22 and 2.15, respectively.  The waveguide device 
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was 5-mm wide and 70-mm long (X-axis direction).  Each X-surface facet was mechanically 
polished to obtain an optical surface. We demonstrated difference-frequency generation 
using the experimental setup shown in Fig. 8(b). A dual-wavelength potassium titanium 
oxide phosphate (KTP) optical parametric oscillator (OPO) with a pulse duration of 15 ns, a 
pulse energy of 1 mJ and a 1300- to 1600-nm tunable range was used as a pumping source.  
A thin (3.4-μm thick) polyethylene terephthalate (PET) film was slipped between the array 
of Si prism couplers and the Y-surface of the MgO-doped lithium niobate crystal. Directly 
placing an array of Si prism couplers on the Y-surface of the MgO-doped lithium niobate 
will inhibit the function of the MgO-doped lithium niobate layer as a waveguide for 
pumping waves, because the refractive index of Si in the near-infrared region is higher 
(about 3.5) than that of lithium niobate (about 2.2).  A PET, in contrast, has a lower refractive 
index in that region (about 1.3), so adding a thin PET film does not inhibit the function of the 
crystal as a waveguide. An array of Si prism couplers on a PET film can work as a coupler 
for THz-frequency waves, because the PET film is thin compared to the wavelength of a 
THz-frequency wave. A schematic of the coupling system of the pumping wave and THz-
wave emitting system is shown in Fig. 8(a).  To couple pumping waves, the pump beam was 
reduced to few micrometers in the X-axis direction by a 3-mm diameter glass rod lens.  The 
width of the pumping beams in the Z-direction was about 1.9 mm. The waveguide power 
density was about 53 MW cm-2, estimated from the pump wave pulse energy after 
waveguide propagation (about 60 μJ).  We did not observe or calculate the waveguide mode 
of the structure in which a thin MgO-doped lithium niobate layer was sandwiched by a 
thick congruent lithium niobate layer and a thin PET film.  It remains an area of future work 
to optimize the waveguide structure. The pump wave and THz-frequency wave 
polarizations were parallel to the crystal’s Z-axis. The THz-wave output was measured with 
a fixed 4-K Si bolometer.  
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Fig. 8. (a) Schematic of the lithium niobate waveguide device with Si prism array coupler.  
(b) THz-wave detection experimental setup. 
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Figure 9 shows a THz-wave spectrum at various wavelength of λ1 from 1250 to 1350 nm.  
The spectrum was obtained by varying λ2 at fixed λ1. As shown in Fig. 9, high-frequency 
THz-wave output ranging to about 7.2 THz was confirmed. We were unable to observe 
THz-wave generation around 7.2 THz due to very strong THz-wave absorption at 7.5 THz 
by the LO-phonon mode. The THz-wave spectrum does not depend on pumping 
wavelength because the near-infrared refractive index is almost constant in the 1250- to 
1350-nm range. 
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Fig. 9. THz-frequency spectrum of waveguided Cherenkov radiation.  Black, red, blue and 
green curves represent pumping wavelengths of 1250, 1300, 1350 nm, respectively. 

Figure 10 shows a comparison of normalized tuning spectrum of the waveguided 
Cherenkov radiation source and injection seeded terahertz parametric generator (is-TPG) 
(Kawase et al., 2002).  Nevertheless each THz source were based on a same nonlinear crystal, 
MgO-doped lihitum niobate, a tuning frequency range of waveguided Cherenkov radiation 
source was extremely widened compare to that of is-TPG.  We converted the output voltage 
of the Si bolometer to the actual THz-wave energy, using the fact that 1 V ≈ 20 pJ pulse-1 for 
low repetition rate detection, pulsed heating of the Si device, and an amplifier gain of 1000 
at the bolometer. The highest THz-wave energy obtained was about 28 pJ, and the energy 
conversion efficiency from the λ1 wave (30 μJ pulse-1) was about 10–4%. This value is 
comparable to our previous work on Cherenkov radiation using bulk crystal, despite the 
low excitation energy of only 30 μJ. The tuning range obtained in this work for THz-wave 
generation using lithium niobate crystal was the widest value in our knowledge. 
The THz-wave emitting angle was absolutely constant, as Si dispersion in this range is 
almost flat. The device would be work well in an optical rectification process using a 
femtosecond laser. Such a range, free from structural dips between 0.1 and 7.2 THz, is 
suitable for ultra-short pulse generation. Also, the surface emission process used here is 
loss-less, permitting the generation of a continuous, widely-tunable THz-frequency range, 
and requiring only two easily commercially available diode lasers. Compact, robust and 
reasonable THz-wave sources can be realized by this method. Although we demonstrated 
this method using only a lithium niobate crystal, it can be adopted for other nonlinear 
crystals, such as LiTaO3, GaSe, GaP, ZnSe, ZnTe, ZGP, DAST and so on. By choosing the 
best clad materials for the nonlinear crystals (in many case Si or Ge), the Cherenkov 
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condition is easily satisfied, and control of crystal angles to satisfy phase-matching 
conditions, such as birefringence phase-matching, is not required. This method opens the 
door to simple, reasonable, compact, highly efficient and ultra-broadband THz-wave sources. 
 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 10. A comparison of normalized tuning spectrum of the waveguided Cherenkov 
radiation source under 1250 nm pumping (red curve) and is-TPG (black curve). 

6. Cherenkov phase matched THz-wave generation with surfing configuration 
for bulk Lithium Niobate crystal 
We demonstrated a Cherenkov phase matched THz-wave generation with surfing 
configuration for bulk lithium niobate crystal (Suizu et al., 2009). THz-wave output was 
enhanced about 50 times by suppressing phase mismatching for THz-wave propagation 
direction.  The suppression was achieved by combining two pumping waves with dual 
wavelength with finite angle, and THz-frequency was controllable by changing the angle 
within 2.5 degrees range.  Higher frequency THz-wave generation at around 4.0 THz was   
successfully obtained by the method. 

6.1 Cherenkov phase mating with surfing configuration 
We demonstrated Cherenkov phase matching method for monochromatic THz-wave 
generation via DFG process using bulk lithium niobate crystal. We successfully generated 
monochromatic THz-waves with wide tunability in the range 0.2–2.5 THz. The highest THz-
wave energy was about 800 pJ/pulse, and this energy could be obtained for the broad 
spectral region in the range around 0.2–2.0 THz. Although we successfully got wide tunable 
characteristics of THz-wave generation, conversion efficiency of a THz-wave generation at 
higher frequency region above 2.0 THz was slightly low. It would be caused by phase 
mismatch of generated THz-wave in a propagating direction of THz-wave.  Beam diameter 
of pumping waves in a lithium niobate crystal in our previous work was about 300 μm, 
which corresponded to about ten cycles of THz waves at 2.0 THz because the refractive 
index of lithium niobate is about 5.2. THz-wave generated at far from a crystal surface 
interfered with that generated at neighborhood of a crystal surface, resulted in denying each 
other. By reducing the width of beam diameter in the crystal in the direction of THz-wave 
propagation to about one-half of the THz wavelength, there was no need to consider phase 
matching in that direction. We observed the effects by condensing a pump beam diameter to 
a THz-wave propagation direction by cylindrical lenses. Although higher THz-wave around 

0 1 2 3 4 5 6 7 8

 

 

N
or

m
al

iz
ed

 in
te

ns
ity

 [a
.u

.]

Frequency [THz]

 is-TPG
 Cherenkov



 Recent Optical and Photonic Technologies 

 

136 

4.0 THz was successfully generated under tight focusing by the cylindrical lens with 20 mm 
of focus length, output of THz-wave at lower frequency region was reduced, because tight 
focusing resulted in reducing interaction length for pumping wave propagating direction. 
In this study, we propose surfing configuration of Cherenkov type phase matching for THz-
wave generation for bulk crystal to suppress a phase mismatching.  Interference pattern of 
pumping waves in the crystal is induced by combining the dual wavelengths beams with 
finite angle. It provides a same spatial pattern of second order nonlinear polarization in 
THz-frequency. The interference pattern has not checkerboard one, which is a results of 
interference of tilted beams with same frequency,  because dual wavelength beam courses 
other spatial interference pattern, corresponding to difference frequency, and the 
interference pattern is superimposed in checkerboard one. 
Figure 11 shows electric field distribution of (a) pumping waves and (b) excited nonlinear 
polarization, with λ1=1300 nm, λ2=1317 nm (here, three waves in DFG interaction has a 
relation of ω1=ω2-ωTHz, and corresponding THz frequency is 3 THz) and 3.7 degrees of angle 
between divided pumping beams, α. The periods of nonlinear polarization pattern of dual 
wavelengths beams, A for x-axis and B for y-axis are represented by following equations, 
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where k1=2πn1/λ1 and k2=2πn2/λ2, here n1 and n2 are refractive index of λ1 and λ2, 
respectively. We used Sellmeier equation at near-infrared region for a lithium niobate 
crystal (Jundt, 1997). On the other hands, Cherenkov angle of the crystal, θc, is decided by 
relation of length A and THz-wavelength in the crystal, C=λTHz/nTHz, here λTHz and nTHz are 
THz-wavelength in vacuum and refractive index of the crystal at THz frequency. A phase 
matching condition for THz-wave propagation direction is satisfied by choosing an 
appropriate angle α of the pump beams for required THz-frequency. The angle α is 
formulated from geometric relation of A, B and C, A2C2=B2C2=A2B2, as shown in Fig.11(c). 
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Generated THz-wave can propagate without influence of phase mismatching in the 
direction of propagating direction, just like as surf rider on nonlinear polarization waves, as 
shown in Fig.11 (b). The required angle for frequency tuning was shown in Fig.12 (a) 
internal and (b) external crystal. Phase matching condition is satisfied by changing the angle 
α for required THz-wave and pumping wave wavelength. And slightly narrow tunability 
(about 300 GHz at around 3 THz generation) is obtained at a fixed angle, α=4.0 degrees. 

6.2 Experimental setup 
Figure 13 shows the schematic of experimental setup.  A pump source for DFG process was 
same as our previous works, and which has a tunable range of 1250 to 1500 nm, 15 ns of 
pulse duration and 0.88 mJ of pulse energy. An output of the source with dual wavelength  
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Fig. 11. Normalized electric field distribution of (a) combined dual wavelength pump beams 
with finite angle, and (b) exited second order nonlinear polarization of difference frequency.  
Here, λ1=1300 nm, λ2=1317 nm and 3 THz of difference frequency with 3.7 degrees of beam 
angle. (c) Geometric relation of A: excited nonlinear polarization for x-direction, B: 
interference period of pump beams for y-direction and C: THz-wavelength in the crystal. 
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Fig. 12. Tuning angle (a) internal and (b) external of crystal under 1300, 1400 and 1500 nm of 
pumping wavelength of λ1. 

was focused by circular lens (f=500 mm) before divided by half beam splitter, and combined 
again with finite angle. The spot diameter of the combined beam was 0.45 mm. The 5 mol % 
MgO-doped lithium niobate crystal (MgO:LiNbO3) used in the experiment was cut from a 5 
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× 65 × 6 mm wafer.  The polarizations of the pump and THz waves were both parallel to the 
Z-axis of the crystals. The THz-wave output was measured with a fixed 4 K Si bolometer. 
 

Frequency doubled
Nd:YAG Laser

532 nm, 15 ns, 50 Hz

Dual wave length
KTP-OPO
0.88 mJ       1250-1500 nm

5 mol % MgO:LiNbO3
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L=65 mm

Tsurupica Lens
f = 45 mm
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Si-Bolometer

f = 500 mm

Beam 
Splitter

Mirror

Mirror 
or beam dumper

Mirror 
or beam dumper α

 
Fig. 13. Schematic of experimental setup for Cherenkov phase matching THz-wave 
generation with surfing configuration. 

6.3 Results and discussions 
Input-output properties of THz-wave for pumping energy are shown in Fig.14 at 1.0 THz 
generation with α=2.49 degrees.  Circles and triangles denotes THz-wave output signal with 
combined beams and with single beam by dumping the other beam before entrance to the 
crystal, respectively.  Maximum pumping energy of only 0.44 mJ was achieved at single 
beam pumping, because a half of whole pumping energy was dumped as shown in Fig.13.  
The vertical axis is the THz-wave pulse energy calculated from the output voltage of a Si-
bolometer detector, a pulse energy of about 101 pJ/pulse corresponded to a Si-bolometer 
voltage output of 1 V when the repetition rate was less than 200 Hz. As shown in the figure, 
remarkable enhancement of THz-wave generation with surfing configuration, whose 
magnetic was about 50 times, was successfully observed. Inset of Fig.14 shows double 
logarithmic plot of input-output properties. Slope efficiency under combined beams and 
single beam pumping were almost same values. It means that enhancement factor of about 
50 was a result of a suppression of phase miss-matching. 
The generated THz-waves at different position in the crystal were in-phase each other, and 
outputted THz-wave was enhanced.  Intensity of overlapping in-phase THz-waves in an 
absorptive media was calculated as shown in Fig.15. A 5 mol % MgO-doped Lithium 
Niobate crystal at THz-wave frequency region would has about 30 cm-1 of absorption 
coefficient (Palfalvi et al., 2005). The enhancement effect of in-phase interference would be 
effective for about 2 mm of traveling distance of THz-wave, this fact leads optimum 
pumping beam width in y-axis direction is about 1.8 mm. In this study, pumping beam 
width in y-axis was about 0.45 mm, results in a propagating length of a THz-wave was 
about 1.2 mm. Higher enhancement above 50 would be obtained with tight focused beam 
only for z-axis by cylindrical lens. 
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Fig. 14. Input-output property of THz-wave for pumping energy at 1.0 THz generation with 
α=2.49 degrees.  Circles and triangles denotes THz-wave output signal with combined 
beams and with single beam.  Inset shows double logarithmic plot of input-output 
properties. 
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Fig. 15. Calculated intensity of overlapping in-phase THz-waves in an absorptive media. 

Figure 16 shows THz-wave output characteristics under fixed pumping wavelength of 1300 
nm and several fixed angle, 2.49, 3.80 and 5.03 degrees.  Maximum THz-wave output at each 
angle was obtained at higher frequency in the bigger angle, α.  Obtained peaks of THz-wave 
output were about 1.1, 1.6 and 1.9 THz, respectively.  The relation between the angle and the 
frequency where maximum output was obtained agree well with Equation 4, 1.08, 1.61 and 
2.07 THz under 1300 nm pumping respectively.  Tuning range for higher frequency region 
was remarkably improved compare with our previous collinear and not tight focused 
configuration.  THz-wave output at around 4 THz was successfully obtained. 
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Fig. 16. THz-wave output spectra under fixed pumping wavelength of 1300 nm and several 
fixed angle, 2.49, 3.80 and 5.03 degrees. 

As described in our previous work, because the linewidth of each pumping wave is about 60 
GHz, the source linewidth is about 100 GHz, which is slightly broader than that obtained 
from sources such as injection-seeded terahertz parametric generator (Kawase et al., 2002) or 
DAST crystal-based difference-frequency generators (Powers et al., 2005). This occurs 
because the linewidth of the THz-wave depends on that of the pumping source.  
The spectrum with α=2.49 degrees pumping had two dips at 1.8 and 2.6 THz.  It coursed by 
perfect phase miss-matching of THz-wave propagation. Figure 17 shows calculated 
nonlinear polarization distributions at (a) 1.8 and (b) 2.6 THz generation with α=2.49.  THz-
wavelength in the crystal at 1.8 THz generation is 32.2 μm. Generated THz-wave at point 
“a” in Fig.17 interferes with that at point “b”, which has a phase difference by π compare to 
that of point “a”, results in destructive interference. Similarly, and adding higher order 
interference, generated THz-wave at point “c” has destructive interference with that at point 
“d”. THz-wave generation was observed at around the dips, because perfect phase miss-
matching was relaxed at these frequencies. We have not yet completed the analytical 
solution predicting the frequency due to destructive interference, and it remains an area of 
future work. 
Broader tuning range would be obtained by controlling the angle α within about only 2.5 
degrees range. Because lithium niobate is strongly absorbing at THz-frequencies, the beam-
crossing position was set near the crystal surface to generate the THz-wave. In this 
configuration, the pumping beam passing through a Si prism yields an optical carrier 
excitation in Si that prevents THz-wave transmission, while the interaction length decreases 
at larger pumping angles, α. The interaction lengths, 

 αtan/2Dl =  (5) 

where D  is the beam diameter, are 21.4 and 10.7 mm for αs  of 2.49° and 5.03°, respectively.  If 
we use a shorter lithium niobate crystal, the optical carrier excitation can be avoided, and 
larger pumping angles can be employed to obtain higher-frequency generation.  The method is 
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very simple way to obtain higher frequency and efficient generation of THz-wave, because the 
method does not require a special device such as slab waveguide structure. 
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Fig. 17. Calculated nonlinear polarization distributions at (a) 1.8 and (b) 2.6 THz generation 
with α=2.49. 
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1. Introduction 
There are a number of ways that reciprocity principles in optics may be affected by the 
presence of a static magnetic field (Potton, 2004). A classic example is Faraday rotation in 
which a plane polarised electromagnetic beam propagating through a suitable medium is 
rotated in the presence of a static magnetic field along the direction of propagation. The 
handedness of this rotation depends on the propagation direction, a nonreciprocal effect 
usefully applied to the construction of optical isolators (Dötsch et al., 2005). Nonreciprocal 
effects of this type are closely related to the idea that magnetic fields break time reversal 
symmetry. Similar nonreciprocal phenomena can occur, in various guises, on reflection off a 
semi-infinite sample. We discuss such behaviour in the present chapter, in the context of 
reflection off antiferromagnetic materials. In contrast to nonreciprocal phenomena based on 
the Faraday effect, our interest is in the Voigt geometry, in which the static magnetic field is 
perpendicular to the direction of propagation. We consider the well established phenomena 
of nonreciprocity in the intensity and phase of oblique incidence radiation, but concentrate 
mainly on recent developments on nonreciprocal power flow and finite beam effects. 
We restrict discussion to the simple two dimensional geometry shown in Figure 1. Radiation 
is reflected, in the xy plane, off a semi-infinite sample, isotropic in this plane, in the presence 
of a static magnetic field B0 along z (into the page). Note that, in this configuration, we do 
not have to worry about polarisation effects, since there is no mixing between s-polarised 
(electromagnetic E field component along z) and p-polarised (electromagnetic H field 
component along z) radiation. 
Now compare Figure 1(a) to Figure 1(b), in which the sign of the incident angle has been 
reversed. In the absence of the magnetic field (B0 = 0), we can consider Figure 1(b) as the 
mirror reflection of Figure 1(a) through the yz plane, so we expect no change in the reflection 
behaviour. In terms of the incident and reflected beam signals, this is a trivial example of the 
Helmholtz reciprocity principle, which, in the present context, can be interpreted as saying 
that, in the absence of magnetic fields, an interchange of source and detector should not affect 
the signal received by the detector (Born & Wolf, 1980). When B0 is nonzero, however, the 
mirror reflection of Figure 1(a) through the yz plane no longer leads to Figure 1(b), as one 
might expect. The essential point here is that the static magnetic field B0 is an axial vector, and 
a mirror symmetry operation through the yz plane would therefore involve reversing the 
direction of this field, so that it would come out of the page (Scott & Mills, 1977). In fact 
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                                             (a)                                                               (b) 

Fig. 1. Reflection geometry, showing interchange of incident and reflected beams. 

there is no symmetry operation that leads us from Figure 1(a) to Figure 1(b), and the two 
figures are not equivalent. Nonreciprocal behaviour is thus, in principle, possible. Whether 
or not it occurs in practice, however, depends on the material properties of the sample. 
In the present chapter we consider nonreciprocity associated with reflection off a simple 
uniaxial antiferromagnet. In this case the static field represented by B0 in Figure 1 is an 
external field, since an antiferromagnet has no intrinsic macroscopic magnetic field. We 
consider a geometry in which the anisotropy associated with the spin directions, along with 
the external field B0, is perpendicular to the plane of incidence. This is equivalent to putting 
the anisotropy along z in Figure 1, thus leaving the antiferromagnet isotropic in the xy plane. 
The electric component of the electromagnetic field is along z and the magnetic component 
is in the xy plane (s-polarisation). 
In considering nonreciprocity in the intensity and phase of the reflected beam, it is sufficient to 
simply consider the effect of interchanging the incident and reflected beams (i.e. reversing the 
sign of θ1). However, we note that a rotation of Figure 1(b) around the y axis brings us back to 
Figure 1(a), but with the field direction reversed. It is therefore possible to consider 
nonreciprocity in terms of a change in optical behaviour when the external field direction is 
reversed. This turns out to be more convenient when considering nonreciprocal effects inside 
the antiferromagnet and finite beam effects. It is notable that some of the new phenomena 
under investigation in this chapter occur at normal incidence, so such a test is simpler to 
visualise in such cases than a test based on the configurations of Figure 1. Thus our general test 
for nonreciprocity will be to see what happens when we reverse the sign of B0. 

2. Antiferromagnet permeability 
The crucial parameter that determines the nonreciprocal optical properties of 
antiferromagnets is the magnetic permeability in region of the magnon (or spin wave) 
frequencies (Mills & Burstein, 1974), which typically lie in the terahertz range. We think of 
an antiferromagnet as two interpenetrating sublattices having opposite spin directions. 
Waves consisting of spins precessing in opposite directions in the two sublattices are then 
possible, and magnons of this type can interact with electromagnetic radiation. Their 
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resonant frequencies are linked not only to the anisotropy field BA that tends to align the 
spins along a preferred axis (the z axis in our coordinate system), but also to the interaction 
between the spins in the two sublattices. In the long wavelength limit (applicable to terahertz 
frequencies), and in the absence of any external field, the resonance frequency is given by 

 ( )1/ 22= 2r A E AB B Bω γ +  (1) 

Here BE is the exchange field representing the interaction between the spins of the opposing 
sublattices and γ is the gyromagnetic ratio. In the presence of an electromagnetic field whose 
H component lies in the xy plane, the induced magnetisation follows the direction of this 
field component, since the spins in the two sublattices precess in opposite directions with 
equal amplitudes. The permeability tensor μ is thus diagonal and of the form 
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where MS is the sublattice magnetisation and Γ is a damping parameter. 
In this study, we are interested in propagation of electromagnetic waves (strictly speaking 
polariton waves, since the waves include a contribution from the precessing spins in 
addition to that of the electromagnetic radiation) within the xy plane. We consider the 
electromagnetic E field component to be directed along z with the corresponding H field 
component in the xy plane. In this case, for plane waves of the form 

 ( )0 1( , , ) = exp ,x yx y t i k x k y tω⎡ ⎤+ −⎣ ⎦E E  (4) 

 ( )0 1( , , ) = exp ,x yx y t i k x k y tω⎡ ⎤+ −⎣ ⎦H H  (5) 

the polaritons follow the familiar dispersion relation 

 2 2 =x yk k+ ε 2
0kμ  (6) 

where kx and ky are wavevector components and ε is the dielectric constant of the medium. k0 

is the modulus of the free space wavevector, given by 

 0 = .k
c
ω  (7) 

In the presence of an external field B0 along the anisotropy axis, the two sublattices are no 
longer equivalent. This leads to two effects. Firstly, there are now two resonances instead of 
one and, secondly, the permeability tensor is no longer diagonal, but gyromagnetic. It thus 
takes the form (Mills & Burstein, 1974): 
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The diagonal elements μ1 do not depend on the sign of the applied field B0, but μ2 changes 
sign when B0 is reversed. This is the basis of the nonreciprocal effects discussed in this 
chapter. The polariton dispersion relation (Equation 6) is now replaced by 

 2 2 =x yk k+ ε 2
0vkμ  (12) 

where μv is known as the Voigt permeability, and is given by 

 
2 2
1 2

1

= .v
μ μμ

μ
−  (13) 

It is straightforward to see that μv does not depend on the sign of the external field B0, so the 
polariton dispersion relation (Equation 12) is similarly unaffected. Thus polariton dispersion 
corresponding to propagation through an antiferromagnet (as bulk polaritons) is, in the 
present geometry, totally reciprocal. Nonreciprocal effects only occur in the presence of a 
surface, as in the case of reflection off an antiferromagnet (Camley, 1987). 

3. Nonreciprocity in reflection of plane waves 
3.1 Reflected intensity 
As discussed in the introduction, we can regard reflectivity R as nonreciprocal if there is a 
change in reflected intensity when the incident and reflected beams are interchanged, i.e. 
R(θ1) ≠R(−θ1) where θ1 is the angle of incidence (see Figure 1), or, equivalently, when the 
applied field B0 is reversed, i.e. R(B0) ≠R(−B0). The possibility of nonreciprocal reflectivity in 
the present geometry was first analysed using thermodynamic arguments (Remer et al., 
1984; Camley, 1987; Stamps et al., 1991). This analysis shows that reflectivity should be 
reciprocal in the absence of absorption, but that it need not be in the presence of absorption. 
Here we demonstrate the same result explicitly in the case of reflection off a uniaxial 
antiferromagnet, using the arguments outlined by Abraha & Tilley (1996) and Dumelow et 
al. (1998). 
We are interested in reflection from vacuum in s polarisation. The complex reflection 
coefficient r in this case can be easily worked out from the field continuity conditions at the 
vacuum/antiferromagnet interface. Written in terms of the E field component of the 
electromagnetic radiation, the complex reflection coefficient is given by 
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with a corresponding transmission coefficient 
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kx is the in-plane component of the wavevector, which is continuous in both media and 
determined by the angle of incidence θ1: 

 0 1= sin .xk k θ  (16) 

k1y and k2y are the normal components of the wavevector in vacuum and the antiferromagnet 
respectively, and are given by 

 2 2
1 0=y xk k k−  (17) 

and 

 (18)

Since kx(θ1) = −kx(−θ1) and μ2(B0) = −μ2(−B0), the effect of either changing the sign of θ1 or 
changing the sign of B0 is to change the sign of the term ikx(μ2/μ1) in both the numerator and 
the denominator of Equation 14, all other terms in this equation being unaffected. 
Let us first consider how this sign change affects the complex reflection coefficient r in the 
case of zero absorption (Γ = 0). In this case, all the parameters in Equation 14 are real, except 
for k2y, which may be either real or imaginary depending on the frequency. When k2y is real, 
there is propagation of radiation, as bulk polaritons, into the interior of the sample. When it 
is imaginary the field within the antiferromagnet is evanescent, decaying away from the 
interface. We refer to frequencies corresponding to k2y real as bulk region frequencies and 
those corresponding to k2y imaginary as reststrahl region frequencies. 
At bulk region frequencies (k2y real), separation of Equation 14 into real and imaginary parts 
leads to 

   (19) 
The overall reflectivity is given by 

   (20) 
and is therefore reciprocal. 
At reststrahl region frequencies (k2y imaginary), the numerator of Equation 14 is the complex 
conjugate of the denominator. Thus one can see from Equation 20 that R must be equal to 1, 
regardless of the sign of B0, so once again the reflectivity is reciprocal. The result R = 1 is of 
course what one should expect, since when k2y is imaginary there is no propagation into the 
sample, leading to total reflection. 
Simulated oblique incidence (θ1 = 45°) reflectivity spectra off MnF2 at 4.2 K, in an external 
magnetic field B0 of magnitude 0.1 T, are shown in Figure 2(a), in which zero damping is 
assumed. The frequency scale is expressed in terms of wavenumbers ω/2πc, and the MnF2 

parameters used in the calculation are (Dumelow & Oliveros, 1997) ε =5.5, MS =6.0×105 A/m, 
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BA = 0.787 T, BE = 53.0 T and γ = 0.975 cm−1/T, corresponding to ωr = 8.94 cm−1. The curves 
for B0 = +0.1 T and B0 = −0.1 T are coincident at all frequencies, confirming that the 
reflectivity is reciprocal. 
 

 
                       (a) Ignoring damping                                         (b) Damping included 
Fig. 2. Calculated oblique incidence (θ1 = 45°) reflectivity spectrum off MnF2 in an external 
field of B0 = +0.1 T (solid curves) and B0 = −0.1 T (dashed curves). Note that in (a) the two 
curves are coincident. The symbols B and R in (a) represent the bulk and reststrahl 
frequency regions respectively. 
 

 
Fig. 3. Experimental (solid curves) and theoretical (dashed curves) oblique incidence 
reflectivity (θ1 = 45°) reflectivity spectra off FeF2 at 4.2 K, in the presence of positive and 
negative external magnetic fields. After Brown et al. (1994). 
When the damping is nonzero, the above symmetry arguments do not apply, and the 
reflectivity R is, in general, nonreciprocal. This can be seen from Figure 2(b), in which 
damping has been included in the calculation, using the experimental value of Γ = 0.0007 
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cm−1. In this figure, the curves for B0 = +0.1 T and B0 = −0.1 T are not coincident. The 
difference in this case is quite small, since the damping in MnF2 is small. Remer et al. (1986) 
was able to observe this small difference experimentally using a field scan at fixed 
frequency, but found a larger nonreciprocity at higher temperature, corresponding to larger 
damping. 4.2 K frequency scans of the type shown in Figure 2 have been performed on FeF2 
(Brown et al., 1994), which has a considerably higher damping parameter than MnF2, using 
far infrared Fourier transform spectroscopy (Brown et al., 1998). In this case the 
nonreciprocity in the reflectivity is quite clear, as seen in Figure 3. 

3.2 Reflected phase 
The complex reflection coefficient r given by Equation 14 is commonly expressed in terms of 
a reflection amplitude ρr and phase φr: 

 ( )= exp ,r rr iρ φ  (21) 
where 

 1/ 2= ,r Rρ  (22) 
and 

 1 Im( )= .tan
Re( )r

r
r

φ − ⎡ ⎤
⎢ ⎥
⎣ ⎦

 (23) 

Although thermodynamic arguments show that, in the absence of damping, the reflected 
intensity R, and hence the amplitude ρr, should be reciprocal (Remer et al., 1984), such 
arguments cannot be applied to the reflected phase φr. A detailed discussion of 
nonreciprocity in the reflected phase on reflection off antiferromagnets is given in Dumelow 
et al. (1998). Here we summarise the main results. 
We consider first the case of zero damping (Γ = 0). In the bulk regions, Equation 19 should 
apply. Thus, since the phase is given by Equation 23, we can see quite straightforwardly that 

 0 0( ) = ( ) 2 ,r r mφ φ π− − +B B  (24) 

where m is an arbitrary integer. We include the term 2πm since it is convenient to plot the 
phase outside the range −π < φr < π. 
Equation 24 shows that, in the bulk regions, the reflected phase is nonreciprocal even in the 
absence of damping. This is also the case in the reststrahl regions, but the phase does not 
follow a simple symmetry relation of the type given by this equation. 
The amplitude and phase for reflection off MnF2 in the absence of damping are shown in 
Figures 4(a) and 4(c) respectively. The conditions are the same as those used in Figure 2. 
Note that we have shown the phase as varying within the range π to 3π in order to show that 
it changes continuously with frequency. The amplitude is reciprocal, in agreement with 
Figure 2, but nonreciprocity in the reflected phase is quite marked in both the bulk and 
reststrahl regions, obeying Equation 24 in the bulk regions. 
Figures 4(b) and 4(d) show reflection amplitude and phase respectively in the presence of 
damping. In line with the reflectivity results in the previous subsection, the reflection 
amplitude now shows slight nonreciprocity. The phase shows the same type of 
nonreciprocity as seen without damping, although the bulk region symmetry arguments of 
Equation 24 no longer apply. 
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  (a) Reflected amplitude, ignoring damping      (b) Reflected amplitude, damping included 
 

 
  (c) Reflected phase, ignoring damping               (d) Reflected phase, damping included 
 

Fig. 4. Calculated reflected amplitude and phase spectra for oblique incidence (θ=45°) 
reflection off MnF2 in an external field of B0 = +0.1 T (solid curves) and B0 = −0.1 T (dashed 
curves). Note that in (a) the two curves are coincident. The symbols B and R represent the 
bulk and reststrahl frequency regions respectively. 

3.3 Power flow 
The nonreciprocal phenomena described in the Subsections 3.1 and 3.2 were analysed ten or 
more years ago, and concern the behaviour of a reflected plane wave. Recently we have 
started studying nonreciprocal behaviour within the antiferromagnet itself, in particular 
with respect to the direction of the internal power flow (Lima et al., 2009), represented by 
the time-averaged Poynting vector (Landau & Lifshitz, 1984), 

 ( )= 1 / 2 Re .∗〈 〉 ×S E H  (25) 

We consider an angle of refraction in terms of the direction of the time-averaged Poynting 
vector 〈S2〉 (which is not necessarily the same as the wavevector direction) in the 
antiferromagnet, as shown in Figure 5. The angle of refraction θ2, defined in this way, is 
given by 

 2
2

2

tan = .x

z

S
S

θ 〈 〉
〈 〉

 (26) 

In s polarisation the E field is confined along z, so the Poynting vector is most easily 
represented in terms of the Ez field, making use of the conversion k × E = ωμ0μH. The 
resulting time averaged Poynting vector has components 
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Fig. 5. Angle of refraction θ2 defined by power flow direction. 
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The direction of power flow can thus be obtained by substitution into Equation 26. 
We now investigate the above expressions in order to search for possible nonreciprocity in 
the power flow direction in the antiferromagnet, taking power flow to be nonreciprocal if 

 2 0 2 0( ) ( ).θ θ− ≠B B  (29) 

In order to consider power flow, we restrict ourselves initially to the case where there is no 
damping in the system (Γ = 0). The calculated values of θ2 for oblique incident reflection off 
MnF2 in this case are shown in Figure 6. 
 

 
Fig. 6. Calculated θ2 values on oblique incidence reflection (θ1 = 45°) off MnF2 in a field of B0 

= +0.1 T (solid curve) and B0 = −0.1 T (dashed curve), ignoring damping. Both curves are 
coincident in the bulk regions. The symbols B and R represent the bulk and reststrahl 
frequency regions (separated by dashed vertical lines) respectively. 

In the case of zero damping, as discussed previously, μ1, μ2, and μv are all wholly real. k2y is 
real in the bulk regions and imaginary in the reststrahl regions. 
First we consider power flow for k2y real (i.e. in the bulk regions). Equations 27 and 28 then 
give 
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= ,
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S

ωμ μ
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ωμ μ
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Thus, since none of the terms in Equations 30 and 31 depend on the sign of B0, we see that 
the power flow direction is reciprocal (θ2(−B0) = θ2(B0)). We also see from Equations 26, 30 
and 31 that 

 2
2

tan = ,x

y

k
k

θ  (32) 

so that S2 is parallel to k2. Since kx is continuous and k2y positive it also follows that refraction 
must be positive, i.e. θ2 always has the same sign as θ1. Overall, therefore, power flow 
follows the type of behavior shown in Fig. 7(a). This is confirmed by the calculations of the 
θ2 shown in Figure 6 for the bulk regions. Note that in these regions radiation may, in 
principle, flow an infinite distance into the antiferromagnet, and is thus unaffected by the 
sample surface. Our result that power flow is reciprocal in this case is thus consistent with 
the idea that radiation should display reciprocal behavior in the interior of a sample. 
 

                  
                       (a) Bulk regions                                                 (b) Lower reststrahl region 

 
(c) Upper reststrahl region 

Fig. 7. Power flow in the various spectral regions for oblique incidence radiation. 

We now consider the case when k2y is imaginary. In this case we get 

 
2
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( / )
= ,
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z x y

x
v

E k ik
S

μ μ

ωμ μ

⎡ ⎤−⎣ ⎦〈 〉  (33) 

  2 = 0.yS〈 〉  (34) 

There is thus no propagation into the antiferromagnet, but energy can travel along the 
surface in the form of an evanescent wave within the antiferromagnet. In such cases, which 
are characterized by θ2 = ±90°, the angle θ2 does not describe refraction in the normal sense of 
the word, since the associated radiation has an evanescent component. Indeed there is no 
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transfer of radiation across the interface, since power is wholly reflected. The direction of 
power flow may or may not be reciprocal, depending on the relative magnitudes of the two 
terms in the numerator of Equation 33. However, if the external field is sufficiently large, the 
second term dominates within both reststrahl regions. In the present example, for B0 = ±0.1 
T, this results in θ2 = ±90° in most of the lower reststrahl region (Figure 7(b)) and θ2 = 90° in 
most of the upper reststrahl region (Figure 7(c)), as shown in the calculation in Figure 6, and 
nonreciprocity, as defined by Equation 29, occurs. There is, however, a narrow region of 
reciprocal power flow (in terms of direction if not of magnitude) near the upper frequency 
limit of each reststrahl region. 
Possibly one of the most interesting aspects of the power flow is its behaviour in the case of 
normally incident radiation (Lima et al., 2009). The calculated θ2 values are shown in Figure 
8. In the bulk regions, as expected, power flow is normal to the surface, as shown in Figure 
9(a). In the reststrahl regions, however, power flow parallel to the sample surface is induced 
in the same way as occurs at oblique incidence. The direction of this power flow depends on 
the sign of the external field, as shown in Figures 9(b) and 9(c). This is distinctly counter- 
intuitive considering that we are modelling plane waves normally incident on an infinite 
surface, so that there should be no spatial variation of the field along x. Nevertheless, the 
 

 
Fig. 8. Calculated θ2 values on normal incidence reflection off MnF2 in a field of B0 = +0.1 T 
(solid curve) and B0 = −0.1 T (dashed curve), ignoring damping. The symbols B and R 
represent the bulk and reststrahl frequency regions (separated by dashed vertical lines) 
respectively. After Lima et al. (2009). 
 

                  
                            (a) Bulk regions                                                (b) Lower reststrahl region 

 
(c) Upper reststrahl region 

Fig. 9. Power flow in the various spectral regions for normal incidence radiation. 
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very fact that the field is assumed to extend over an infinite plane means that energy flow 
along the surface does not violate causality. 
We now turn to the case where damping is present. Now k2y should, in general, be complex, 
with the its imaginary part greater near the reststrahl regions. Since imaginary k2y results in 
nonreciprocal power flow, we should also expect such nonreciprocity in the case of complex 
k2y. In Fig. 10 we show the power flow directions both for normal and for oblique incidence, 
assuming Γ = 0.0007cm−1. There is now no distinct division between reststrahl and bulk 
regions, and nonreciprocal power flow occurs both inside and outside the nominal reststrahl 
regions. At normal incidence the power flow directions are now no longer restricted to  
θ2 = 0° and θ2 = ±90°. Since nonzero θ2 implies nonreciprocity, the associated fields must be 
some extent be bound to the sample surface in all regions for which θ2 ≠ 0°. 
 

 
                                 (a) θ1 = 0                                                                    (b) θ1 = 45° 

Fig. 10. Calculated θ2 values on reflection off MnF2 in a field of B0 = +0.1 T (solid curve) and 
B0 = −0.1 T (dashed curve), assuming a damping parameter of Γ = 0.0007 cm−1. 

4. Reflection of a finite beam 
4.1 Introduction 
The previous section discusses various phenomena associated with plane wave reflection off 
an antiferromagnet. However, when the plane wave is replaced by a finite beam, we predict 
additional effects concerning the profile and position of the reflected beam (Lima et al., 2008; 
2009). Such effects are expected with either normal or oblique incidence radiation. However, 
we concentrate on normal incidence effects firstly for simplicity and secondly because they 
are more unexpected. 
We examine reflection of finite beams in two ways. Firstly, we interpret the reflection using 
an angular spectrum analysis, in which the incident beam is considered as a Fourier sum of 
plane waves. We then give a power flow interpretation of the predicted effects. 

4.2 Angular spectrum analysis 
Here we summarise the angular spectrum analysis used in describing reflection of a finite 
beam normally incident on an antiferromagnet (Lima et al., 2008), using a two dimensional 
model in which the incident beam, centred at x = 0, is considered as an angular spectrum of 
plane waves propagating in the xy plane. It can thus be represented in the form 

 ( )0
1

0
( , ) = ( )exp ,

k

i x x y xk
E x y k i k x k y dkψ

−
⎡ ⎤+⎣ ⎦∫  (35) 
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where ψ(kx) is a distribution function representing the shape of the beam. At the sample 
surface, which we place at y = 0, the electric field of the incident beam is 

 ( )0

0
( ,0) = ( )exp .

k

i x x xk
E x k ik x dkψ

−∫  (36) 

The electric field of the corresponding reflected beam is given, at the surface, by 

 ( )0

0
( ,0) = ( ) ( )exp .

k

r x x x xk
E x r k k ik x dkψ

−∫  (37) 

Here r(kx) represents the complex reflection coefficient for the relevant plane wave 
component, and is given by Equation 14. It is convenient to consider this complex coefficient 
in terms of amplitude ρr(kx) and phase φr(kx), in the form of Equation 21, i.e., 

 [ ]( ) = ( )exp ( ) .x r x r xr k k i kρ φ  (38) 

If the beam is sufficiently wide, there will be a narrow distribution of kx values centred, at 
normal incidence, around kx = 0. We can thus substitute Equation 38 into Equation 37 and 
expand ρr(kx) and φr(kx) as a Taylor series around kx = 0. If we ignore terms in  2

xk  and above, 
this leads to 

 ( ) ( )0 0

0 0
( ,0) = (0) ( )exp (0) ( )exp ,ψ ψ

− −
+∫ ∫

k k

r x x x x x x xk k
E x r k ik X dk r k k ik X dk'  (39) 

where 

 [ ](0) = (0)exp (0) ,r rr iρ φ   (40) 

 [ ]=0(0) = | exp (0) ,ρ φr
k rx

x

dr i
dk

'  (41) 

 =0= | .r
kx

x

dX x
dk
φ

+   (42) 

The second term on the right hand side of Equation 39 can, in practice, normally be ignored 
(Lima et al., 2008). In fact, in the absence of damping, it is identically zero since reciprocity 
in ρr implies =0/ | = 0r x kx

d dkρ , and hence r′(0) = 0. Even in the presence of damping, 

however, the contribution of this term is negligible for a sufficiently narrow kx distribution. 
The reflected field is thus given, to a good approximation, by the first term on the right hand 
side of Equation 39. This term is simply the reflection coefficient r(0) for a normally incident 
plane wave multiplied by an integral which gives the profile of the field along x. This 
integral is identical to that of the incident beam (Equation 36) except that x has been 
replaced by X, given by Equation 42. Thus the shape of the reflected beam is the same as 
that of the incident beam, but it has been shifted along the surface of the sample by a 
distance Dr equal to 

 =0= |r
r kx

x

dD
dk
φ

−  (43) 



 Recent Optical and Photonic Technologies 

 

156 

                          
                 (a) Normal incidence reflection off AF     (b) Conventional Goos-Hänchen shift 

Fig. 11. Comparison of the normal incidence Goos-Hänchen shift predicted for external 
reflection off an antiferromagnet with the conventional Goos Hänchen shift for total internal 
reflection. 

as shown in Figure 11(a). In the case of reciprocal reflected phase (i.e. φ(−kx) = φ(kx)), 
=0/ |r x kx

d dkφ  must be zero, so there will be no lateral shift. In the case of reflection off 
antiferromagnets, however, the reflected phase is, in general, nonreciprocal, as discussed in 
Section 3.2, and a nonzero displacement of the reflected beam is expected. 
Before discussing the lateral shift described by Equation 43 in any detail, we note that the 
behaviour of the reflected beam is in some ways similar to that of an oblique incidence finite 
beam which undergoes total internal reflection when passing from an optically denser to a 
less dense medium. Such a beam also suffers a lateral displacement Dr upon reflection, as 
shown in Figure 11(b). This displacement was observed experimentally by Goos & Hänchen 
(1947) and is normally referred to as a Goos-Hänchen shift (Lotsch, 1970). Goos-Hänchen 
shifts have also been reported in the case of external reflection in specific instances such as 
reflection off metals (Wild & Giles, 1982; Leung et al., 2007), and the lateral displacement 
discussed here can be considered as a type of a normal incidence Goos-Hänchen shift. 
Equation 43 is, indeed, a normal incidence version of the classical expression commonly 
used to describe Goos-Hänchen shifts (Artmann, 1948), and the angular spectrum analysis 
used above in deriving the equation is basically the same as that previously used to describe 
Goos-Hänchen shifts in the case of total internal reflection (Horowitz & Tamir, 1971; 
McGuirk & Carniglia, 1977). 
We now apply Equation 43 to the specific case of reflection off an antiferromagnet. In the 
absence of damping, the reflection coefficient r can easily be resolved into its real and 
imaginary parts, allowing explicit evaluation of this equation. This gives 

 
(44)

in both the bulk and the reststrahl regions. Since the sign of μ2 depends on the sign of B0, it is 
immediately obvious that the direction of the lateral displacement will be reversed if the 
external field direction is reversed. In the presence of damping, Equation 43 can be 
evaluated numerically, but the results are found to be almost identical to those with Γ = 0 
(Lima et al., 2008). 
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                                (a) Reflectivity                                      (b) Lateral shift of reflected beam 

Fig. 12. Calculated normal incidence reflectivity spectrum and 1ateral shift for reflection off 
MnF2 in an external field of B0 = +0.1 T. In (a) the solid curve is calculated without damping 
and the dot-dash curve with Γ = 0.0007 cm−1. In (b) the solid curves are for an external field 
of B0 = ±0.1 T and the dashed curves for an external field of B0 = −0.1 T. The vertical lines 
separate the bulk and reststrahl regions. The marked frequencies are A: 9.0769 cm−1; B: 
9.0994 cm−1; C: 9.0705 cm−1. After Lima et al. (2009). 

The calculated values of Dr, ignoring damping, are compared with the reflectivity spectrum 
at upper reststrahl region frequencies in Figure 12. A lateral shift is predicted in both the 
bulk and the reststrahl regions. Similar shifts are predicted around the lower reststrahl 
region, but of opposite sign (Lima et al., 2008). There is a divergence in Dr at the reflectivity 
minimum just below the reststrahl region. At this frequency, the assumptions made in 
deriving Equation Dr clearly do not apply. 
In order ot verify the shifts shown in Figure 12, reflection of a particular incident beam 
profile may be modelled. For simplicity, we have considered a gaussian beam whose focal 
plane is the surface of the sample (Lima et al., 2008; 2009). The incident beam can thus be 
represented by Equation (35) with (Horowitz & Tamir, 1971) 

 
2 2

( ) = exp ,
42

x
x

g g kkψ
π

⎛ ⎞
−⎜ ⎟

⎝ ⎠
 (45) 

where 2g represents the beam width at the focal plane. At the sample surface the incident 
beam profile is thus represented by Equation 36 and the reflected beam profile by Equation 
37. The integrals in these two equations can be evaluated numerically, and the profiles of the 
corresponding E fields thus obtained. 
The incident and reflected beam intensities can, in general, be well represented by |E|2. In 
Figure 13 we show the resulting intensity profiles along x for the three frequencies marked 
in Figure 12. It is seen that, although the modelled incident beam is very narrow (g = λ, the 
free space wavelength), all the reflected beams are displaced along the surface in excellent 
agreement with Equation 44. It is also observed that damping does not noticeably affect this 
displacement. Explicit simulations have also confirmed the prediction of Equation 44 that 
beam displacement is, to a very good approximation, independent of beam width (Lima et 
al., 2008). 
It is useful not only to consider the incident and reflected fields at the surface, but also the 
overall E field distribution in the xy plane. We conveniently consider the electric fields in 
terms of an incident field Ei(x,y) and a reflected field Er(x,y) in the region x < 0 (vacuum) and 
a transmitted field Et(x,y) in the region x > 0 (antiferromagnet). Ei(x,y) is given by Equation 
35, with Er(x,y) and Et(x,y) given by 
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                    (a) Frequency A (reststrahl)                                    (b) Frequency B (bulk) 

 
(c) Frequency C (bulk) 

Fig. 13. Intensity profiles, along the sample surface, in the case of reflection of a normally 
incident gaussian beam off MnF2 in an external magnetic field of 0.1 T. Solid curve: incident 
beam; dotted curve: reflected beam ignoring damping; dashed curve: reflected beam with 
Γ = 0.0007 cm−1; vertical solid line: centre of incident beam; vertical dashed line: centre of 
reflected beam predicted by Equation 44. Note that, in (b), the reflected intensities with and 
without damping are almost identical, and the curves cannot be separated. After Lima et al. 
(2009). 

 ( )0
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k
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−
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respectively. The resulting profiles at the three frequencies indicated in Figure 12 are shown 
in Figures 14 and 15. Figure 14 shows the profile in the absence of damping and Figure 15 
shows the profile when damping is included. The left hand panels show the incident and 
transmitted fields, whilst the right hand panels show the reflected field. 
In all cases the reflected fields are displaced along x in accordance with Figures 12 and 13. In 
addition, we see that the transmitted field is also displaced. This result can be anticipated 
from the fact that the phase φt of the complex transmission coefficient t is nonreciprocal. An 
analysis equivalent to that used in determining Dr then gives a lateral displacement Dt of the 
transmitted field profile given by 

 =0= | .t
t kx

x

dD
dk

φ
−  (48) 
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(a) Frequency A (reststrahl) 

 
b) Frequency B (bulk) 

 
(c) Frequency C (bulk) 

Fig. 14. Profiles of the amplitudes of the incident (Ei(x,y)), transmitted (Et(x,y)), and reflected 
(Er(x,y)) fields in the case of reflection of a normally incident gaussian beam off MnF2 in an 
external magnetic field of 0.1 T, ignoring damping. After Lima et al. (2009). 
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(a) Frequency A (reststrahl) 

 
(b) Frequency B (bulk) 

 
(c) Frequency C (bulk) 

Fig. 15. Profiles of the amplitudes of the incident (Ei(x,y)), transmitted (Et(x,y)), and reflected 
(Er(x,y)) fields in the case of reflection of a normally incident gaussian beam off MnF2 in an 
external magnetic field of 0.1 T, for Γ = 0.0007 cm−1. 
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It is noticeable that, in the case of the bulk frequency B, near the top of the reststrahl band, 
there is a much larger displacement in the transmitted field than in that of the reflected 
beam. In the absence of damping, the field decays away from the interface in the reststrahl 
region (Figure 14(a)), but propagates into the sample, perpendicular to the surface, in the 
bulk regions (Figures 14(b) and 14(c)). When damping is included, the reststrahl region 
behaviour is largely unchanged, but there may now be significant decay in the bulk regions. 
At frequency B, just above the top of the reststrahl region, this decay is fairly small, but at 
frequency C, near the bottom of the reststrahl region, it is similar to that in the reststrahl 
region itself. 

4.3 Power flow analysis 
4.3.1 Reststrahl region 
In the above analysis we have considered the displacement of the reflected beam as an 
interference effect. It is also useful, however, to consider this effect in terms of power flow. 
In the reststrahl regions, in the absence of absorption, energy conservation principles can be 
used in a straightforward way to analyse the lateral shift (Lima et al., 2009). The analysis is 
similar to that used by Renard (1964) in the case of the conventional Goos-Hänchen shift for 
total internal reflection. 
We make use of the result of subsection 3.3 that, in the reststrahl regions and in the absence 
of damping, a normally incident plane wave reflected off an antiferromagnet induces power 
flow parallel to the surface within the antiferromagnet, as shown in Figures 9(b) and 9(c). 
We consider this to be the behaviour in the centre portion of a wide finite incident beam, 
such as that represented in Figure 16. The central portion of this incident beam lies between 
x2 and x3, and it gradually decays away to zero between x2 and x1 and between x3 and x4. The 
internal energy flux associated with plane wave reflection in the central portion is 
represented by P2. Energy conservation therefore requires that there is a net flux P1 entering 
the antiferromagnet near one edge of the beam and a net flux leaving near the other edge. 
This is equivalent to a lateral shift Dr of the reflected beam with respect to the incident beam. 
Thus P1 enters in the region between x1 and x2 + Dr and P3 leaves in the region between x3 and 
x4 + Dr. We consider energy flow within a slice, of thickness Δz, in the xy plane. Within this 
slice we have P1 = P2 = P3. 
P1 is the difference between the incident and reflected flux between X2 and x2 + Dr, and can 
be written as 

 
2 2 2

1

1 2 1

= ( ) ( ) ( ) ,
x x D x Dr r

i i r
x x x Dr

P S x zdx S x zdx S x zdx
+ +

+

〈 〉Δ + 〈 〉Δ + 〈 〉Δ∫ ∫ ∫  (49) 

where 〈Si(x)〉 and 〈Sr(x)〉 are the intensities, represented in terms of time averaged Poynting 
vectors along y, of the incident and reflected waves respectively. Since we expect the 
reflected beam to have the same shape as the incident beam, we can write 

 ( ) = ( ) ,i r rS x S x D〈 〉 −〈 + 〉  (50) 

so that the first and last terms on the right hand side of Equation 49 cancel. Thus only the 
second term contributes to P1, and the integral is only performed between x2 and x2 + Dr, in 
the central portion of the beam. Within this interval 〈Si(x)〉 has a constant value, which we 
denote as 〈Smax〉. Equation 49 thus becomes 
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Fig. 16. Model of lateral displacement of reflected beam in the reststrahl regions in terms of 
power flow along the antiferromagnet surface. 

 1 = .max rP S zD〈 〉Δ  (51) 

Using Equation 25 and a standard application of Maxwell’s equations, 〈Smax〉 can be 
expressed in terms of the incident field Emax within the central region of the beam as 

 
2

0

0

= .
2
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max

k E
S

ωμ
〈 〉  (52) 

The flux P2 within the antiferromagnet is given by 

 2 20
= ( ) .xP S y zdy

∞
〈 〉Δ∫  (53) 

〈S2x(y)〉 can be expressed in terms of the electric field Ez(y) within the antiferromagnet using 
Equation 27. Ez(y) itself can be related to the field Emax of the incident beam by the equation 

 ( )2( ) = exp ,z max yE y tE ik y  (54) 
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so P2 may also be obtained as a function of Emax. On putting P1 = P2 in the above equations, 
and solving for Dr we get exactly the same result as obtained using the angular spectrum 
analysis (Equation 44). Thus simple energy conservation principles may be used to predict 
the Goos-Hänchen shift in this case. 
We may examine explicitly the power flow behaviour in the xy plane using the type of 
calculation used in obtaining Figures 14 and 15. Figure 17(a) shows the overall power 
intensity and flux lines (Lai et al., 2000) for reflection off MnF2 at frequency A, 
corresponding to the upper reststrahl region. The behaviour is similar to that predicted from 
Figure 16 (although in the present case the shift is negative). Thus, for x > −0.01 cm, the 
incident intensity is greater than the reflected intensity, so that the overall power flow is to 
the right. At x  −0.01 cm, the incident and reflected beams cancel, whereas for x < −0.01 
cm, the reflected beam dominates and the overall power flow is to the left. Flux continuity is 
thus preserved in the manner illustrated in Figure 16. 
 

 
              (a) Ignoring damping                                               (b) Damping included 

Fig. 17. Overall power intensity and flow for reflection off MnF2 in an external magnetic field 
of 0.1 T in the upper reststrahl region (frequency A). After Lima et al. (2009). 
Figure 17(b) shows power flow when damping is included. In this case the flux continuity 
argument no longer applies (hence we have not attempted to show continuous flux lines), 
but the overall behaviour is not significantly changed. 
It is interesting to note that the power flow explanation of the normal incidence Goos 
Hänchen shift gives a very clear example of the breaking of time reversal symmetry by a 
static magnetic field. In the example shown in Figure 16, there is power flow along the 
positive x direction within the antiferromagnet, and the reflected beam is thus displaced in 
this direction. If, however, time reversal were applied to the reflected beam, so that it 
became a new incident beam, without reversing the direction of B0, the flow of energy 
within the antiferromagnet would not retrace its path along the negative x direction, but 
would once again flow along positive x, and there would be a further displacement of the 
reflected beam in this direction. 

4.3.2 Bulk regions 
The above power conservation principles used in analysing the normal incidence Goos- 
Hänchen shift in the reststrahl regions are based on the principle that all the incident energy 
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will be reflected back from the antiferromagnet surface. This is clearly not the case in the 
bulk regions. Furthermore, in the absence of damping, the power flow resulting from 
normally incident plane waves is transmitted normal to the surface, as seen in Figure 9(a). 
The reststrahl region analysis requires power flow parallel to the interface, so one might 
expect that there would be no lateral shift of the reflected beam in the bulk regions. The 
angular spectrum analysis, however, predicts that such a shift should occur in both the 
reststrahl and the bulk regions, so it is important to understand, in terms of energy flow, 
how such a shift is possible in the bulk regions. 
In order to analyse the power flow, we once again take the example of reflection of a 
Gaussian beam and examine the power flow profile in the xy plane. The resulting overall 
power intensity and flux at the two bulk frequencies B and C are shown in Figure 18. Before 
analysing the lateral shift in any detail, it is worth noting that the profile of the power 
intensity within the antiferromagnet is different from that of the electric field amplitudes  
 

 
Fig. 18. Overall power intensity and flow for reflection off MnF2 in an external magnetic field 
of 0.1 T in the bulk regions. Note that the arrows in the bottom half of (c) are simply 
intended to show the direction of power flow and are not a continuation of the flux lines in 
the upper part of the figure. After Lima et al. (2009). 
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shown in Figures 14 and 15. This is because the power intensity depends on the magnetic 
field component of the electromagnetic field as well as its electric field component. The 
magnetic field profile is in fact very different from that of the electric field (Lima et al., 2009), 
leading to a different power intensity profile. 
At frequency B, ignoring damping (Figure 18(a)), overall power flow is to the right both in 
the vacuum region y < 0 and within the antiferromagnet y > 0, and remains perpendicular to 
the surface. There is flux continuity across the interface, as expected, and the overall profile 
is slightly displaced in the positive x direction with respect to the incident beam, which is 
centred at x = 0. We can understand this if we recall that the reflected beam is slightly 
displaced in the negative x direction and is less intense than the incident beam (see Figure 
13(b)). The overall flux for y < 0, within the vacuum region, is the incident beam minus the 
reflected beam, so it is shifted in the positive x direction with respect to the pure incident 
beam. Flux continuity requires that this displacement is transferred to the transmitted beam, 
i.e. in the bulk regions the transmitted beam is displaced along x in the direction opposite to 
the displacement of the reflected beam. The behaviour in the presence of damping (Figure 
18(b)) is not appreciably different. 
At frequency C in the absence of damping (Figure 18(c)) the situation is similar to that at 
frequency B except that there is now a resultant power to the left for x < −0.08 cm−1. This is 
related to the fact that the reflected beam is more intense than the incident beam at these 
values of x (see Figure 13(c)). This also means that there must be power flow to the left 
within the antiferromagnet. This presents an apparent problem since there is no obvious 
source for the associated energy. Nevertheless, detailed calculations of power flow several 
centimeters into the antiferromagnet show that a portion of the incident energy does indeed 
return to the left in this region (Lima et al., 2009). This is easier to see when damping is 
present (Figure 18(d)), in which case some of the incident energy returns to the left without 
penetrating a long distance into the antiferromagnet. In fact, in this case, the overall power 
flow is somewhat similar to that observed in the reststrahl regions. This is another 
illustration of the concept that, in the presence of damping, the bulk and reststrahl regions 
can be thought of as merging into one another. 
In the above examples, frequency B (Figures 18(a) and 18(b)) can be regarded as 
representative of most of the bulk frequencies. Frequency C (Figures 18(c) and 18(d)), in 
contrast, displays rather peculiar behaviour particular to frequencies between the reststrahl 
region and the reflection minimum (see Figure 12). 

5. Conclusions and future prospects 
In this chapter we have examined various nonreciprocal effects associated with reflection of 
terahertz radiation off antiferromagnets. Of these effects, only nonreciprocity in the 
reflectivity has, to our knowledge, been investigated experimentally at the time of writing 
(Remer et al., 1986; Brown et al., 1994). 
A simple, if slightly indirect, way of observing the nonreciprocal reflected phase has been 
suggested (Dumelow & Camley, 1996; Dumelow et al., 1998), and uses the configuration 
shown in Figure 19. Here, a dielectric layer is deposited onto the surface of an 
antiferromagnet and the overall reflectivity off the overall structure measured. In this setup, 
there is reciprocal reflection from the vacuum/dielectric interface, but the phase of the 
radiation reflected from the dielectric/antiferromagnet interface is nonreciprocal. 
Interference between these partial waves is thus nonreciprocal, leading to a nonreciprocal 
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Fig. 19. Use of a dielectric layer for investigating nonreciprocal phase on reflection off an 
antiferromagnet. 

 
                                 (a) d = 10μm                                                            (b) d = 60μm 

Fig. 20. Calculated oblique incidence reflectivity spectrum off a Si/MnF2 structure of the 
type shown in Figure 19 in an external field of B0 = +0.1 T (solid curves) and B0 = −0.1 T 
(dashed curves). 

overall reflectivity which depends on the dielectric layer thickness, as shown in Figure 20. 
This is true even when the reflectivity off the pure antiferromagnet is close to reciprocal, as 
is the case for MnF2. 
The discussion of nonreciprocity in the power flow is concerned with power flow behaviour 
within the interior of an antiferromagnet. Obviously it is not straightforward to measure this 
experimentally. It appears more reasonable to investigate the effect of this nonreciprocal 
power flow on the radiation interacting with a finite sized sample of a given shape. The 
analysis presented in this chapter does not extend to this type of system, since the 
antiferromagnet is considered to be infinite along x. However, other techniques such as the 
finite difference time domain (FDTD) method should help clarify the expected behaviour. 
The lateral shift predicted in the case of reflection of a finite beam off an antiferromagnet 
should in principle be measurable given a suitable coherent source such as a far infrared 
laser (Rosenbluh et al., 1976), backward wave oscillator (Dobroiu et al., 2004), or YIG 
oscillator with frequency multiplied output (Kurtz et al., 2005). In order to observe the 
normal incidence shift, a beam splitting arrangement appears necessary. It is also, however, 
important to consider the effect at oblique incidence, both theoretically and experimentally. 
In this case the effect should be observable directly without the use of a beamsplitter.  
In this chapter we have only discussed phenomena in the Voigt configuration with the 
external field aligned along the anisotropy axis, deliberately avoiding the more complicated 
configurations in which the external field makes an angle with the anisotropy field (Almeida 
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& Mills, 1988), or in which these axes are not perpendicular to the plane of incidence. 
However, we should point out that theoretical works on the reflected amplitude and phase 
do exist for more complex geometries (Stamps et al., 1991; Dumelow et al., 1998), and, in the 
case of reflectivity, there is some experimental work (Abraha et al., 1994; Brown et al., 1995). 
Finally, we stress that, although we have concentrated on reflection off antiferromagnets in 
this chapter, the basic priciples involved stem from the form of the permeability tensor 
given in Equation 8. However, there are other types of material, such as ferromagnets or 
ferrimagnets, that also have a gyromagnetic permeability of this form. We therefore expect 
similar phenomena for these materials, although some of the symmetry arguments have to 
be looked at in a slightly different way since, in general, such materials have their own 
internal macroscopic magnetic field. One can also have a dielectric tensor of this form, such 
as that associated with magnetoplasma excitations. In this case, p-polarisation radiation 
should give results similar to those presented here for s-polarisation reflection off 
antiferromagnets (Remer et al., 1984). 
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1. Introduction 
In the last years, the Terahertz (THz) domain has attracted an increasing interest in the 
scientific community due to the large number of applications that have been identified 
(Tanouchi, 2007). 
Even if many different Terahertz sources - like photomixers, quantum cascade lasers, and 
photoconductive antennas (Mittleman, 2003) - have been investigated in the past, the 
fabrication of a compact device operating at room temperature and with an output power at 
least in the μW range still constitutes a challenge. 
A very promising approach to this problem relies on the nonlinear optical process called 
Difference Frequency Generation (DFG) in materials like III-V semiconductors (Boyd, 2003). 
In this chapter, we will propose an efficient, compact, and room-temperature THz emitter 
based on DFG in semiconductor microcylinders. These are whispering gallery mode (WGM) 
resonators capable to provide both strong spatial confinement and ultra-high quality factors. 
Nonlinear optics applications benefit from an ultra-high-Q cavity, since the fields involved 
in the nonlinear mixing interact for a long time, giving rise to an efficient conversion. 
The structure we investigate is based on the technology of GaAs, owing to its wide 
transparency range (between about 0.9 and 17 μm), large refractive index for strong field 
confinement, and a huge nonlinear coefficient. Moreover, it offers attracting possibilities in 
terms of optoelectronic integration and electrical pumping. 
After an introductory part about whispering gallery modes, we will present the study of the 
DFG inside GaAs microcylinders. The evanescent coupling with an external waveguide 
allows a selective excitation of the pump cavity modes. 
At the end, on the theoretical premises of the first part, we will show that an appealingly 
simple structure can be used to confine both infrared and THz modes. Moreover, 
embedding self-assembled quantum dots in the cavity allows the integration of the pump 
sources into the device. With an appropriate choice of the cylinder radius, it is possible to 
phase match two WGMs with a THz mode, and have a compact, room-temperature THz 
emitter suitable for electrical pumping. 
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2. Whispering gallery modes 
2.1 Microcylinder cavity modes 
Whispering gallery modes are the optical modes of microcylinders, and, being the 
eigenmodes of a 3D structure, they cannot in general be derived analytically. However, the 
simple approximation we describe in the following (Heebner et al., 2007) can be used to 
reduce the 3D problem to a more manageable (2+1)D problem1. 
From Maxwell’s equations in Fourier space and without source terms, we can easily obtain 
the familiar wave equation: 

 
(1) 

where  is either  or , and n is the refractive index (in general frequency dependent) of 
the medium. 
Using the cylindrical coordinates (ρ, θ, x) shown in Fig. 1, equation (1) can be rewritten as: 

 

(2) 

Let us assume that it is possible to classify the modes as purely TE or TM: in the first case, 
the non-vanishing components are Hx, Eρ and Eθ, whereas, in the second, they are Ex, Hρ and 
Hθ. This assumption, which echoes the optical slab waveguide case, is only approximate but 
greatly reduces the complexity of the problem: as we will see in the following, it is 
equivalent to decoupling the in-plane problem from the vertical problem, using the effective 
index method to take the latter into account (Tamir, 1990). 
 

 
Fig. 1. General scheme of a microcylinder with radius R and thickness h. The cylindrical 
reference system used in the chapter is also shown. 

Returning to Eq. (2) and writing the only independent field component Fx in the factorized 
form Fx = ψ(ρ) Θ(θ) G(x), we find the following three equations: 

                                                 
1 Recently, fully vectorial 3D approaches have also been proposed (Armaroli et al., 2008). 
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(3) 

The first equation tells us that G(x) is the eigenfunction of a slab waveguide with effective 
index nξ (ξ = TE/TM), whereas the second can be integrated to obtain Θ(θ) = e−imθ, m being 
the (integer) azimuthal number. 
The radial mode dependence is obtained using the last equation in (3): if the microdisk 
radius is R, then ψ(ρ) can be written in terms of first-kind Bessel functions (for ρ ≤ R) and 
second-kind Hankel functions (for ρ > R): 

 
(4) 

where N is a normalization constant, , and we assume that 
the microcylinder is surrounded by air. 
If we impose the continuity of tangential components  and , we find the following 
dispersion relations: 

 

(5) 

Once these equations are numerically solved with respect to the variable k, we obtain the 
resonance eigenfrequencies  of the cavity. 
At this point it is worth stressing that, despite the formal analogy with the optical slab 
waveguide, the frequency of a WGM is a complex number, even if the effective index nξ that 
appears in equation (3) is real. This is due to the fact that the microcylinder walls are curved 
and then all its resonances are affected by radiation losses, which can be quantified by 
defining the WGM quality factor of a resonator mode: 

 
(6) 

Simply stated, the bent geometry of the microdisk gives rise to a continuous decay rate of 
the energy confined within the cavity, broadening the resonances linewidth. 
Fig. 2 shows the square modulus of equations (5) versus the angular frequency for a 
microcylinder of radius R = 1 μm and effective index n = 2.2: it is evident that once we 
establish the structure under investigation (i.e. the disk radius and thickness, and 
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subsequently the effective index nξ) and the azimuthal number m, multiple radial solutions 
exist. We can then label them by employing an additional integer number p, which is the 
radial order of the mode and corresponds to the number of field maxima along the radial 
axis of the microcylinder. 
 

 
Fig. 2. Square modulus of the dispersion relations (5) versus angular frequency. The 
azimuthal symmetry of the modes is fixed (m=20): different function dips correspond to 
different radial order modes, as indicated. 

It is interesting to note that higher p order modes have higher frequencies, as is shown in 
Fig. 2. This can be intuitively understood in terms of the geometrical picture of a WGM: a 
WGM is a mode confined in a microdisk by total internal reflections occurring at the 
dielectric/air interface and that, additionally, satisfies the round trip condition. 
The resonance frequencies of the modes with p = 1 are then: 

 
(7) 

High p modes have their “center of mass” displaced towards the microdisk center, so that, 
for these modes, we can always use equation (7) but with a smaller “effective radius” R. As 
equation (7) suggests, once m is fixed, this results in a higher mode frequency. 
If the resonance frequencies are known, expression (4) allows to obtain the radial function 
ψ(ρ) for TM or TE modes. At this point, we can write the independent field component Ex or 
Hx, since the functions Θ(θ) and G(x) are already known. 
Once Ex or Hx is found, the other field components can be directly obtained by using 
Maxwell’s equations: 

 

(8) 
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(9) 

If the vertical part fulfills the condition 

 
(10)

then the constant N in equation (4) can be chosen in order to normalize the mode to the 
azimuthal power flow: 

 

(11)

2.2 Quality factor 
The Q-factor of a resonance physically represents the number of optical cycles needed before 
its original energy decays by 1/e in the absence of further sourcing; this means that if U is 
the energy stored in the cavity, then we have: 

 
(12)

Since the term –dU/dt represents the dissipated power Pd, we find an alternative definition 
of Q: 

 
(13)

On the other hand, Q can be written in the following form (Srinivasan, 2006): 

 
(14)

where τph is the photon lifetime, Lph is the cavity decay length and ng is the group index 
within the cavity. 
Equation (14) is a useful relation because it allows to compare the losses of a microcylinder 
with those of other devices (e.g. a planar waveguide): in fact, for a planar waveguide it is 
customary to write the losses in terms of an inverse decay length  (in cm−1). Once we know 
the resonance quality factor, we can use this equation to obtain Lph and then express the 
losses in the form  = 1/Lph . 
Until now, the only loss mechanism introduced for the microcylinder resonances was 
represented by the intrinsic radiation losses responsible for the finite value of QWGM. In 
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physical experiments, the situation is slightly more complex, and additional losses affect the 
overall Q-factor of a WGM. 
Under the hypothesis that all loss factors are so small that their effects on the intra-cavity 
field can be treated independently, the overall quality factor can be written in the following 
form: 

 
(15)

Qcpl represents the losses due to an eventual external coupling (see section 3), and Qmat 

quantifies the losses due to bulk absorption. In the linear regime, this can be the case of free-
carrier absorption, whereas, in the nonlinear regime, this term could include two-photon (or, 
in general, multi-photon) absorption. In the latter case, Qmat will then depend on the field 

intensity circulating inside the cavity. 
Both QWGM and Qmat are intrinsic terms, whereas the last part of equation (15) describes the 
external coupling. In the next section, we will use the coupled mode theory for a thorough 
study of the evanescent coupling of a microcylinder and a bus waveguide or fiber; for the 
moment, the discussion is limited to a qualitative picture. Looking at Fig. 3, we can imagine 
to inject a given power into the fundamental mode of a single-mode waveguide sidecoupled 
to the microcylinder. In the region where the two structures almost meet, the exponential 
tail of the waveguide mode overlaps the WGM giving rise to an evanescent coupling. 
 

 
Fig. 3. Evanescent coupling scheme with a bus waveguide. 

A final remark concerns the fact that the intrinsic quality factor Qint can be reduced by 
additional contributions, e.g. the surface loss terms caused by surface scattering and surface 
absorption (Borselli et al., 2005). For this reason, we will denote with Qrad (and not QWGM) 
the radiation losses. 
Surface losses cannot always be neglected and become dominant in particular situations; 
moreover, they give rise to important phenomena like the lift of degeneracy for 
standingwave WGMs. 

3. Three-wave mixing in semiconductor microcylinders 
Microcavities are very promising for nonlinear optics applications, thanks to the high optical 
quality factors attainable with today’s technology. For example, the group of J. D. 
Joannopoulos at MIT proved that high quality photonic crystal resonators can be very 
effective in obtaining low-power optical bistable switching (Soljačić et al., 2002), Second-
Harmonic Generation (SHG), and in modifying the bulk nonlinear susceptibility through the 
Purcell effect (Soljačić et al., 2004; Bravo-Abad et al., 2007). 
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For nonlinear optics applications, the advantage of having a high-Q resonator is that its 
modes are stored in the cavity for many optical periods: this provides a considerable 
interaction time between modes and can be used to enhance parametric interactions. 
WGM resonators are particularly well suited to attain high Q: for example, quality factors as 
high as Q = 5 × 106 and Q = 3.6 × 105 have been reported, at telecom wavelengths, for Si 
(Borselli et al., 2005) and AlGaAs (Srinivasan et al., 2005) microdisks, respectively. 
In a DFG process, two pumps of frequencies ω1 and ω2 interact in order to generate a signal 
at the frequency difference ω3 = ω1 − ω2: in this way, energy conservation is ensured at 
photon level. 
In this context, the exploitation of GaAs offers peculiar advantages with respect to other 
materials. Apart from having a wide transparency range, large refractive index, and a huge 
nonlinear coefficient, GaAs has in fact highly mature growth and fabrication technologies, 
and offers attracting possibilities in terms of optoelectronic integration and electrical 
pumping. On the other hand, due to its optical isotropy, GaAs-based nonlinear applications 
normally require technologically demanding phase-matching schemes (Levi et al., 2002). 
These are not necessary in the case of WGM resonators since, as theoretically demonstrated 
for a second harmonic generation process (Dumeige & Feron, 2006; Yang et al., 2007), the 
symmetry of a [100]-grown AlGaAs microdisk and the circular geometry of the cavity result 
in a periodic modulation of the effective nonlinear coefficient experienced by the interacting 
WGMs. This modulation can then be used to phase-match the pump and the generated 
fields without additional requirements. 
The evanescent coupling between a semiconductor microcylinder and a waveguide is a way 
to excite two pump WGMs inside the microcavity. This technique has already been adopted 
in our laboratory for the characterization of GaAs microdisks. 
In Fig. 4 we report the top view of a cylindrical cavity of radius R side-coupled to a bus 
waveguide used to inject two pump fields at ω1 and ω2. The intracavity generated field could 
be extracted by using a second waveguide, and the waveguide/microcavity distances can be 
chosen to optimize the injection/extraction efficiency. 
The difference frequency generation in a triply resonant microcylinder can be described 
using the standard coupled mode theory. 
The set of coupled mode theory equations describing this nonlinear process is (Haus, 1984): 

 

(16)

For the i-th resonant mode (i = 1, 2, 3), ai is the mode amplitude normalized to its energy, 

 is the total photon lifetime (including intrinsic and coupling losses). The 
terms si describe the external pumping, with  |si|2 =  (  being the input power in the 
bus waveguide). 
The third equation is slightly different since the WGM field at ω3, which is generated inside 
the cavity, is not injected from the outside: its source is then constituted by the nonlinear 
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Fig. 4. Top view of a microcylinder coupled to an input waveguide. 

term . For typical values like the ones we will see in the following, the pump depletion 
can be ignored, i.e. we can neglect the terms  with i = 1,2. 
In this way, putting  and looking for the steady state solution of the two pumps, 
we find: 

 
(17)

Where is the loss term due to the presence of the coupling to the waveguide, and  
the intrinsic quality factor, with . 
Equation (17) suggests that the power transfer from the waveguide to the cavity can be 
adjusted by changing the coupling losses, i.e. by properly varying the distance between 
waveguide and microcylinder and/or reducing the width of the waveguide. This transfer is 
maximized under critical coupling . 
The power fed into the mode at ω3 is: 

 
(18)

where c.c. denotes the complex conjugate, and  is the nonlinear polarization given by: 

 
(19)

By using equations (18) and (19) we can rewrite   in the form: 

 
(20)

where Iov is the nonlinear overlap integral between the WGMs: 

 
(21)

with V the cavity volume and χ(2) the nonlinear tensor. 
The  GaAs symmetry (Palik, 1999) and the growth axis in the [100] direction imply that 
the overlap integral differs from zero only when two of the three WGMs are TE polarized 
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and one is TM polarized. Moreover, the angular part of the integral in equation (20) can be 
readily calculated, resulting in the phase-matching condition Δm = m2 +m3 −m1 ± 2 = 0. 
The ±  2 is due to the additional momentum provided by the periodic modulation of the χ(2) 

coefficient that comes from the circular geometry of the cavity. 
Looking for the steady state solution of the field at ω3, and taking into account equation (17), 
we then find: 

 
(22)

Therefore, if the difference-frequency mode is extracted with an additional waveguide, and 
under the hypothesis that the critical coupling condition is fulfilled for the three WGMs, the 
generated power is: 

 
(23)

On the other hand, if the intracavity-generated field is not coupled to any waveguide (it is 
simply radiated) and under the hypothesis of critical coupling for the two pumps, we find: 

 
(24)

We see that, in both cases, the non linear efficiency is directly related to the overlap between 
the three interacting fields and it is enhanced proportionally to the time the mode spend 
inside the resonator: higher Q-factors result in a longer interaction time between the fields in 
the nonlinear mixing. 

4. Nonlinear GaAs Microcylinder for Terahertz Generation 
4.1 Introduction 
In the field of Terahertz spectroscopy there is a clear distinction between the broad-band 
time-domain spectroscopy (TDS) and the single-frequency (CW) spectroscopy. In TDS, the 
THz source is often a photoconductive dipole antenna excited by femtosecond lasers: by 
Fourier transforming the incident and transmitted optical pulses, it is possible to obtain the 
dispersion and absorption properties of the sample under investigation. This technique has 
proven powerful to study the far-infrared properties of various components, like dielectrics 
and semiconductors (Grischkowsky et al., 1990) or gases (Harde & Grischkowsky, 1991), 
and for imaging (Hu & Nuss, 1995). 
However, besides requiring costly and often voluminous mode-locked lasers, the principal 
drawback of the THz TDS relies on its limited frequency resolution (Δν ~ 5 GHz) resulting 
from the limited time window (Δt ~ 100 ps), (Sakai, 2005). 
On the other hand, narrow-band THz systems have found many applications in 
atmospheric and astronomical spectroscopy, where a high spectral resolution (1−100 MHz) 
is generally required (Siegel, 2002). 
Among the large number of proposed CW-THz source schemes, it is worth mentioning at 
least two. The first one, known as photo-mixing, makes use of semi-insulating or 
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lowtemperature grown GaAs (Sakai, 2005). However, no significant progress in terms of 
output power has been demonstrated in CW photoconductive generation during the last 
few years, and the maximum output powers are in the 100 nW range. 
The second CW scheme is the Quantum Cascade Laser (QCL) (Faist et al., 1994): in this case, 
the photons are emitted by electron relaxations between quantum well sub-bands. The 
original operating wavelength was λ = 4.2 μm and was extended in the THz region (Kohler 
et al., 2002). However, the main drawback of this kind of sources is that they are poorly 
tunable and only operate at cryogenic temperatures. 
An alternative and interesting approach for the generation and amplification of new 
frequencies, both pulsed and CW, is based on second-order nonlinear processes: in this case, 
the first THz generation from ultrashort near-infrared pulses was demonstrated in bulk 
nonlinear crystals such as ZnSe and LiNbO3 (Yajima & Takeuchi, 1970). 
In 2006 Vodopyanov et al. demonstrated the generation of 0.9 to 3 THz radiation in 
periodically inverted GaAs, with optical to THz conversion efficiencies of 10−3 
(Vodopyanov, 2006). With respect to terahertz generation in LiNbO3 (Kawase et al., 2002), 
GaAs constitutes a privileged material choice, thanks to its large nonlinearity and inherently 
low losses at THz frequencies (~ 1 cm−1). However, the periodically inversed GaAs sources 
are neither compact nor easy to use outside research laboratories, since they require bulky 
mode-locked pump sources. To avoid this technological complexity, it has been proposed to 
exploit the anomalous dispersion created by the phonon absorption band in GaAs to phase 
match a difference-frequency generation in the terahertz range (Berger & Sirtori, 2004). 
In 2008 Vodopyanov and Avetisyan reported generation of terahertz radiation in a planar 
waveguide: using an optical parametric oscillator operating near 2 μm (with average powers 
of 250 and 750 mW for pump and idler), the THz output was centered near 2 THz and had 1 
μW of average power (Vodopyanov & Avetisyan, 2008). 
In the same year, Marandi et al. proposed a novel source of continuous-wave terahertz 
radiation based on difference frequency generation in GaAs crystal. This source is an 
integration of a dielectric slab and a metallic slit waveguide. They predicted an output 
power of 10.4 μW at 2 THz when the input infrared pumps have a power of 500 mW 
(Marandi et al., 2008). 
In this section, we will present a CW, room-temperature THz source based on DFG from 
two near-IR WGMs in a high-quality-factor GaAs microcylinder: these pump modes are 
excited by the emission of quantum dots (QDs) embedded in the resonator. 
The cavity, as sketched in Fig. 5, is a cylinder composed of a central GaAs layer sandwiched 
between two lower-index AlAs layers, capped on both sides by a metallic film (e.g. Au). 
This configuration provides both vertical dielectric confinement for the near-IR pump 
modes and plasmonic confinement for the THz mode. The design stems from two opposite 
 

 
Fig. 5. Sketch of a GaAs/AlAs microcylinder. 
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requirements on the thickness of AlAs layers, aimed at increasing the DFG efficiency: 
maximize the overlap between the interacting modes, and prevent the exponential tails of 
the near-IR modes from reaching the metallic layers, thus avoiding detrimental absorption 
losses. 
Fig. 6 shows an example of the pump and THz mode profile. 
 

 
Fig. 6. Example of the vertical near-IR (solid line) and THz (dashed line) mode profiles. The 
wavelength are λ = 0.9 μm e λ = 70.0 μm for the IR e THz mode respectively. 

The double metal cap allows to strongly confine the THz mode: with respect to a structure 
with just a top metallic mirror, where the THz mode would leak into the substrate, this 
allows to increase the overlap between the WGMs, thus improving the conversion 
efficiency. 
In the horizontal plane, the light is guided by the bent dielectric/air interface, which gives 
rise to high-Q WGMs (Nowicki-Bringuier et al., 2007). The central GaAs layer contains one 
or more layers of self-assembled InAs quantum dots, which excite the two near-IR modes, 
and can be pumped either optically or electrically. The simultaneous lasing of these modes, 
without mode competition, can be obtained thanks to the inhomogeneously broadened gain 
curve of the QD ensemble, as observed for QDs in microdisks at temperatures as high as 
300K (Srinivasan, 2005), and in microcylinders (Nowicki-Bringuier et al., 2007). 
Fig. 7 shows the micro-photoluminescence (μPL) spectra of a 4 μm diameter pillar 
containing QDs reported in (Nowicki-Bringuier et al., 2007). The number next to each peak 
corresponds to the azimuthal number of a TE WGM excited by the QD ensemble emission. 
The figure also shows that increasing the pillar diameter results in a reduced free spectral 
range: if the structure diameter is big enough, it is possible to find two WGM whose 
frequency difference lies in the THz range. 
In order to find the WGM spectrum of the cavity shown in Fig. 5, we can use the effective 
index method described in the previous sections: as demonstrated in (Nowicki-Bringuier et 
al., 2007), this approach gives an excellent approximation for micropillar WGMs. 
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Fig. 7. Left: experimental μPL spectra measured at 4K on a 4 μm diameter pillar. Right: 
calculated (solid line) and observed (filled points) free spectral range versus diameter 
(Nowicki-Bringuier et al., 2007). 

Applying the coupled mode theory to the present case, we obtain the following equation for 
the THz mode amplitude a3: 

 

(25)

where  ( ) represents the radiation (material absorption) limited photon lifetime. 
Again, the   term represents the nonlinear polarization source, and it is given by (20). 
As mentioned before, in order to generate the third mode, we have to fulfill two conditions: 
1. two of the three WGMs must be TE polarized and one TM polarized; 
2. the phasematching condition Δm = m2 + m3 − m1 ± 2 = 0 must hold. 
If A3 is the steady state solution of (25), the radiated THz power is: 

 
(26)

with U1 and U2 the electromagnetic energy stored in the two pump WGMs and Iov the 
nonlinear overlap integral given by (21). 
This shows that the emitted THz power is proportional to the energy of the pump modes, 
and it can be increased by maximizing the overlap integral between the interacting WGMs. 
As a final remark, we stress that the quality factor of the THz mode is mainly limited by 
intrinsic (radiation and material) losses. Conversely, intrinsic losses are extremely small for 
near-IR WGMs; therefore these modes will display experimentally quality factors that are 
limited by extrinsic losses, such as scattering by sidewall roughness (Srinivasan et al., 2005; 
Nowicki-Bringuier et al., 2007). 

4.2 Numerical results 
By numerically studying (Andronico et al., 2008) the structure of Fig. 5 with w = 0.325 μm 
and h = 6 μm, we find that a radius R = 40.6 μm allows to phase-match two pumps near 1 
μm (λ1 = 0.923 μm and λ2 = 0.936 μm) and a THz WGM with λ3 = 63.385 μm (i.e. ν3 = 4.8 
THz). The corresponding azimuthal numbers are m1 = 917, m2 = 913 and m3 = 2. For the two 
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pump modes, we took AlGaAs dispersion into account according to the Gehrsitzs model 
(Gehrsitzs et al., 2000). 
Since the dipole of the fundamental transition in the InAs QDs is oriented in the 
microcylinder plane (Cortez et al., 2001), the only WGMs excited by the QDs are TE 
polarized. The THz WGM has then to be a TM mode. 
Moreover, unlike quantum wells, the gain curve of QD ensembles is mostly broadened due 
to QD size fluctuations (inhomogeneous broadening). For InAs QDs in GaAs, the latter is 60- 
100 meV, and is centered around 1.3 eV (λ = 0.95 μm), (Nowicki-Bringuier et al., 2007). Such 
inhomogeneous broadening is thus much larger than the homogeneous broadening (10 meV 
at room-temperature (Cortez et al., 2001)): this allows to have different WGMs 
simultaneously lasing, with no mode competition (Siegman, 1986). 
Under the hypothesis of Q = 105 for the two pump modes for AlGaAs microdisks with 
embedded QDs, we can make important statements for our source: 1) its estimated 
phasematching width, dictated by the finesse of the near-IR WGMs, is 3 GHz; 2) under the 
conservative assumption of extracting 1 mW (corresponding to a circulating power of 16 W) 
from each of the pump modes, the emitted THz power, calculated from equation (25), is 
expected to be about 1 μW. 
It is also interesting to observe that, at these pump powers, two-photon absorption does not 
affect the performance of our device and can be safely neglected in the calculations. 
Fig. 8 shows the far-field pattern of the source at room temperature obtained with a 
semianalytic method developed following (Heebner et al., 2007). The emission is 
concentrated at high angles, due to the strong diffraction experienced by the tightly 
confined THz mode. 
 

 
 

Fig. 8. Far Field pattern of the THz microcylinder source at room temperature, emitting at λ3 

= 63.4 μm. The inset shows the coordinate system used. 

In Fig. 9 we report the effect of radius fabrication tolerance on the generated THz frequency, 
for three different temperatures: the slight THz frequency shift resulting from non-nominal 
fabrication is comparable to the phase-matching spectral width, and it is therefore 
negligible. Once the temperature has been chosen, each point in Fig. 14 corresponds to a 



 Recent Optical and Photonic Technologies 

 

182 

phase-matched triplet with fixed azimuthal and radial numbers on each curve (different for 
each temperature). 
 

 
Fig. 9. Frequency deviation from nominal case ν3 versus radius tolerance, for three different 
temperatures: 4K (circles), 296K (squares) and 316K (triangles). 

A final remark concerns the wavelength range covered by this device: there are in fact two 
independent factors that contribute to it. As previously stated, at 300K, the homogeneous 
broadening of QDs is of the order of 10meV (Borri et al., 2001), which restricts the THz 
generation to frequencies ν3 > 2.4 THz. Emission at lower frequencies can be obtained by 
reducing the QDs homogeneous broadening, at the expense of a low-temperature operation. 
Conversely, the upper limit is set by the GaAs Rest-Strahlen band, i.e. ν3 < 6 THz. 
In conclusion, this THz source is based on intracavity three-wave mixing between WGMs. 
As compared to the other THz sources today available, it could have noteworthy 
characteristics, such as: 1) room-temperature operation; 2) relatively high output power; 3) 
compactness; and 4) fabrication simplicity. 

5. Perspectives 
Being based on a cylindrical geometry, our THz source results in a compact and solid 
device, which provides a natural and elegant solution to combine the vertical confinement 
of the near-IR WGMs and THz mode. The two mirrors optimize the spatial overlap between 
the THz and the near-infrared modes, thus providing efficient conversion. 
The presence of the QDs as active medium also allows, as an interesting perspective, to 
electrically pump the two near-IR modes. This can be accomplished by modifying the 
structure as shown in Fig. 10: the p-doped top and the n-doped bottom AlGaAs slabs allow 
the current flow. Besides their use as mirrors, the metallic layers are then exploited as 
external electrical contacts of the structure. Moreover, in order to selectively inject the 
current in the outer part of the cylinder where the near-infrared WGMs are located, a highly 
resistive region is defined by ion implantation in the central part of the cavity. 
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Fig. 10. Side view and cross section of microcylinder for electrical injection. 

Compared to the standard air-suspended microdisk, the microcylinder geometry comes 
with a few crucial advantages, and it is well suited to achieve the high power lasing 
necessary to increase the efficiency of the nonlinear conversion process. Indeed, the heat 
sinking is significantly better than in air-suspended microdisks, where heating degrades the 
lasing properties (mode shifts, power saturation). 
Moreover, although electrical pumping of microdisk lasers has been reported (Fujita et al. 
2000), the lasing performances are strongly limited by the fact that the current is injected 
through the disk pedestal near the center of the microdisk. In the microcylinder geometry, 
the current can be selectively injected at the circumference of the GaAs active layer, which 
sustains the WGM modes. 
Up to now, the lasing of WGMs in micropillars has been demonstrated only at low 
temperature and under optical pumping. Structures enabling THz confinement and a 
selective electrical injection at the edges of the microcylinder still need some technological 
progress, in order to minimize the threshold current, and optimize the lasing properties of 
the WGM modes under high injection conditions. 
Although Q-factors in the 104 range have already been observed in similar structures 
(Nowicki-Bringuier et al., 2007), further improvement would ameliorate the lasing 
properties of the microcylinder, and increase the intensity of the near-IR light that is stored 
in the cavity. 
To conclude, it is worth stressing that our source offers other interesting possibilities, as 
more long term developments: (a) the use of other semiconductors like the widely exploited 
InGaAsP/InP system; (b) a microcylinder with a single top mirror: to vertically confine the 
THz in the microcylinder a doped layer could be used below the AlAs layer, replacing the 
bottom mirror. This configuration is technologically simpler to realize; however, the THz 
mode would inevitably leak into the substrate, and we also expect a reduced efficiency due 
to a reduced overlap integral; (c) the incorporation of a quantum cascade structure: 
quantum cascade devices can simultaneously laser on two frequencies, without mode 
competition (Franz et al., 2007). This dual emission could then provide the two pumps 
needed in the DFG. Nevertheless, since the intersubband selection rules only allow TM 
polarized light, we could not use the [100] direction as growth axis, but we could replace it 
with the [111] direction (Berger & Sirtori, 2004); (d) a multi-spectral emission with 
lithographically defined arrays of microcylinders; (e) the fabrication of phased-array 
architectures by adjusting the distance between the microcylinders: this would allow to 
control the far-field pattern of the device; (f) optical pumping the device by approaching a 
fiber. 
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1. Introduction 
The terahertz (THz) frequency range is the region of the electromagnetic spectrum between 
the microwave and optical bands spanning from 0.1 THz to 10 THz. Historically, 
electromagnetic radiation in this frequency range has been inaccessible due to the lack of 
widespread electronic or laser-based radiation sources. Electronic radiation sources such as 
crystal oscillators are generally confined to operate at frequencies below ~ 100 GHz, while 
laser radiation sources are generally confined to operate at frequencies above ~ 30 THz. In 
recent years, the development of femtosecond lasers and quantum electronics have enabled 
a wide range of implementations to both generate and detect THz radiation [14]. One of the 
earliest and most widespread techniques is THz time-domain spectroscopy. THz time-
domain spectroscopy is based upon the generation of a broad-band, free-space THz 
transient, which is detected using a femtosecond pulse to sample the THz electric field in the 
time-domain. THz spectroscopic measurements are performed by illuminating materials 
with a THz pulse and measuring the pulse after reflection from or transmission through the 
material. The electromagnetic properties of the material are inferred from changes in the 
amplitude and phase of the measured electric field pulse relative that of the incident electric 
field pulse. THz time-domain spectroscopy has been applied in transmission mode to 
characterize the THz-frequency optical constants of dielectrics and superconductors [5, 8, 15, 
16] and in reflection mode to characterize the reflection amplitude and associated phase 
change due to semiconductors such as InSb [6] and highly doped silicon [17, 18]. 
The implementation of THz time-domain spectroscopy requires that the reflected/ 
transmitted THz pulse undergo measurable transformation upon interacting with the 
material; spectroscopic measurements made in transmission mode require that the 
investigated material exhibit partial transparency to THz radiation (that is, some radiation 
must pass through the material), while spectroscopic measurements made in reflection 
mode require that the material exhibit partial reflectance to THz radiation (that is, the 
reflected radiation must be altered relative to the incident radiation). Highly reflective 
materials such as bulk metals are not amenable to THz time-domain spectroscopy in either 
transmission or reflection modes. Due to the large and negative real part of the relative 
permittivity of most metals at THz frequencies (where typically 5R [ ( ) 10 ]e ε ω −∼ ), incident 
THz radiation penetrates only a short, subwavelength distance δ ~ 100nm into the surface of 
the metal and nearly all the incident electromagnetic energy is reflected. The high 
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reflectivity of bulk metals at THz frequencies precludes transmission-based measurements, 
and the short penetration distance of THz electromagnetic radiation into bulk metal limits 
the amplitude and phase change observable in a reflection measurement. 
While bulk metals (defined as materials composed of a continuous, conducting medium 
with physical dimensions much greater than the wavelength) are completely opaque to THz 
radiation, dense collections of subwavelength sized metallic particles have been shown to 
exhibit partial transparency at THz frequencies [2, 3]. This transparency is unexpected since 
the particles that constitute the ensemble are composed of a material that is opaque to THz 
radiation and the particles are densely packed in a manner which precludes direct THz 
propagation through the ensemble. The objective of this Chapter is twofold: 1) we will 
explore the physical mechanisms underlying the THz transparency of metallic particle 
ensembles through experimental evidence supported by simulation and 2) we will 
demonstrate the application of THz time-domain spectroscopy to study the effective optical 
constants of a metallic sample. First, the THz electromagnetic response of a single, isolated 
metallic particle is modeled using finite difference time-domain (FDTD) calculations of the 
Maxwell Equations. FDTD calculations are then applied to model THz electromagnetic 
wave interaction with a dense collection of metallic particles, where it is shown that THz 
electromagnetic propagation through the particle ensemble is mediated by near-field 
electromagnetic coupling between nearest-neighbor particles across the ensemble. The 
influences of the extent of the ensemble L and the particle size d on the THz transparency are 
experimentally tested using THz time-domain spectroscopy in transmission mode and the 
experimental evidence is compared with numerical simulations based on FDTD 
calculations. THz time-domain spectroscopy is then applied in transmission mode as a non-
invasive, direct probe of the effective dielectric properties of a metallic particle ensemble. 
The sensitivity of this methodology for probing metallic media is tested by monitoring the 
properties of the ensemble during the liquid-solid phase transition of the metallic medium. 

2. Single subwavelength metallic particle 
The electromagnetic response of a single, subwavelength metallic particle excited by a THz 
electromagnetic wave is governed by two sequence of events: 1) the THz electromagnetic 
wave incident on the particle surface penetrates δ ~ 100nm into the metal where it induces 
charge motion and subsequently, current density, and 2) a dipolar electric field, also known 
as a particle plasmon, is formed by the accumulation of negative and positive charge at 
opposite sides of the particle’s surface. At the surface of the particle, the dipolar electric field 
induced by excitation of the particle is oriented normal to the particle surface and has a net 
orientation along the direction of the incident electric field. 
To visualize the electric fields associated with the THz particle plasmon, the electromagnetic 
response of a single, isolated subwavelength metallic particle to electromagnetic wave 
excitation is studied using the FDTD method to solve the Maxwell equations in two 
dimensions. In the FDTD method, the material properties of each spatial grid point in the 
simulation space are independently specified, and the complete spatial and temporal 
evolution of the electric and magnetic fields are solved. Shown in Fig. 1 is a series of 
snapshots of the electric field amplitude distribution obtained from an FDTD calculation 
describing a THz electromagnetic pulse (with spectral contents centred at 0.6 THz and a 1 
THz bandwidth) incident on a single copper particle having a diameter d = 75 μm immersed 
in free-space. In the calculations, the THz pulse propagates upward from the bottom of the  
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Fig. 1. Images of a FDTD calculation modeling single-cycle THz pulse excitation of an 
isolated 75 μm diameter copper particle (A) prior to excitation, (B) at 0.0 ps, (C) at 3.5 ps, and 
(D) at 8.5 ps. 

images and is polarized in the plane of the images (transverse magnetic or TM). The images 
in Fig. 1B to 1D correspond to snapshots of the THz electric field magnitude at various times 
in the progression of the simulation. At t = 0.0 ps, the single-cycle polarized THz pulse 
propagates towards the subwavelength sized metallic particle, and when the THz pulse 
overtakes the particle at 3.5 ps, negligible THz electric field amplitude is present inside the 
particle, since the skin depth (penetration distance) of the THz electromagnetic wave is 
significantly less than the particle diameter. At 3.5 ps, the electric field amplitude can be 
conceptually divided into contributions from the external THz pulse and the electric field 
amplitude arising from the induced charges at the particle’s surface. In this frame of the 
simulation, it is not possible to separate the external and induced-charge contributions to the 
total electric field amplitude. After the passage of the THz electric field pulse at 8.5 ps of the 
simulation, the electric field amplitude (Fig. 1D) and vector electric field (Fig. 2A) arising 
from the charges induced on the particle by the external electromagnetic wave can be 
visualized. At this snapshot after the THz pulse has propagated past the particle, the 
remnant electric field around the particle is confined to the surface and exhibits dipole-like 
signatures. Such a surface field is attributed to the excitation of charge oscillations on the 
particle oriented along the polarization of the external THz electric field. By taking the 
divergence of the electric field distribution, the charge density distribution associated with 
the dipolar electric fields can be obtained. As shown in Fig. 2B, the induced charge density 
illustrates dipolar charge induction by the incident THz pulse, where positive and negative 
charge density accumulate at opposing sides of the particle along the direction of the 
incident THz pulse polarization. The induced charge densities are coupled to an 
electromagnetic field confined to the surface of the particle. The dipolar electric field 
(highlighted in Fig. 3) associated with the induced charge density is strongest directly above 
the surface of the particle and decays exponentially within a distance of � 250 μm. This 
distance is less than the central wavelength of the THz pulse, λ = 500nm, indicating that the 
surface fields are confined to within a subwavelength region in the vicinity of the particle. 
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Fig. 2. (A) Vector plot of the electric field in the vicinity of a 75 μm copper particle after 
excitation by a single-cycle THz pulse at 8.5 ps of the simulation shown in Fig. 1. (B) 
illustrates the corresponding dipolar charge distribution at the surface of the particle. 

 
Fig. 3. Calculated amplitude of the electric field outside the surface of a 75- μmdiameter 
copper particle after excitation by a single-cycle THz pulse (which has propagated past the 
particle) with respect to the distance from the particle surface. 

3. Ensemble of subwavelength metallic particles 
In a collection of closely-spaced subwavelength metallic particles, electromagnetic 
interaction between the particles plays an important role in the overall electromagnetic 
properties of the ensemble. Since the particles are electromagnetically coupled, each particle 
is excited by the external electric field in addition to the field scattered from all the other 
particles. The complex interactions between metallic particles make it difficult to analytically 
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describe the electromagnetic properties of the ensemble. One common technique to 
determine the electromagnetic properties of subwavelength metallic particle collections is 
via effective medium approximations [1, 11]. The effective medium approximation replaces 
an inhomogeneous medium with a fictitious homogeneous effective medium which 
expresses the linear response of the whole inhomogeneous sample to an external electric 
field. Thus, rather than laboriously describing the microscopic interactions between the 
constituents, the entire heterogeneous medium is described by a single effective parameter. 
Effective medium approximations have been employed to derive the homogeneous optical 
parameters of metallic clusters and metamaterials with subwavelength features [19]. The 
validity of effective medium approximations is governed by the quasi-static approximation, 
wherein the electric and displacement fields throughout the heterogeneous medium must be 
approximately uniform. To illustrate, consider a subwavelength metallic sphere having a 
diameter of d. The sphere is centred at z = 0 and illuminated by an electromagnetic plane-
wave from free-space. For the field amplitude within the particle to be uniform, there must 
be minimal absorption over the particle dimension, or 

 (1)

where  is the imaginary part of the complex refractive index of the metal and  
x = πd/λ is the size parameter. Similarly, there must be minimal spatial variation of the 
electromagnetic wave in the sphere, which implies that the wavelength inside the sphere is 
much greater than the particle size, or 

 (2)

 where  is the real part of the refractive index of the metal. Combining the 
inequalities Eqs. 1 and 2 gives the condition in which the quasi-static regime is valid 

 
(3)

Eq. 3 can be applied to test the applicability of field-averaging for micron-scale particles 
excited by electromagnetic waves at THz frequencies. Assuming a spherical copper particle 
with a diameter of 75 μm and a metal permittivity  (1 THz) � −104 + −105 excited by 
an electromagnetic wave with a wavelength of 300 μm (corresponding to a frequency of 1 
THz) 

 
(4)

Thus, field averaging techniques to derive effective homogeneous parameters cannot be 
applied to describe the optical properties of micron-scale metallic particle at THz frequencies. 
Since field-averaging cannot be used to effectively homogenize the THz electromagnetic 
response of the dense metallic particle ensembles, electromagnetic interactions within the 
ensemble are simulated rigorously using FDTD calculations of the Maxwell Equations in 
two dimensions. The structure used in the simulation is a randomly generated ensemble of 
copper particles in an air ambient that have a circular cross section with a diameter d = 75 



 Recent Optical and Photonic Technologies 

 

192 

μm. The particles are randomly packed to achieve a packing fraction p = 0.56 and the 
ensemble size is 5mm × 5mm, as depicted in Fig. 4A. In the simulations, a single-cycle THz 
pulse (with spectral contents centred at 0.6 THz and a 1 THz bandwidth) is normally 
incident on a flat face of the ensemble and the transmission through the opposing flat face of 
the ensemble is measured. 
 

 
Fig. 4. (A) Simulation geometry in which an ensemble of 75- μm diameter copper particles 
with a volume fill fraction of 0.56 is excited by a TM-polarized THz electromagnetic pulse. 
Snapshots of the THz electric field magnitude within a random 5mm × 5mm ensemble of 
copper particles at times (B) 0 ps, (C) 5 ps, (D) 10 ps, (E) 18 ps, and (F) 21 ps. 
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Examination of the dynamics of the internal electric field amplitude obtained from the 
FDTD calculations shed insight into the mechanism underlying the propagation of THz 
electromagnetic energy through the particle ensembles. Figs. 4B to 4F depict snapshots of 
the spatio-temporal evolution of the electric field amplitude due to excitation of the  
L = 5mm ensemble by the THz pulse at representative times, t. At t = 0 ps, the polarized 
THz pulse is incident on the particle ensemble, and at t = 5 ps, the pulse couples into 
particle plasmons on the individual particles, evidenced by the high electric fields near the 
surfaces of the particles. The snapshots at time t = 10 ps and t = 18 ps show that significant 
electromagnetic energy is squeezed in the free-space gaps between the particles, while there 
is negligible field penetration into the individual particles. Collectively, the particles carry 
electromagnetic energy over the extent of the ensemble, evidenced by a wave-front which 
appears in the simulation as a large-electric-field-amplitude band progressing through the 
medium. By tracking the wavefront as it advances through the system, an electromagnetic 
energy velocity of 0.51c is measured. At t = 21 ps, this leading wave-front approaches the 
far boundary of the ensemble and radiates into free-space. The simulations demonstrate that 
a THz electromagnetic wave in a dense metallic particle ensemble is squeezed into the 
subwavelength-scale interstitial gaps of the metallic particle ensembles, yet can propagate 
through large, millimetre-scale distances and at the back face of the ensemble, radiate into 
free-space. 

4. THz time-domain spectroscopy of metallic particles 

In this section, the THz electromagnetic properties of an ensemble of subwavelength sized 
copper particles are studied using THz time-domain spectroscopy in transmission mode. 
The metallic particle ensemble consists of pure copper particles that are spherical in shape 
and nearly mono-dispersed in size, with a mean particle diameter d = 75 μm and a volume 
metal packing fraction (volume ratio of metal to the entire volume of the ensemble) p = 0.51 
immersed in air. A scanning electron microscope image of a dispersed collection of the 
particles is shown in Fig. 5. The THz transmission through the particle ensemble is 
measured with the experimental configuration depicted in Fig. 6. Single-cycle, linearly 
polarized THz pulses, with spectral contents centred at 0.6 THz and a 1 THz bandwidth, are 
generated from a GaAs photoconductive switch excited with focused < 20 fs, 800 nm laser 
pulses supplied from a Ti:Sapphire laser at a repetition rate of 80MHz. The collimated THz 
beam is directed towards a sample cell, which is composed of THz-transparent polystyrene 
windows with variable separation distance L, that houses the metallic particle ensemble. The 
time-domain electric field transmission in addition to polarization of the transmission is 
measured to characterize electromagnetic wave transport through the medium. The on-axis 
THz electric field pulse transmitted through the ensemble is coherently detected via an 
optically gated 500 μm thick 〈111〉 ZnSe electrooptic crystal, and time-resolved information 
is obtained by varying the delay between the THz pulse and a sampling probe pulse. 
Significant THz transmission through the particle ensemble is measured for sample 
thicknesses, L, up to 7.7 mm, where nearly 20% transmission is observed for the thinnest L = 
0.6-mm ensemble. Fig.7 depicts the time-domain THz electric field pulses transmitted 
through particle ensembles over the range 0.6mm ≤ L ≤ 7.7 mm referenced to the  
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Fig. 5. Scanning electron microscope image of a dispersed collection of copper particles with 
an average diameter of 75 μm. 

 
Fig. 6. Schematic of the free-space THz generation and electro-optic detection setup used to 
characterize the THz electric field transmission through the metallic particle ensembles. 

transmission through an empty sample cell. Due to the opacity of the particles, the 
subwavelength-scale of both the particle size and average inter-particle spacing, and the 
long extent of the ensemble relative to the wavelength, the measured THz transmission 
cannot arise from direct, line-of-sight electromagnetic propagation through the particles. In 
general, the time-resolved signals are characterized by several broad oscillations, which are 
relatively delayed as L increases. The reference pulse (corresponding to the pulse that is 
incident on the ensembles) is localized in time (within ~ 1 ps); upon impulsive excitation of 
the sample, it requires a finite time for energy to propagate through the sample. To estimate 
the energy propagation velocity from one end to the sample to the other end, the relative 
delay of the transmitted field is measured. Here, the delay corresponds to the time 
difference between the centroid of the time-domain intensity distribution of the reference  
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Fig. 7. Time-domain waveforms of the far-field THz transmission through ensembles of 
copper particles with lengths ranging from L = 0.6 mm to L = 7.7 mm. 

pulse and the centroid of the time-domain intensity distribution of the transmitted pulse. 
Shown in Fig. 8 is the relative pulse delay as a function of sample thickness, referenced to an 
equivalent air path. The measured delay translates to an electromagnetic energy velocity of 
0.51±0.01c or an effective refractive index of 2.0±0.1. It should be noted that the effective 
macroscopic index reported here describes the overall response of the metallic particle 
ensemble to THz electromagnetic wave excitation, but is not derived from the effective 
medium approximation. As L increases from 0.6 to 7.7 mm, the durations of the transmitted 
electric field pulses are broadened from 2 ps to 6 ps. The pulse broadening, which increases 
with larger values of L, is indicative of a preferential amplitude reduction in the higher 
frequency components of the incident pulse. Due to the absence of significant intrinsic 
material resonances for bulk copper at THz frequencies, the preferential loss of higher 
frequency components likely originates from the scattering due to the extrinsic structural 
characteristics of the random metallic medium. 
The experimentally measured relative delay of the THz transmission is compared with 
results obtained from FDTD calculations in Fig. 8. It should be noted that the packing 
fraction of the sample in the calculations (0.56) is larger than the experimentally measured 
packing fraction of the sample used in the experiments (0.51). Augmenting the packing 
fraction in the two-dimensional system in the simulations effectively increases the surface 
area of the particles, which more accurately accounts for non-radiative losses occurring at 
the surface of the three-dimensional particles used in the experiments. As shown in Fig. 8, 
the relative delay of the THz transmission obtained from FDTD calculations demonstrates 
excellent agreement with experimental observations. The linear increase in the relative delay 
with respect to the sample thickness indicates that the THz transmission is mediated by a 
phase accrual across the length of the ensemble. By increasing the length of the sample, the 
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THz electromagnetic wave interacts with a greater number of particles, which augments the 
delay in the measured transmission. 
 

 
Fig. 8. The relative delay of the transmitted THz pulse through the copper ensembles with 
respect to the thickness of the ensemble obtained from experiment and simulation. 

The polarization of the electric field transmitted through the particle ensemble provides 
further insights into the origin of the THz transmission. Comparison of the polarization of 
the transmitted THz pulse with the linear polarization of the incident THz pulse maps the 
degree of coherence of electromagnetic energy transport across the ensemble by onto a 
polarization change. A high correlation between the incident and transmitted polarizations 
would indicate a high degree of electromagnetic coupling between the incident and 
transmitted electric fields, whereas a low correlation would indicate a low degree of 
coupling. The transmitted electric field polarization is characterized by varying the angular 
orientation of the optical axis of the 〈111〉 ZnSe crystal electro-optic detector relative to the 
probe polarization. Fig. 9 illustrates polar plots of the intensity distribution of the free-space 
THz pulse incident onto the sample, in addition to those of the transmitted THz pulse 
through 2.2-mm thick and 7.7-mm thick ensembles of copper particles. The ensembles are 
composed of copper particles that have a mean diameter of 75 ± 5 μm and a packing fraction 
of 0.51 ± 0.05. As highlighted in Fig. 9B, the THz electric field pulse transmitted through the 
2.2-mm thick ensemble shows a high degree of polarization preservation of the incident 
horizontal, linear polarization of the incident pulse. As the sample thickness increases to 
7.7mm (Fig. 9C), the transmission becomes more unpolarized. Polarization preservation of 
the transmission through the 2.2-mm thick ensemble indicates that at this thickness value, 
the THz transmission is predominantly mediated by coherent coupling across the ensemble. 
The diminishing polarization purity of the transmission as the sample thickness increases to 
7.7 mm is attributed to augmented scattering of the THz electromagnetic wave, which 
randomizes the polarization and impairs the correlation between the incident and 
transmitted electric fields. From the data, it is inferred that the coherence length of 
electromagnetic transport across the ensemble, delineating a length scale below which the 
incident and transmitted electric fields are highly correlated, is on the order of several 
millimetres. 
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Fig. 9. Polar plot of the intensity distribution of (A) the incident THz pulse and the 
transmitted THz pulse through (B) a 2.2-mm thick and (C) a 7.7-mm thick ensemble of 
copper particles. 

When a THz electromagnetic wave is incident on a subwavelength sized particle, a portion 
of the incident energy is coupled into the particle plasmon (as illustrated by simulation in 
Section 1) and a portion of the incident energy is scattered by the particle. Intuitively, the 
amount of electromagnetic energy ”lost” to scattering from the metallic particle should be 
proportional to the cross-sectional area of the particle. As the particle cross sectional area 
increases, a larger portion of the incident electromagnetic energy is reflected and less 
electromagnetic energy is coupled into the localized particle plasmon at the surface of the 
particle. In the limit where the cross-sectional area of the particle is infinite, the incident 
electromagnetic wave encounters a bulk metallic surface and is completely reflected. To 
further investigate the origin of the THz transparency of metallic particle ensembles, the 
influence of the particle size on the THz transmission is studied. The relationship between 
the particle size of the ensemble and the THz transparency of the ensemble is studied using 
THz time-domain spectroscopy in transmission mode, where the THz electric field 
transmission is measured through several particle ensembles of fixed length (and fixed 
packing fraction) composed of copper spheres with average diameters of 85 ± 9 μm, 194 ± 9 
μm, 250 ± 10 μm, 283 ± 8 μm, 372 ± 17 μm, 462 ± 17 μm, 560 ± 15 μm, and 670 ± 30 μm. In 
reporting the particle sizes, the nominal size corresponds to the average particle diameter 
and the error represents one standard deviation. 
Shown in Fig.10 are the time-domain waveforms, the associated Fourier spectra, and the 
total integrated power of the transmission through copper particle ensembles where the 
particle sizes range from 85±9 μm to 670±30 μm. The thickness of the ensemble is kept 
constant at L = 3.0 mm throughout the experimentation. As the average particle size 
increases from 85 μm to 372 μm, the THz electric field transmission amplitude is 
dramatically reduced and is nearly zero for particles with diameters exceeding 462 μm. 
Associated with this attenuation is a shift in the central frequency of the transmission from 
0.1 THz to 0.08 THz, indicating a preferential attenuation of the higher frequency 
components of the THz pulse (Fig. 10B). The preferential attenuation associated with the 
increasing particle size is due to the frequency-selective particle plasmon response of the 
particles. As the particle size increases, the shorter wavelength (higher frequency) 
components of the incident THz pulse cannot efficiently polarize the individual particles 
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and do not excite the particle plasmon mode. As a result, the higher frequency components 
do not couple across the medium and are not radiated into the far-field. 
 
 

 
 

 
 

Fig. 10. (A) Time-domain waveforms of the far-field THz transmission through a 3.0-mm 
thick ensemble of copper particles with average particle diameters ranging from 85 μm to 
670 μm. (B) Power spectra of the transmission through the particle ensembles normalized by 
the power spectrum of the incident THz pulse. (C) Total integrated transmitted power 
through the particle ensembles with respect to the average diameter of the particles that 
constitute the ensemble. 

Fig.11 illustrates polar plots of the intensity distribution of the transmitted THz radiation 
through a L = 3 mm thick ensemble of densely-packed copper particles with mean diameters 
of 85 μm, 283 μm, and 372 μm. For the ensemble of 85- μm diameter particles, the 
transmission polarization preserves the incident linear polarization, indicating a high degree 
of electromagnetic coupling across the ensemble. The diminished polarization of the 
transmission through the ensemble of 283- μm diameter particles indicates reduced 
electromagnetic coupling. This observation coincides with a four-fold reduction in the 
transmitted intensity through the ensemble of 283- μm diameter particles relative to that of 
the 85- μm diameter particles. 
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Fig. 11. Polar plot of the intensity distribution of the THz pulse transmitted through a 3.0-
mm thick ensemble of copper particles with average diameters of (A)85 μm, (B)283 μm, and 
(C)372 μm. 
The transmission through the ensemble of 372- μm diameter particles is nearly unpolarized, 
indicating that the transmitted energy is not coherently channeled across the extent of the 
ensemble. For the ensemble of 372- μm diameter particles, the transmitted intensity is almost 
fully extinguished. 
The effect of the particle diameter on the polarizability of a single, isolated metallic particle 
(which is indicative of the degree of coupling to the particle plasmon mode of the particle) is 
illustrated via FDTD calculations of two situations in which a single, isolated metallic 
particle with a diameter of either 75 μm or 200 μm is excited by a THz electromagnetic pulse 
from free-space. The excitation pulse is a single-cycle THz transient centred at 0.6 THz with 
a 1 THz bandwidth, matching the THz pulses employed in previous experiments and 
simulations. In these simulations, the single-cycle THz pulse propagates upward toward the 
metallic particle. To map out the charge density induced by the external THz electric field 
pulse, the induced charge density distribution is calculated by taking the divergence of the 
vector displacement field distribution. Fig. 12 illustrates the instantaneous induced charge 
density distribution at the surface of the two particles after THz pulse excitation taken at the 
same time. For the 75- μm diameter particle, the THz electric field pulse induces a dipolar 
charge density distribution where conduction electrons at the surface of the two halves of 
 

 
Fig. 12. FDTD calculation of the induced charge density distribution of a (A) 75- μm 
diameter particle and (B) 200- μm diameter particle after excitation by a single-cycle THz 
pulse in free-space. 
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the particle oscillate anti-parallel. As the particle size increases to 200 μm, the predominant 
polarization mode induced by the THz electric field pulse is quadrupolar. The magnitude of 
the charge density distribution for the larger particle is significantly weaker than the dipolar 
charge density distribution of the smaller particle. The peak charge density of the 
quadrupolar distribution is reduced to � 0.6 relative to the peak charge density of the 
dipolar distribution. The larger metallic particle is not efficiently polarized by the incident 
THz pulse, since a significant portion of the incident pulse is reflected by the larger particle 
and only the lower frequency components of the pulse can polarize the particle. In an 
ensemble of particles, this effect leads to a preferential reduction in the transmission of 
higher frequency components and an overall reduction in the total transmitted power. 

5. Phase-transition THz spectroscopy of metallic particles 
Terahertz time-domain spectroscopy is applied to study intrinsic, temperature-dependent 
phase transitions in a metallic particle ensemble. A phase transitions is defined as a 
transformation of a thermodynamic system from one phase to another. A distinguishing 
feature of phase transitions is an abrupt change in one or more physical properties of the 
material with a small change in a thermodynamic quantity such as temperature. For instance, 
when the specific energy of a metal is raised to the latent heat of fusion, the metal changes 
from the solid phase to the liquid phase. The microscopic mechanism for melting can be 
understood by considering the motions of ions in the solid and liquid states. Prior to melting, 
the ions that constitute the metal remain relatively fixed in the vicinity of their equilibrium 
positions. As the metal is heated above the melting temperature, the ions acquire enough 
energy leave their equilibrium positions and wander relatively large distances, resulting in a 
liquid state. Melting of solid metal is a typical example of a first order phase transition. First 
order phase transitions are those in which the substance releases or absorbs heat energy 
during the phase change. Since the energy cannot be absorbed or released instantaneously by 
the substance at the phase transition temperature, first order phase transitions are 
characterized by a mixed phase regime in which different phases of the medium coexist. 
To date, metallic phase transitions are widely investigated using calorimetry techniques, 
such as AC- calorimetry [7]. A disadvantage of this method is that an invasive physical 
contact is required to accurately measure heat flow through the metallic sample. To 
overcome this constraint, several groups [9, 12, 13] have employed the photo-acoustic effect 
to non-invasively probe metallic phase transformations. In such experiments, phase 
transition modulates the acoustic signal generated at the surface of a sample when a 
surrounding ambient gas has been heated by a periodically modulated light beam. 
However, such mechanism requires a gas that is highly absorbing to the illuminating light, 
and interpretation of the acoustic signal is restricted by the complex nature of heat transfer 
between the solid metallic sample and surrounding gas [13]. Gallium is a unique metallic 
element existing at room temperature as solid α-Ga consisting of a mixture of stable 
molecular and metallic phases. Solid α-Ga is a complex phase described as a metallic 
molecular crystal with strong Ga2 bonds and weaker intermolecular forces, whereas liquid 
gallium is more free-electron like [4]. At a free-space wavelength of 1.55 μm, the permittivity 
of liquid gallium has been estimated to be approximately 7 times larger than the 
permittivity of α-Ga [10]. Gallium possesses one of the lowest melting points of all metals Tm 

= 29.8 C°, which provides an ideal platform to study metallic solid-liquid phase 
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transformation behavior via THz time-domain spectroscopy. Gallium particles are prepared 
by cooling bulk 99.99% gallium pellets to 77K and mechanically grinding the gallium pellets 
to achieve a powder having an average particle size of 109 ± 10 μm and a packing fraction of ~ 
0.4 ± 0.1. In order to probe the phase transition of the gallium, THz time-domain spectroscopy 
in transmission mode is employed to monitor the effective optical properties of an ensemble of 
gallium particles as the temperature of the particles is raised past the melting point. 
In the experimental setup, THz radiation is focused onto a polystyrene sample cell housing 
a L = 2.3mm thick collection of the random gallium particles. To examine the temperature-
dependent THz transmissivity of the particles, the gallium particles are homogeneously 
heated, at a rate of 0.08 C°/min, from room temperature up to a temperature, T, of 38.2 C°  
(> Tm). Because the time over which the temperature increases is much longer than the heat 
diffusion time across the thin sample (< 1 s), it is ensured that the sample temperature is at 
equilibrium during the transmission measurements. The particles ensemble temperature is 
monitored (within ±0.1 C°) via a thermocouple inserted into the particle collection adjacent 
to the THz beam probing spot. During the measurements, both the beam spot size and 
location are kept fixed, thus ensuring that the THz radiation interacts with the same random 
realization of the particle ensemble throughout the temperature variation. 
Melting is a thermal effect, and the temporal duration over which melting occurs is 
determined by the time over which heat can diffuse and equilibrate throughout the sample. 
The experiments are carefully designed and performed at an extremely slow heating rate 
(0.08 C°/min) in order to ensure that equilibrium conditions are established through the 
measurements. To quantify this condition, the heat diffusion times are estimated for both 
gallium metal (a lower bound) and air (an upper bound) through a distance of 2.3 mm 
corresponding to the sample thickness. Gallium has a thermal conductivity Ht = 
40 WK−1m−1, a density u = 5910 kgm−3, and a heat capacity C = 25.86 Jmol−1 K−1. For air, Ht = 
0.02WK−1m−1, u = 1.251 kgm−3 and C = 29.12 Jmol−1 K−1. From these quantities, the thermal 
diffusivity is obtained from 

 Dt = Ht u−1 C−1.  (5) 

For a sample composed of gallium Dt = 1.9 × 10−5 m2/s and for a sample composed of air Dt = 9 
× 10−6 m2/s. The characteristic diffusion time over a distance L is estimated by tdiff = L2/Dt, 
yielding tdiff = 0.6 s for a sample composed entirely of gallium and tdiff = 0.28 s for a sample 
composed entirely of air. The sample used in the experiments is a mixture of air and gallium, 
and the characteristic heat diffusion time for the sample will lie between those bounds. To 
obtain an upper bound of time lagged thermal effects, we assume that it requires 0.6 s for heat 
to diffuse from one end of the sample to another. Over this time interval, a time-lagged 
temperature increase of 0.08 C°/min ×0.6 s = 0.0008 C°(�  error in the temperature 
measurement) may develop across the sample. Since the time over which the temperature of 
the sample increases is much slower than the heat diffusion time across the sample thickness, 
it can be confidently concluded that the samples have reached thermal equilibrium as the THz 
time-domain spectroscopic measurements are taken. Fig. 13A illustrates the time-domain THz 
electric field waveforms, E(t), transmitted through gallium particle collections measured at 
various temperatures. Notably, for temperatures below the melting point (T < Tm), the bipolar 
pulses transmitted through the particle collection all have an initial peak at a time t = 3.1 ps. 
The fact that the arrival delay, the amplitude, and the pulse shape of the transmitted pulses do 
not change throughout the temperature range 22.4 C° < T < 29.7 C° suggests an absence of 



 Recent Optical and Photonic Technologies 

 

202 

phase transformation or any changes to the gallium metallic properties. However, once the 
temperature reaches the melting temperature of 29.9 C°, a temporal advancement (or early 
arrival) of the pulse peak by 0.3 ps provides evidence of the onset of a significant 
transformation in the electronic properties of the gallium particles. Although the pulse 
corresponding to T = Tm = 29.9 C° is temporally advanced, interestingly, the pulse shape 
remains unaltered at Tm. Further heating of the gallium particles from 29.9 C° to 38.2 C° induces 
striking pulse shape transformation where the pulse is attenuated and broadened in time. 
 

 
Fig. 13. (A) Experimental time-domain waveforms of THz pulses transmitted through 2.3-
mmthick random gallium particle ensembles measured at various temperatures. The dashed 
line indicates the arrival time of the peak of the THz electric field pulse. Shown in (B) are the 
effective real refractive index change and (C) effective imaginary refractive index change 
versus temperature and frequency. The refractive indices are measured relative to the 
reference pulse transmitted through the sample at 21.2 C°. 
Accompanying the temporal pulse shape trend with increasing temperature is a marked 
progressive delay and attenuation of E(t). The pulse temporal shape, delay and amplitude 
trends for T > Tm suggest conglomeration between adjacent, near-touching gallium particles. 
Because the THz transmission through the particle collections is mediated by nearest 
neighbor coupling between particles, conglomeration of the nearest-neighbor particles 
quenches radiation propagation mechanism. As the particles coalesce, the particles become 
larger and begin to exhibit metallic bulk-like electromagnetic properties, resulting in 
reduced transmission amplitude. Similarly, particle conglomeration results in a higher metal 
filling fraction, which increases the effective index of the particle ensemble and manifests as 
a temporal delay of the transmitted pulse. 
To further explore the temperature-dependent evolution of the waveforms, the frequency-
dependent relative effective refractive index inferred from the amplitude and phase of the 
transmitted THz electric fields relative to a reference THz electric field is analyzed. The 
effective real refractive index change 
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(5)

and the effective imaginary refractive index change 

 
(6)

are obtained as a function of temperature, T. In these relations, Φ(ω), Φref (ω), E(ω), and  
Eref (ω) are the phase of the transmitted pulse, the phase of the reference pulse transmitted 
through the sample at Tref = 21.2 C°, the amplitude of the transmitted pulse, and the 
amplitude of the reference pulse, respectively. Shown in Fig. 13B and 13C are ΔRe[n] and 
ΔIm[n] with respect to T over a frequency range between 0.1 THz and 0.2 THz 
(corresponding to the bandwidth of the transmitted pulse). As shown in the plot, there is 
negligible refractive index change between the temperature range 21.2 C° < T < Tm. At Tm = 
29.9 C°, ΔRe[n] decreases abruptly. As shown in Fig. 13B, this sharp discontinuity in ΔRe[n] 
precisely at Tm is consistent over the entire transmission bandwidth. The abrupt, frequency-
independent change in ΔRe[n] suggests that the intrinsic electronic properties of gallium 
have been altered at Tm and is strongly indicative of metallic phase transformation. 
Interestingly, the onset of phase transition eludes detection in ΔIm[n], as ΔIm[n] remains 
approximately zero up to T � 30.5 C°. With further increase in the sample temperature 
above 30.5 C°, both ΔRe[n] and ΔIm[n] show large increases over the transmission 
bandwidth as a function of T. These significant increases in the complex effective refractive 
indices of the ensemble show that the particle ensemble becomes less transparent to the THz 
pulse for T > Tm due to coalescing of nearest-neighbor particles. The strikingly different 
effective refractive index features for the range T < Tm, T � Tm, and T > 30.5 C° highlight 
three distinctive regimes where 1) the particles have not melted (constant ΔRe[n] and 
ΔIm[n]), 2) the particles have melted but remain granular (discontinuity in ΔRe[n], but 
constant ΔIm[n]), and 3) the particles have melted and are coalesced (large increases in both 
ΔRe[n] and ΔIm[n]). 
The temperature-dependent ΔRe[n] and ΔIm[n] trends at two frequencies, ω1 = 0.1 THz and 
ω2 = 0.2 THz are charted in Figs. 14A and 14B. As shown in Figure 14A, for 21.2 C° < T < 
29.9 C°, ΔRe[n] is nearly zero. Upon reaching Tm, the real part of the relative effective index 
exhibits a notably large, discontinuous jump of −0.06, indicative of an abrupt change in the 
intrinsic properties of gallium associated with metallic solid-liquid phase transformation. 
Above the melting temperature, ΔRe[n] is strongly affected by conglomeration of the 
particles, which changes the underlying extrinsic microstructure of the ensemble. This 
extrinsic effect influences the effective index of the ensemble in a different way than the 
intrinsic metallic phase transition at Tm. For T > Tm, ΔRe[n] increases from −0.06 to � 0.3 
between 29.9 C° and 33.0 C° and beyond T > 33.0 C°, is constant at � 0.3. Particle 
conglomeration occurring at T > Tm increases the effective real refractive index of the 
ensemble, causing the arrival delay of the transmitted pulses. ΔIm[n] exhibits similar overall 
trends as ΔRe[n]. Below the melting temperature, ΔIm[n] shows negligible temperature 
dependence and is approximately zero. As shown in Fig. 14B, ΔIm[n(ω2)] increases linearly 
for T > Tm and saturates at 0.2 for T > 33.0 C°. Such an increase in the imaginary effective 
refractive index reveals increased absorption or scattering losses within the ensemble due to 
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particle melting and subsequent coalescing. In contrast to ΔIm[n(ω2)], ΔIm[n(ω1)] does not 
significantly increase from zero until the temperature exceeds 30.5 C° > Tm. The slightly 
different trends observed for ΔIm[n(ω1)] and ΔIm[n(ω2)] suggest that the higher frequency 
components of the pulse are more sensitive to particle conglomeration than the lower 
frequency components. Overall, the real and imaginary parts of the complex effective index 
of the sample exhibit high sensitivity to the solid-liquid phase transition of the gallium 
particles and subsequent melting and coalescing dynamics beyond Tm. 
 

 
Fig. 14. Experimental effective (A) real refractive index change and (B) imaginary refractive 
index change at a frequency of 0.1 THz (empty circles) and 0.2 THz (filled circles) at various 
temperatures. The discontinuity in the effective real refractive index occurs at the gallium 
melting temperature, 29.8 C°. 

The refractive index behavior for T > Tm shows interesting particle conglomeration 
behavior of the gallium particles, where the particles begin to form interconnected networks. 
The experimental results show that coalescing does not occur concurrently with particle 
melting. To quantify the temperature where the particles begin to coalesce, the correlation 
function, C (τ) = 〈E(t+τ)Eref (t)〉 is calculated, where E(t+τ) is the sample pulse (at a given 
temperature T) shifted by a time τ and Eref (t) is the reference pulse transmitted at reference 
temperature Tref. It is noted that referencing the correlation function to the transmitted 
signal at Tref cancels out the inherent spectral response of the setup since the spectral 
response of the system is fixed throughout the temperature variation. Because the only 
experimental variable is the sample temperature, changes in C (τ) as a function of T arise 
directly from temperature-dependent changes in the transmissivity of the gallium sample. 
As highlighted in the plot of the maximum correlation amplitude versus T [Fig. 15B], the 
transmitted pulse remains highly correlated even for T = 30.5 C° > Tm. Thus, at temperatures 
exceeding the melting transition, the extrinsic microstructure of the particle ensemble has not 
changed. However, at a coalescing temperature, Tc = 30.5 C°, there is a significant decrease in 
C(τ), marking the onset of particle conglomeration and transmission quenching. Because the 
particles must overcome their surface energy prior to liquefying, Tc is slightly higher than the 
bulk melting temperature. As shown in Fig. 15B, C (τ) decreases to 0.35 at 33.0 C°, and for T > 
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33.0 C°, the maximum correlation amplitude saturates and remains fixed. The experimental 
results reveal a narrow temperature range, Tm < T < Tc, where the individual particles have 
melted, yet the nearest-neighbor particles do not conglomerate. 
 

 
Fig. 15. (A) Size distribution of the gallium particles before melting (light bars) and after 
melting (dark bars). (B) shows the maximum correlation amplitude of transmitted pulses at 
various temperatures relative to the reference pulse at 21.2 C°. Insets are scanning electron 
microscope images of (i) the gallium particles prior to the heating cycle and (ii) the solidified 
particles after the heating cycle. 

The gallium particle collection undergoes significant structural transformation over the 
heating cycle. After heating the particles above Tm and cooling back to room temperature, 
the nearest-neighbor particles have coalesced at small regions conjoining the particles, but 
overall, the ensemble retains a granular appearance and structure with no significant 
decrease in the total volume. The individual particles shapes are slightly distorted by the 
heating. As shown in the scanning electron microscope images in the insets of Fig. 15B, the 
particles prior to heating are characterized by sharp edges and flat faces. After cycling the 
temperature, the particles are rounded and have a rougher surface. Although heating 
induces shape change in the particles and coalescing between nearest-neighbor particles, the 
overall size distribution of the ensemble after heating is not significantly affected. As shown 
in Fig. 15A, the size distribution of the particles is nearly identical before and after heating. 
This further confirms that over the heating cycle, the particles do not fully conglomerate to 
form particles with augmented sizes. Rather, nearest-neighbor particles join at small sections 
of the particles that are in direct contact with each other. 

6. Conclusion 
THz time-domain spectroscopy has been employed to study the THz transparency of 
densely packed ensembles of subwavelength size metallic particles. Experimental 
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investigations of the THz transmission with respect to the sample length and particle size, 
with supporting evidence from numerical simulations based on FDTD calculations, indicate 
that the transmission is mediated by coherent, near-field electromagnetic coupling between 
nearest-neighbor particles. Transmission-based THz spectroscopy is applied as a non-
invasive probe to study the phase transition of a metallic particle sample. 
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1. Introduction 
Tilting the pump pulse front has been proposed for efficient phase-matched THz generation 
by optical rectification of femtosecond laser pulses in LiNbO3 (Hebling et al., 2002). By using 
amplified Ti:sapphire laser systems for pumping, this technique has recently resulted in 
generation of near-single-cycle THz pulses with energies on the 10-μJ scale (Yeh et al., 2007, 
Stepanov et al., 2008). Such high-energy THz pulses have opened up the field of sub-
picosecond THz nonlinear optics and spectroscopy (Gaal et al., 2006, Hebling et al., 2008a). 
The method of tilted-pulse-front pumping (TPFP) was introduced as a synchronization 
technique between the optical pump pulse and the generated THz radiation. 
Synchronization was accomplished by matching the group velocity of the optical pump 
pulse to the phase velocity of the THz wave in a noncollinear propagation geometry. 
Originally, TPFP was introduced for synchronization of amplified and excitation pulses in 
so called traveling-wave laser amplifiers (Bor et al., 1983). By using such traveling-wave 
excitation (TWE) of laser materials, especially dye solutions, extremely high gain (109) and 
reduced amplified spontaneous emission could be obtained (Hebling et al., 1991).  
Contrary to the case of TWE, when TPFP is used for THz generation by optical rectification, 
a wave-vector (momentum) conservation condition or, equivalently, a phase-matching 
condition has to be fulfilled. It was shown (Hebling et al., 2002), that such condition is 
automatically fulfilled if the synchronization (velocity matching) is accomplished. The 
reason is that in any tilted pulse front there is present an angular dispersion of the spectral 
components of the ultrashort light pulse and there is a unique connection between the tilt 
angle of the pulse front and the angular dispersion (Bor & Rácz, 1985, Martínez 1986, 
Hebling 1996).  
Angular dispersion was introduced into the excitation beam of so called achromatic 
frequency doubler (Szabó & Bor, 1990, Martínez, 1989) and sum-frequency mixing 
(Hofmann et al., 1992) setups in order to achieve broadband frequency conversion and 
keeping the ultrashort pulse duration. It was pointed out that in non-collinear phase-
matched optical parametric generators (OPG) and optical parametric amplifiers (OPA) tilted 
pulse fronts are expected (Di Trapani et al., 1995).  TPFP was used in the non-collinear OPA 
(NOPA) producing sub-5-fs pulses (Kobayashi & Shirakawa, 2000). The different aspect of 
tilted pulse front and angular dispersion is usually not mentioned in these papers dealing 
with broadband frequency conversion. 
It is well known that the bandwidth of parametric processes is connected to the relative group 
velocities of the interacting pulses (Harris, 1969). Phase matching to first order in frequency 
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can also be formulated as matching the group velocities of (some of) the interacting pulses. In 
schemes utilizing angular dispersion for broadband frequency conversion it is important to 
consider the effect of angular dispersion on the group velocity for a precious connection 
between the Fourier-domain and the spatio-temporal descriptions. 
In this Chapter, we give a comprehensive overview of the different types of applications 
relying on TPFP or angular dispersion with an emphasis on THz generation. The connection 
between pulse front tilt, group velocity and angular dispersion will be discussed for each 
type of application. The Chapter is organized as follows. 
The introduction is followed by a discussion of the connection between pulse front tilt, 
group velocity and angular dispersion. The main part of the Chapter deals with the different 
types of applications. For the sake of simplicity we start with the applications relying on 
synchronization by tilting the pulse front. These include traveling-wave excitation of dye 
lasers, as well as possible future applications such as traveling-wave excitation of short-
wavelength x-ray lasers, and ultrafast electron diffraction. Subsequently, applications based 
on achromatic phase matching for broadband frequency conversion will be discussed. 
Finally, high-field THz pulse generation by optical rectification of femtosecond laser pulses 
with tilted pulse front and its application to a new field of research, nonlinear THz optics 
and spectroscopy will be reviewed. 

2. Pulse front tilt, group velocity, and angular dispersion  
Tilting of the pulse front of picosecond pulses after traveling through a prism (Topp & 
Orner, 1975) or diffracting off a grating (Schiller & Alfano, 1980) was early recognized. Later, 
the following expression was deduced between the angular dispersion dε/dλ and the pulse 
front tilt γ  created by the prism or the grating (Bor & Rácz, 1985): 

 dtan
d
εγ λ
λ

= − , (1) 

where γ is the tilt angle (the angle between the pulse front and the phase front, see Fig. 1), 
λ is the mean wavelength and λε dd is the angular dispersion. It was also shown that for a 
grating immersed in a material Eq. (1) has to be modified as (Szatmári et al., 1990): 

 
λ
ελγ

d
dtan

gn
n

−= , (2) 

where n and ng are the (phase) index of refraction and the group index of the material, 
respectively. 
A device-independent derivation of Eqs. (1) and (2) is possible (Hebling, 1996) for ultrashort 
light pulses having large beam sizes. In this case the short pulse consists of plane-wave 
monochromatic components with different frequencies (wavelengths). Such a case is 
illustrated schematically in Fig. 2 assuming that the beam propagates, and has an angular 
dispersion in the x-z plane. Hence, the phases of the spectral components are independent of 
the third (y) coordinate, and the electric field of the components can be described as: 

 0( , , ) sin( )x zE x z t E t k x k zω ω ω ϕ= ⋅ − − +  (3) 
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Fig. 1. (a) Pulse front tilt created by an optical element with angular dispersion (grating). (b) 
The corresponding angular dispersion of the wave vectors of the different spectral 
components of the ultrashort pulse. 
 

 
Fig. 2. Phase fronts (dashed lines) and pulse front (continuous line) for a light beam 
dispersed in the z–x plane. The phase front is indicated only for the mean wavelength. For 
different wavelengths the phase fronts are tilted relative to this. Positive angles are 
measured clockwise: ε > 0 and γ < 0. 

Here ( )2 2 sinx xk π π λ ε= Λ = ⋅ and ( )2 2 cosz zk π π λ ε= Λ = ⋅ are the two components of 
the wave-vector, ε is the angle of propagation measured from the z-axis as shown in Fig. 2, 
and 2ω π λ= is the angular frequency. Since for a phase front (a surface with constant 
phase) the argument of the sine function in Eq. (3) is constant, the slope of the phase front is 
given by: 

 tanx

z

km
k

ε= − = − . (4)  

The pulse front at any time is the surface consisting of the points where the light intensity 
has a maximum. The intensity has maximum at points where the plane wave components 
with different frequencies have the same phase, i.e. where the derivative of the phase (the 
argument of the sine function in Eq. (3)) with respect to frequency is equal to zero. The 
result of such derivation is that the pulse front is plane with a slope of: 
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where Eq. (4) was also used. If we choose the coordinate-system such that the main 
component propagates parallel to the z-axis, ε becomes equal to zero. With this choice, and 
by introducing the angular dispersion dε/dλ instead of dε/dkz, Eq. (5) reduces to Eq. (1). 
Since it was not necessary to suppose anything about the device which created the angular 
dispersion, with the above derivation we proved that the relation between the angular 
dispersion and the pulse front tilt as given in Eq. (1) is universal.  
In order to prove the more general relationship given by Eq. (2) we suppose that the beam 
with angular dispersion propagates in a medium with wavelength (frequency) dependent 
index of refraction n(λ).  In this case the two components of the wave-vector of the plane 
wave, propagating in the direction determined by ε, are given by ( )2x xk nπ λ= Λ =  

( )2 sinnπ λ λ ε= ⎡ ⎤ ⋅⎣ ⎦  and ( ) ( )2 2 cosz zk n nπ λ π λ λ ε= Λ = ⎡ ⎤ ⋅⎣ ⎦ , respectively. By using these 
wave-vector components in the same derivation as above, one obtains Eq. (2) (Hebling, 
1996). Again, since the derivation is independent of any device parameters, the relationship 
between the angular dispersion and the pulse front tilt as given by Eq. (2) is universal. 
We can easily obtain (the reciprocal of) the group velocity of a short light pulse in the 
presence of angular dispersion. To this end we rewrite kz by introducing the frequency 
instead of the wavelength as independent variable: 

  ( ) cosz
nk

c
ω ω ε= . (6) 

Since the group velocity is equal to the derivative of the angular frequency with respect to 
the wave vector (Main, 1978), we obtain for the reciprocal of the (sweep) group velocity 
along the z axis: 

 1
g

d 1 d dcos cos sin
d d d

zk nv n n
c

εε ω ε ε
ω ω ω

− ⎡ ⎤⎛ ⎞= = ⋅ + ⋅ − ⋅ ⋅⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
. (7) 

Although this depends on the angular dispersion, the reciprocal of the group velocity is 
independent of it. Really, using 0=ε  in Eq. (7) results in the well known expression: 

  g1
g

1 d
d

nnv n
c c

ω
ω

− ⎛ ⎞= + ⋅ =⎜ ⎟
⎝ ⎠

, (8) 

where g g/n c v=  is the usual group index. 
It is important to notice that the frequency derivative of the reciprocal of the group velocity 
depends on the angular dispersion. The most important and well known implication of this 
is the working of pulse compressors consisting of prism or grating pairs. In such 
compressors angular dispersion is present in the light beam during the path between the 
two dispersive elements (prisms or gratings). The (negative) group delay dispersion (GDD) 
of such compressor is given as: 

 
1

gd
GDD

d
v

l
ω

−

= ⋅ , (9) 
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where l is the distance between the dispersive elements along the beam path. According to 
this, by taking the frequency derivative of the reciprocal of the group velocity as given by 
Eq. (7), substituting 0=ε  and multiplying by l result in the general expression for the GDD 
caused by propagation in the presence of angular dispersion: 

 
22

2
d d dGDD 2
d dd

l n n n
c

εω ω
ω ωω

⎡ ⎤⎛ ⎞= ⋅ ⋅ + ⋅ − ⋅ ⋅⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

, (10) 

in accordance with (Martínez et al., 1984). For the case of prism or grating compressors, with 
a large accuracy, 1n ≡  and Eq. (10) simplifies to Eq. (10b), and the GDD is always negative: 
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When pulse front tilt (or equivalently, angular dispersion) is introduced into a beam of 
ultrashort pulses in order to achieve achromatic frequency conversion or synchronization of 
pump and generated pulses (see examples below), 1n ≡/  in the medium, and the full 
expression of Eq. (10) has to be considered. Since the first and second terms on the right 
hand side of Eq. (10) are usually positive, and the third term always negative, the effect of 
the angular dispersion and the material dispersion can sometimes compensate each other. If, 
however, a very large angular dispersion is needed the third term becomes much higher 
than the first two ones, and it causes a rapid change of the pulse length during propagation 
hindering efficient frequency conversion. 
In the above derivation plane wave components with infinite transversal extension were 
assumed. For finite beam sizes a more complicated derivation (Martínez, 1986) is needed. 
According to this, the tilt angle changes with propagation distance and besides angular 
dispersion also spatial dispersion will be present. The spatio-temporal distortions in this 
case are described and investigated by an elegant theory (Akturk et al., 2005). According to 
numerical calculations, however, such distortions are usually not significant on a distance 
smaller than the beam size. This condition is typically fulfilled in frequency conversion 
processes of high-energy ultrashort pulses. 
Finally, we have to recognize that a strong restriction was used in the above discussions, 
namely, an isotropic index of refraction was assumed. However, it is well known that in 
frequency conversion processes at least one of the beams involved has extraordinary 
polarization with a refractive index depending on propagation direction. (The only possible 
exception is quasi-phase-matching.) Because of this, it is essential to re-consider the above 
derivations. Let us first investigate again the group index! If we just apply the definition of 
the group index as it was introduced in Eq. (8) and take into account that besides the explicit 
frequency dependence of the refractive index, in the presence of angular dispersion an 
implicit dependence ( ) ( )( ),n nω ω ε ω∗ =  can also be present, we obtain: 
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. (11) 

According to Eq. (11), in the presence of angular dispersion (which is in a plane containing 
the optical axis) an gn∗  modified group index is effective. Depending on the signs of the 
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angular dependence of the refractive index and that of the angular dispersion, the effective 
group index can be either larger or smaller than the (usual, material) group index. 
Furthermore, the value of the effective group index and that of the group velocity can be set 
by adjusting the angular dispersion. (A more rigorous derivation staring from Eq. (7) results 
in the same expression as Eq. (11).) We note that even though extraordinary propagation of 
an angularly dispersed beam is a common situation in many types of frequency conversion 
schemes (see Section 4), not much attention has been payed previously to generalize the 
definition of group velocity to such a case. 
Describing the angular dispersion with the frequency dependence of the angle instead of its 
wavelength dependence, the relation between the pulse front tilt angle and the angular 
dispersion becomes:  

 
g

dtan
d

n
n

εγ ω
ω

= . (2b) 

By using a similar calculation as above, it is easy to show that for anisotropic materials Eq. 
(2b) is modified similarly to the modification of the group velocity: 
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n

εγ ω
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Both the group velocity and the tangent of the tilt angle are changing by a factor of g g/n n∗  
in presence of angular dispersion in anisotropic materials.  
In conclusion, if in the beam of an ultrashort pulse angular dispersion is present, then 
necessarily a pulse front tilt is also present. Eq. (12) gives the relationship between the pulse 
front tilt and the angular dispersion. Furthermore, we have shown that contrary to the 
isotropic case, for anisotropic media the group velocity of the light pulse depends on the 
angular dispersion, too. Hence, the group velocity can be adjusted by adjusting the angular 
dispersion. This is utilized in many broadband frequency conversion schemes where the 
group velocities of interacting pulses are matched in such a way. We will show examples for 
this in Section 4. 

3. Pulse front tilt for synchronization 
In the first group of applications of TPFP the tilt of the intensity front is used to achieve the 
same sweep velocity of the pump pulse along a surface or along a volume close to a surface 
as the velocity of the generated excitation (i.e. amplified spontaneous emission, or surface 
polariton), or to the velocity of an other pulse (i.e. electron packet). In this group of 
applications angular dispersion is not an issue. 

3.1 Traveling-wave excitation of lasers 
Tilted-pulse-front excitation for generation of amplified spontaneous emission (ASE) pulses 
in dye solutions was introduced in 1983 by two groups independently (Polland et al., 1983, 
Bor et al., 1983). Both groups applied transversal pumping geometry, that is the pump 
pulses illuminated the long side of the dye cell perpendicularly, and the generated ASE 
pulse propagated along the surface in the pencil-like excited volume (see Fig. 3). The  
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Fig. 3. Ultrashort (ps) light pulse generation by traveling-wave pumped ASE (Bor et al., 
1983). 

technique of diffracting the pump pulses off an optical grating was applied to create the 
tilted pulse front (Schiller & Alfano, 1980). The tilt angle γ was chosen to fulfill the condition 

gtan nγ = , where g gn c v= is the group refractive index of the dye solution at the mean 

ASE wavelength. In this way the pump pulse swept the surface of the dye solution with the 
group velocity of the ASE pulse inside the dye solution. This situation is called traveling-
wave excitation(TWE). The exact temporal overlap between the pump pulse and the 
generated ASE pulse allowed an effective use of the pump energy even for dyes having 
excited state lifetimes of only a few ps. For example, 2% of the pump energy was converted 
into the energy of the ASE pulse for IR dyes that have less than 10-3 fluorescence quantum 
efficiency (Polland et al., 1983) due to the short lifetime dictated by fast non-radiative 
processes. The reason for the much higher energy conversion efficiency of the traveling-
wave pumped amplifier as compared to the fluorescence quantum efficiency is that in the 
traveling-wave pumped amplifier the dye molecules are in excited state only for a short 
duration at every point of the amplifier because of the synchronism between the pump and 
the generated pulse. Another consequence of this is that the TWE resulted in two times 
shorter (6 ps) ASE pulse duration than that of the pump pulse (Bor et al., 1983). Using the 
TWE scheme in distributed feedback dye lasers resulted in sub-ps Fourier-transform limited 
pulses (Szabó et al. 1984). 
It was also possible to use TWE efficiently with fs pump pulses (Hebling & Kuhl, 1989a, 
Hebling & Kuhl, 1989b, Klebniczki et al. 1990, Hebling et al., 1991). In these experiments 
TWE was achieved by non-perpendicular excitation and by the pulse front tilt introduced by 
a glass prism contacted to the dye cell, as shown in Fig. 4. By seeding the traveling-wave 
amplifier by white-light continuum pulses stretched in BK7 glass it was possible to generate 
about 100 fs long tunable pulses in the 640–680 nm range (Klebniczki et al., 1990). 
Furthermore, by seeding with attenuated continuous light of a Kr+ laser, it was 
demonstrated, that the traveling-wave pumped dye amplifier can work as a gated amplifier 
with 100 fs gate window and as large as 109 gain (Hebling et al., 1991). According to the 
measurements as well as to model calculations for exact synchronisms the duration of the 
gate window is approximately equal to the pump pulse duration (somewhat shorter), while 
for different pump sweep and ASE pulse velocities it is equal to the difference of the times 
the pump and ASE pulses need to travel the length of the amplifier. 
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Fig. 4. Non-perpendicular TWE for ultrashort (fs) light pulse generation (Hebling et al., 
1991). 

3.2 Traveling-wave excitation of X-ray lasers 
Laser action at extreme ultraviolet (XUV) and x-ray wavelengths is of great practical 
importance for many applications. For biological applications especially the so-called water 
window (4.4–2.2 nm) is of great interest. X-ray laser action can be achieved in highly ionized 
plasmas or in free electron lasers. Many plasma-based x-ray laser schemes use short laser 
pulses for creating the plasma and the population inversion required for x-ray lasing. In 
many cases reported so far, the pumping mechanism is either electron collisional excitation 
of neon-like or nickel-like ions, or inner-shell excitation or ionization processes (Daido, 2002, 
and references therein). 
One of the main difficulties associated with x-ray lasing is the short lifetime of the excited 
states, which typically scales as 2λ  (Simon et al., 2005), where λ  is the wavelength. In the 
1 nm – 100 nm region, spontaneous transition rates correspond to 0.1 ps-1 – 10 ps-1 (Kapteyn, 
1992). Processes with even shorter time constants, such as Auger decay of inner-shell 
vacancies with typical decay rates of 1 fs-1 – 10 fs-1, can in many schemes impose further 
constraints on the required pumping rate (Kapteyn, 1992). Due to the short time available 
for the population inversion to build up, ultrashort pump pulses can be used to excite 
population inversion efficiently. 
Due to the decreasing rate of stimulated emission with decreasing wavelength (Simon et al., 
2005), in order to obtain a useful output level from an x-ray laser it is essential to provide 
population inversion over sufficient length, typically a few millimeters up to a few 
centimeters. This, together with the short amount of time available for population inversion 
requires using ultrashort pump pulses with a traveling-wave pumping geometry, which 
provides exact synchronization between the pump pulse and the generated x-ray pulse. 
Sher et al. (Sher et al., 1987) have used grazing incidence excitation for nearly synchronous 
traveling-wave pumping of an XUV laser at 109 nm wavelength in Xe (Fig. 5). Later, a 
modified setup with grating-assisted traveling-wave geometry was used, where a grating 
pair introduced a small tilt of the pump pulse front for more exact pump-XUV 
synchronization (Barty, et al., 1988). However, in these early experiments a grooved target 
had to be used in order to compensate for the reduced pumping efficiency caused by the 
grazing incidence geometry. Kawachi et al. (Kawachi, et al., 2002) employed a quasi 
traveling-wave pumping scheme using a step mirror, which was installed in the line-
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focusing system to excite the nickel-like silver and tin x-ray lasers at the wavelengths of 13.9 
and 12.0 nm. 
 

 
Fig. 5. Grazing incidence x-ray laser pumping scheme (Sher, et al., 1987). 

On the way towards achieving x-ray lasing from laser produced plasmas with photon 
energies approaching the keV milestone, an important step, besides the investigation of 
fundamental physics concerned with the creation of population inversion, is to develop 
extremely accurate and controllable traveling-wave pumping systems (Daido, 2002). We 
would like to emphasize that the existing technique of tilted-pulse-front pumping (see 
Section 5) can provide the required tools for pump–x-ray synchronization with femtosecond 
accuracy. It also allows for working with perpendicular incidence of the pump beam onto 
the target. This gives higher effective pump intensity due to reduced pump spot size and 
due to improved energy coupling-in efficiency allowed by the reduced reflection coefficient 
from the plasma surface. A possible experimental setup is shown in Fig. 6. The pulse-front-
tilting setup made up of a grating and a spherical focusing lens is extended by a concave 
cylindrical lens, which shifts the focus of the pump beam introduced by the spherical lens to 
the surface of the target by its defocusing effect in the direction perpendicular to the plane of 
the drawing. Thus, in the plane of the drawing a line focus is generated at the target. The 
pump intensity can also be increased by using demagnifying imaging. 
 

 
Fig. 6. Tilted-pulse-front pumping scheme for exactly synchronized excitation of an x-ray 
laser from laser-produced plasma. 
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3.3 Ultrafast electron diffraction 
In recent years it became possible to achieve atomic-scale resolution simultaneously in time 
and space in revealing structures and dynamics. One important tool for such high-
resolution studies is ultrafast electron diffraction and microscopy (Baum & Zewail, 2006). In 
these techniques an ultrashort (femtosecond) laser pulse is used to initiate a change in the 
sample. The dynamics is probed by an ultrafast electron pulse. Besides the temporal spread 
of the electron pulse due to space charge effect the difference in the group velocities of the 
optical and the electron pulses can impose an often more severe limitation on the temporal 
resolution (Fig. 7(a)). This mismatch in the propagation velocities along the sample becomes 
especially significant in case of ultrafast electron crystallography, where the electrons probe 
the sample at grazing incidence and the laser pulse triggering the dynamics has (nearly) 
perpendicular incidence (Fig. 7(b)). 
Baum & Zewail (Baum & Zewail, 2006) proposed to use a traveling-wave type excitation 
scheme with tilted laser pulse front for exact synchronization with the probing electron 
pulse (Fig. 7(c–e)). They demonstrated a 25-fold reduction in time spread. They also discuss 
limitations in time resolution due to the possible curvature of the tilted pulse front. 
Furthermore, they proposed tilting the electron packet (generated by a tilted optical pulse 
illuminating a photocathode) to overcome space charge problems that are especially 
important in single-shot experiments. 
 

 
Fig. 7. (a) Group velocity mismatch in ultrafast electron diffraction. (b) Ultrafast electron 
crystallography without laser pulse front tilt. (c–e) Traveling-wave excitation of the sample 
by tilting the optical pump pulse front for synchronization with the slow (33% of c) electron 
pulse (Baum & Zewail, 2006). Copyright 2006 National Academy of Sciences, U.S.A. 

4. Achromatic phase matching 
In this part we consider various achromatic phase matching schemes used for frequency 
conversion or parametric amplification of ultrashort laser pulses. In this group of 
applications angular dispersion plays a key role, which affects the bandwidth of nonlinear 
processes. It was early recognized that achromatic phase matching is related to group 
velocity matching of the interacting pulses (Harris, 1969). An often neglected aspect in such 
schemes is the pulse front tilt linked to angular dispersion. The following discussion will 
include this aspect, too. 
In frequency conversion of ultrashort laser pulses the bandwidth of the nonlinear material is of 
crucial importance. In nonlinear processes such as second- and third-harmonic generation, 
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sum-frequency generation, optical parametric amplification, etc., broadband phase matching 
usually requires the use of thin nonlinear crystals. This, in turn, seriously limits the efficiency 
of frequency conversion. One way to overcome this limitation is to adopt the technique of 
achromatic phase matching to frequency conversion of ultrashort laser pulses. 
Many different schemes have been proposed and used for various nonlinear optical 
processes with ultrashort laser pulses. The theoretical analysis of these schemes was carried 
out in most cases either in the Fourier domain (in terms of wave vectors and frequencies) or 
in the spatio-temporal domain. Little or no attention was paid to the connection of the two 
distinct descriptions. Even though descriptions in the two domains are equivalent, to 
consider the connection between them gives a more complete picture and can, in some 
cases, reveal new important features, which can be relevant for designing an experimental 
setup. As examples, in the following we will consider collinear and non-collinear achromatic 
second-harmonic generation (SHG), non-collinear achromatic sum-frequency generation 
(SFG), and NOPA with and without angular dispersion of the signal beam. 

4.1 Collinear achromatic SHG 
Achromatic phase matching in nonlinear frequency conversion was originally introduced 
for automatic, i.e. alignment-free phase matching in second harmonic generation (SHG) of 
tunable monochromatic laser sources (Saikan, 1976; see also references in Szabó & Bor, 
1990). The technique relies on sending the pump beam at each wavelength through a 
birefringent nonlinear crystal under its respective phase-matching angle, which varies with 
wavelength. To this end, an element with appropriate angular dispersion was used in front 
of the crystal. In such a way the effective bandwidth of the nonlinear crystal could be 
increased considerably. 
The femtosecond frequency doubler proposed independently by Szabó & Bor (Szabó & Bor, 
1990; Szabó & Bor, 1994) and Martínez (Martínez, 1989) adopts the principle of automatic 
phase matching to ultrashort pulses. It utilizes the angular dispersion of gratings to achieve 
collinear achromatic phase matching in the nonlinear crystal and, subsequently, to eliminate 
the angular dispersion from the generated second-harmonic radiation (Fig. 8).  
 

 
Fig. 8. Femtosecond frequency doubler based on collinear achromatic phase matching 
(Szabó & Bor, 1990). G1, G2: gratings, L1, L2: lenses. 

Martínez (Martínez, 1989) gave a thorough analysis of the scheme in the Fourier-domain, 
without discussing the spatio-temporal implications. The achromaticity of the scheme relies 
on sending each fundamental frequency component into the crystal under its respective 
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phase-matching angle. The phase matching condition at the fundamental and second 
harmonic central frequency components 1ω  and  2 12ω ω= , respectively, reads as: 

 ( ) ( )11122 22 ωωω kk == , (13) 

where 1k  and 2k  are the fundamental and second harmonic wave vectors, respectively. 
Their magnitude is given by ( ) ( ) cnk iii ωωω ⋅=  with 2,1=i . Eq. (13) implies that 

( ) ( )2211 ωω nn = . The condition for achromatic phase matching can be given as follows: 

 ( ) ( ) ( )2 2 1 1 1 1 1 1 1 1 12ω ω ω ω ω ω ω ω′ ′ ′= + Δ + Δ = + Δ + + Δk k k , (14) 

where 1ωΔ  and 1ω′Δ  are arbitrary detunings from the fundamental central frequency. 
Martínez showed that Eq. (14) implies 
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Please note that by writing n∗  rather than simply n in Eq. (15), we allow that any of the two 
pulses may have extraordinary propagation. (In case of birefringent phase matching at least 
one of them must, in fact, be extraordinary.) In practical setups, such as that in Fig. 8, the 
required angular dispersion is usually matched only to first order by the dispersive optics 
and higher-order mismatch still imposes bandwidth limitation. Matching of angular 
dispersion to higher order was demonstrated with optimized setups and tunable cw lasers 
(Richman et al., 1998). 
It is now straightforward to find the connection to the spatio-temporal description of the 
arrangement. According to Eq. (11), and the phase matching condition ( ) ( )1 1 2 2n nω ω=  
together with Eq. (15) imply that the fundamental and the second-harmonic group velocities 
are matched: g1 g2v v= . On the other hand, it follows from the collinear geometry for each 
( )1 1, 2ω ω′ ′  frequency pair (Fig. 8) that the angular dispersion of the fundamental is twice that 
of the second harmonic: 
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where ( )ε ω  is the angle between the optic axis and the wave vector of the respective 
frequency component. By using s, the matching of group velocities g1 g2v v= , and Eqs. (12) 
and (16), one obtains that also the fundamental and second-harmonic pulse fronts are 
matched: 1 2γ γ= . 
In summary, we have shown that for the collinear SHG scheme (Fig. 8) achromatic phase 
matching to first order is equivalent to simultaneous group-velocity and pulse-front 
matching between the fundamental and the generated SHG pulses. Pulse-front matching 
allows the scheme to be used with large beam sizes. 

4.2 NOPA 
In recent years the technique of OPA (see e.g. Cerullo & De Silvestri, 2003, and references 
therein) has opened up a new path towards generating few-cycle laser pulses with 
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unprecedented peak powers. Such pulses are crucial for the investigation of laser-driven 
strong-field phenomena, having become an accessible field of research with the advent of 
suitable laser systems. 
In the OPA process phase-matching in a non-collinear geometry (NOPA) allows for extremely 
large amplification bandwidths, and thereby enables the amplification of broadband seed 
pulses using relatively narrowband pump pulses delivered by conventional laser amplification 
technology. Usually, a narrowband pump pulse is used, and the signal is stretched in time. 
The non-collinearity angle between signal and pump introduces an additional adjustable 
parameter besides the crystal orientation angle, which allows achieving phase matching to first 
order in signal frequency (achromatic phase matching). In such a setup the broadband signal 
beam has no angular dispersion while the idler beam generated in the amplification process 
has one. In such a scheme, achromatic phase matching is related to matching the (projected) 
group velocities of the signal and the idler pulses. Due to the long pulse durations, pulse front 
matching is usually not a practical issue. 
Recently, the use of short (few-ps to sub-ps) pump pulses was proposed for generation of 
high-power few-cycle pulses (Fülöp et al., 2007, Major et al., 2009). In such a high-energy 
short-pulse-pumped NOPA pulse front matching between signal and pump is crucial to 
enable amplification with large beam sizes. This can be conveniently accomplished by 
introducing a small amount of angular dispersion into the pump (Kobayashi & Shirakawa, 
2000, Fülöp et al., 2007). 
As the above examples show, achromatic phase matching can also be achieved without 
appropriate pulse front matching in certain schemes. Therefore, in case of large beam sizes, 
which is the typical situation in high-power applications, it is important to consider both the 
Fourier domain as well as the spatio-temporal domain when designing frequency 
converting or OPA stages. 

4.3 Non-collinear achromatic SFG 
In NOPA schemes an additional degree of freedom can be provided by introducing angular 
dispersion into the signal beam. As we will show below, in such a scheme simultaneous 
group velocity and pulse front matching is achieved for all three interacting pulses in case of 
achromatic phase matching. We will discuss the scheme as achromatic SFG (the inverse 
process of OPA), which makes its symmetry with respect to signal and idler more obvious. 
The results are valid both for NOPA and SFG. 
A special case of achromatic SFG is the non-collinear SHG scheme with two identical input 
beams proposed by Zhang et al. (Zhang et al., 1990), which utilizes the angular dispersion of 
prisms for achromatic phase matching. Each of the two incoming beams of the same central 
frequency 1ω  is dispersed in separate prisms to have angular dispersions equal in 
magnitudes but opposite in signs. The dispersed beams enter the nonlinear crystal under 
opposite angles of incidence. The emerging second-harmonic beam propagates along the 
angle bisector of the input beams and has no angular dispersion. Zhang et al. showed that 
simultaneous phase and group velocity matching is possible in such a scheme in BBO. 
 In the non-collinear achromatic SFG scheme shown in Fig. 9 two ultrashort pulses with 
central frequencies 1ω  and 2ω  are entering the nonlinear crystal under different angles 1α  
and 2α , respectively. These non-collinearity angles are measured from the propagation 
direction of the generated SFG beam having the central frequency 3 1 2ω ω ω= + . The 
incidence angles and the angular dispersions 

1
1d /d ωα ω  and 

2
2d /d ωα ω  of the two 
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incoming beams are chosen such that the output SFG beam is generated with maximal 
bandwidth (achromatic phase matching) and without angular dispersion. The latter 
condition is important for practical applications of the scheme. 
 

 
Fig. 9. Non-collinear achromatic SFG (or NOPA) scheme with angularly dispersed input 
beams. The corresponding pulse fronts are indicated by the vertical bars. 
Let us first consider the scheme in the Fourier domain. The phase matching condition at the 
central frequencies can be described in terms of the wave vectors as 

 ( ) ( ) ( )22112133 ωωωωω kkk +=+= , (17) 

where ( ) ( ) ( ) cnk iiii ωωωω ⋅== k  with 3,2,1=i , and in  being the respective refractive 
index, which can be either ordinary or extraordinary. Depending on the type of phase 
matching one or more of the interacting beams propagate as extraordinary waves in the 
birefringent nonlinear medium. The condition for achromatic phase matching can be written 
as 

 ( ) ( ) ( )222111212133 ωωωωωωωωω Δ++Δ+=Δ+Δ++=′ kkk , (18) 

where 1ωΔ  and 2ωΔ  are arbitrary detunings from the input central frequencies 1ω  and 2ω  
within the bandwidth of the input pulses. The independent values of 1ωΔ  and 2ωΔ  reflect 
the fact that all possible combinations of the spectral components of the input pulses 
contribute to the SFG process. Since the generated SFG beam is not allowed to have any 
angular dispersion, the direction of 3k  is along the z-axis for all sum-frequency 
components. Usually, in a practical setup it is sufficient to fulfill the achromatic phase 
matching condition, Eq. (18), only to first order in the frequency offsets 1ωΔ  and 2ωΔ . The 
non-collinearity angles 1α  and 2α , as well as the angular dispersions 

1
d/d 1 ω
ωα  and 

2
d/d 2 ω
ωα  can be found by decomposing Eq. (18) into components parallel with (z-axis) 

and perpendicular to (x-axis) 3k , and by keeping only the zero- and first-order terms in the 
frequency offsets (first-order achromatic phase matching). Similar calculation was 
introduced by Martínez for collinear achromatic SHG (Martínez, 1989), as was discussed 
above in Section 4.1. 
Let us now consider the spatio-temporal implications of Eq. (18), the achromatic phase 
matching condition. In the following we will outline the main results; details of the 
calculation will be given elsewhere (Fülöp & Hebling, to be published). The setup 
corresponding to the phase matching scheme shown in Fig. 9 is depicted in Fig. 10. 
The terms first-order in 1ωΔ  and 2ωΔ  of the x-component of Eq. (18) imply the following 
relation between the incidence angles iα  and the corresponding angular dispersions 

i
i ω

ωα /dd : 
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Fig. 10. Matching of the pulse fronts and the projected group velocities in the non-collinear 
achromatic SFG scheme. In case  of NOPA the signal ( )1ω  and pump ( )3ω  beams are 
present at the input, and the idler ( )2ω  is missing. 
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Please note that it is the effective group index ∗
gn  which enters Eq. (19). By comparing Eq. 

(19) to Eq. (12) one can see that the incidence angles of the incoming beams are equal to their 
respective pulse front tilt angles γ : 11 γα =  and 22 γα = . Hence, the pulse fronts of both 
incoming beams are perpendicular to the propagation direction of the generated SFG beam 
(z-axis). This means that the pulse fronts of all three interacting pulses are matched to each 
other.  
By expressing the angular dispersions from Eq. (19) and inserting them into the first-order z-
component of Eq. (18), one obtains  

 3g22g11g )cos()cos( vvv == αα . (20) 

Thus, the projections of the group velocities onto the z-axis are also matched. As shown in 
Fig. 10, both incoming pulses are propagating through the crystal with their own group 
velocities such that their pulse fronts are matched to each other as well as to that of the 
generated SFG pulse. In addition, the equal sweep velocity of all three pulses along the SFG 
propagation direction ensures that the generated SFG pulse has minimal pulse duration or, 
equivalently, maximal bandwidth. We also note that Eq. (20) together with the zero-order z-
component of Eq. (18) lead to the following symmetric relation between the phase and 
group refractive indices: 

 ∗∗∗ =+ 3g332g221g11 nnnnnn ωωω . (21) 

In summary, we have shown that the achromatic phase matching condition for NOPA with 
angularly dispersed signal or for non-collinear SFG is equivalent to simultaneous pulse-
front and group-velocity matching between all three interacting pulses. Hence, the scheme 
can be of interest for high-power (large beam cross section) applications, too. 
We note that a calculation similar to that outlined above can be carried out for NOPA with a 
quasi-monochromatic pump ( 3ω ). The phase matching scheme of Fig. 9 can also be used 
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here with a single 3k  vector representing the pump. Our calculations show that 
simultaneous group velocity and pulse front matching between signal ( 1ω ) and idler ( 2ω ) 
can be achieved in case of achromatic phase matching. It is not clarified yet if achromatic 
phase matching also allows for a possible pulse front mismatch. 

5. Generation of THz pulses by optical rectification 
In the last two decades a new branch of science, the terahertz (THz) science emerged 
(Tonouchi, 2007, Lee, 2009). Usually the 0.1-10 THz range of the electromagnetic spectrum is 
considered as THz radiation, earlier referred to as the far-IR range. The reason of the new 
name is justified by the fact that nowadays very frequently time-domain terahertz 
spectroscopy (TDTS) (Grischkowsky, 1990) based on single-cycle THz pulses is used for 
investigations. In this method the temporal dependence of the electric field in the THz pulse 
is measured rather than the intensity envelope. Usually in TDTS setups a biased 
photoconductive antenna creates the THz pulses and an unbiased one is used for detection. 
Both are triggered by ultrashort laser pulses. While these devices are well suited for linear 
absorption and index of refraction measurements the energy of the THz pulses generated by 
a usual photoconductive antenna is not enough for creating nonlinear effects. Because of 
this, pump-probe measurements and other applications need THz pulse sources of much 
higher energy. 
Optical rectification (OR) of ultrashort laser pulses (Hu et al., 1990) is a simple and effective 
method for high-energy THz pulse generation. Similarly to other nonlinear optical 
frequency conversion methods, a phase-matching condition needs to be fulfilled also in OR. 
For OR this requires the same group velocity of the pump pulse than the phase velocity of 
the generated THz radiation. Most frequently ZnTe is used as electro-optic crystal for OR, 
since in this material velocity matching is accomplished for the 800-nm pulses of Ti:sapphire 
lasers (Löffler et al., 2005, Blanchard et al., 2007). In this way 1.5-μJ single-cycle THz pulses 
were produced (Blanchard et al., 2007). However, ZnTe has more than two times smaller 
figure of merit for THz generation than LiNbO3 (LN). Furthermore, THz absorption of free 
carriers generated by two-photon absorption of the pump can seriously limit the applicable 
pump intensity and the generation efficiency in ZnTe (Hoffmann et al., 2007, Blanchard et 
al., 2007). So LN is a much more promising material for THz generation by OR. However, 
collinear phase-matching is not possible in LN since the group velocity of the  
(near-IR) pump is more than two times larger then the THz phase velocity (Hebling et al., 
2008b). 
Tilted-pulse-front-excitation was suggested to achieve velocity matching for THz generation 
in LN (Hebling et al., 2002). The operation of this velocity matching method is obvious 
according to Fig. 11(a). If the intensity front of the excitation pulse is plane, the generated 
THz radiation will propagate perpendicularly to this plane. This means that for the case of 
tilted-pulse-front excitation not the group velocity of the pump has to be equal to the THz 
phase velocity, but the projection of the group velocity into the direction of the THz pulse 
radiation. So the velocity matching condition can be expressed as: 

 g.p THzcosv vγ⋅ = , (22) 



Applications of Tilted-Pulse-Front Excitation  

 

223 

 

 
 

Fig. 11. Velocity matching using tilted-pulse-front excitation. (a) THz wave (bold line) 
generated in the LN crystal by the tilted intensity front of the pump pulse (dashed bold line) 
propagates perpendicularly to the THz phase front. (b) Wave-vector diagram for difference-
frequency generation (Hebling et al., 2008b). 

where g,pv is the group velocity of the pump, and THzv is the phase velocity of the generated 
THz pulse. According to Eq. (22) an appropriate tilt angle γ can be chosen if the pump 
velocity is larger than the THz velocity. This is the case for LN. 
The first experimental realization of THz-pulse generation by tilted-pulse-front-excitation 
(Stepanov et al., 2003) resulted in 30-pJ THz pulses for 2-μJ pump pulses. With the same 
pump energy it was possible to increase the THz energy to 100 pJ by using a better quality 
(Mg-doped stoichiometric) LN crystal (Hebling et al., 2004). A  200-times increase in the 
pump energy resulted in 2000 times larger THz energy (Stepanov et al., 2005). Further 
increasing the pump energy up to the 10-mJ range resulted in THz pulses with energies on 
the tens-of-μJ range (Yeh et al., 2007, Stepanov et al., 2008). Self-phase modulation of such 
high-energy THz pulses was observed inside the generating LN crystal (Hebling et al. 
2008a). THz pulses with a few μJ energy at 1 kHz repetition rate were successfully used in 
THz pump-THz probe measurements (Hoffmann et al., 2009, Hebling et al., 2009). In low-
bandgap n-type InSb (Eg=0.2 eV) an increase, while in Ge (Eg=0.7 eV) a decrease of the free 
carrier absorption was observed with sub-ps resolution. The increase in InSb was caused by 
impact ionization effect created by the electrons energized by the high field of the THz 
pulses. In Ge having higher bandgap impact ionization was not possible at the achieved 
field strength. The decrease of absorption was caused by the redistribution of the electrons 
in the conduction band (Mayer & Keilmann, 1986). 
Above we used Fig. 11(a) to explain that for tilted-pulse-front excitation velocity matching is 
expressed by Eq. (22). On the other hand we know that an angular dispersion according to 
Eq. (12) is present if the pulse front is tilted and OR can be considered as the result of 
difference frequency generation (DFG) between individual frequency components of the 
broadband excitation pulse. In presence of angular dispersion non-collinear DFG occurs. 
The vector diagram demonstrating phase-matching for non-collinear DFG is depicted in Fig. 
11(b). Using Eq. (12), it is easy to show (Hebling et al., 2002) that for small values of Δε the 
inclination angle of kTHz from the average propagation direction of the excitation pulse is the 
same γ as the pulse front tilt angle. Therefore the two pictures used in this section to describe 
THz pulse excitation by ultrashort pulses with tilted-pulse-front, based on velocity matching 
and on wave-vector conservation, respectively, predict the same propagation direction for 
the created THz pulse. 
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Since for LN there is more than a factor of two between the velocity of the excitation and the 
velocity of the THz radiation, the tilt angle has to be as large as 63°. According to Eq. (12) 
this implies a large angular dispersion, and according to Eq. (10) a large GDD. Because of 
this the duration of the pulse with tilted front is short only in a limited region of space. In 
order to deal with this problem in THz pulse generation a setup depicted in Fig. 12(a) is 
used for tilted-pulse-front excitation (Hebling et al. 2004). The necessary angular dispersion 
is introduced by the grating. The lens images the grating surface to the entrance aperture of 
the LN crystal. This reproduces the short initial pump pulse duration and high peak power 
in the image plane inside the crystal, which is essential for efficient THz generation. 
 

                
Fig. 12. (a) Experimental setup for THz generation by tilted-pulse-front excitation. 
(b) Contact grating scheme. 
An important advantage of the TPFP technique is its inherent scalability to higher THz 
energies. This can be accomplished simply by increasing the pump spot size and energy. 
However, our detailed analysis (Fülöp et al., 2009) of the pulse-front-tilting setup shows that 
aberrations caused by the imaging optics can introduce strong asymmetry of the THz beam 
profile and significant curvature of the THz wavefronts. Such distortions can limit 
application possibilities of a high-field THz source. In order to overcome the limitations 
imposed by the imaging optics in the pulse-front-tilting setup we have recently proposed 
(Pálfalvi et al., 2008) a compact scheme (see Fig. 12(b)), where the imaging optics is omitted 
and the grating is brought in contact with the crystal. 
Besides LN also a few semiconductor materials, such as GaP, GaSe, GaAs, etc., are 
promising candidates for high-energy THz pulse generation in a contact-grating setup. Due 
to their lower bandgap as compared to that of LN, semiconductors have to be pumped at 
longer wavelengths, where only higher-order multiphoton absorption is effective and, as a 
consequence, higher pump intensities can be used (Fig. 13). In most cases TPFP is necessary 
for phase matching in semiconductors for longer-wavelength pumping. The required pulse-
front-tilt angles are smaller (about 30° or below) than in case of LN, which allow for using 
larger material thicknesses for THz generation (due to smaller GDD, see above), thereby 

(a) (b)
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compensating for the smaller nonlinear coefficients of semiconductors (Fülöp et al., 2009). In 
addition, a smaller pulse-front-tilt angle makes the realization of a contact-grating setup 
technically less challenging. The absorption of LN in the THz range is rapidly increasing 
with increasing frequency above ca. 1 THz, which makes it less advantageous for generation 
of higher THz frequencies. The THz absorption of many semiconductors is smaller at higher 
THz frequencies than that of LN, and they can be used to efficiently generate THz radiation 
above 1 THz, provided that they are pumped at sufficiently long wavelengths to suppress 
free-carrier absorption. 
 

 
 

Fig. 13. Calculated maximal THz generation efficiencies in GaP, GaAs and LN for 3 THz  
and 5 THz phase matching frequencies. The pump wavelength is indicated for each c 
urve. 

6. Conclusion 
In summary, a survey on various applications of tilted-pulse-front excitation was given. We 
have started with considering the relation between pulse front tilt and angular dispersion. It 
was pointed out that the group velocity can, in general, depend on angular dispersion. Such 
dependence should be taken into account when considering a beam with angular dispersion 
propagating as extraordinary wave in a birefringent medium. To our knowledge, this fact 
was not explicitly mentioned in previous works. 
Among the applications of TPFP, which provide an exact synchronization between the 
pump pulse and the generated excitation along the sample, TWE of visible and x-ray lasers, 
and ultrafast electron diffraction were briefly reviewed. We have proposed to use a 
modified pulse front tilting setup for pumping short-wavelength x-ray lasers. 
A survey on various nonlinear optical schemes with achromatic phase matching was given 
including SHG, various types of NOPA and SFG. It was shown that for NOPA with 
angularly dispersed signal (and the corresponding SFG scheme) achromatic phase matching 
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is equivalent to simultaneous group velocity and pulse front matching. The importance of 
this feature to high-power applications was outlined. 
Finally, the generation of intense ultrashort THz pulses by OR in LN using TPFP was 
reviewed, together with applications to ultrafast nonlinear THz spectroscopy. The potential 
of further upscaling the THz energy and field strength was assessed when using the contact 
grating scheme with semiconductor materials for OR pumped at IR wavelengths. 
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1. Introduction    
In recent years, the investigation of composite material systems in the terahertz (THz) 
regime has drawn a considerable attention from a wide spectrum of scientific areas, for 
instance the fields of nano-science (Beard et al., 2002), (Hendry et al., 2006) and 
metamaterials (Levy et al., 2007). The interaction of terahertz waves with a composite 
system consisting of particles embedded in a host material as illustrated in Fig. 1 can be 
described by effective material properties and effective medium theories (EMTs) enabling 
the calculation of the resulting macroscopic permittivity εR.  
 

εR

E

H

 
Fig. 1. The interaction between an electromagnetic wave and a composite system can be 
described by an effective permittivity εR. 
If the particle size is much smaller than the wavelength of interest, as visualized in Fig. 2, 
scattering effects are negligible and quasi-static models suffice. Otherwise, scattering effects 
have to be taken into account. 
In this book chapter we will review common quasi-static EMTs and their application to 
various composite material systems. The selection of theoretical models comprises the 
Landau-Lifshitz-Looyenga model, which is applicable to mixtures of arbitrarily shaped 
particles, the Polder-van-Santen theory, which explicitly considers the influence of the 
inclusions shape and orientation, the differential Bruggeman theory and a recent extension 
to the latter proposed by the authors. 
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λ<<rλ>>r

r r

εR  
Fig. 2. In the case of small particles compared to the wavelength, quasi-static models 
suffices, otherwise scattering effects as to be taken into account. 

The first application scenario that we will study is the characterisation of polymeric 
compounds. By adding microscopic particles to a polymeric host material, the resulting 
properties of the plastic like colour, material strength and flammability can be optimized. 
Moreover, the additives induce a change of the optical parameters of the mixture that can be 
studied with terahertz time domain spectroscopy (THz TDS). The resulting refractive index 
depends on the volumetric content and the dielectric constant of the additives as well as the 
particle shape. Due to the variety of commonly used additives, ranging from rod like glass 
fibres, over cellulose based fillers to spherical nanoparticles, polymeric compound systems 
are ideal to illuminate the applicability and limitations of the different EMTs. 
Apart from the polymeric compounds, we will also discuss the usability of the EMTs to 
describe biological systems. As one example, the water content of plant leaves considerably 
effects their dielectric properties. Utilizing the EMTs allows for the determination of the 
water content of the plants with terahertz radiation. 
In summary, the chapter will review a selection of effective medium theories and outline 
their applicability to various scientific problems in the terahertz regime. Additionally, a 
short overview on the THz time domain spectroscopy (TDS) which is employed to 
experimentally validate the models' predictions is presented. 

2. Effective medium theories 
The analysis of dielectric mixture systems, for instance particles embedded in a host 
material, is a problem of enormous complexity if every single particle is considered 
individually. Alternatively, the resulting macroscopic material parameter of the mixture can 
be derived which characterize the interaction between the material system and 
electromagnetic waves. To calculate this effective material parameter, effective medium 
theories (EMTs) can be employed. In this chapter, we will exemplarily present a selection of 
the most common quasi static EMTs which can directly be applied to the description of 
heterogeneous dielectrics in the THz range. Table 1 provides a basic overview of the 
characteristics of these models, which will be further described below. 

2.1 Maxwell-Garnett 
One of the first and probable the most well known EMT is the Maxwell-Garnett (MG) model 
(Maxwell-Garnett, 1904) which is based on analyzing the effective polarizability of spherical 
inclusions with the permittivity εp embedded in a vacuum environment as illustrated in Fig. 3. 
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Model Volumetric 
content 

Particle 
shape Area of Application 

Maxwell-
Garnett 

 
Low spheres Very low concentrations 

Polder and 
van Santen High ellipsoidal Ellipsoidal particles, anisotropic 

systems  

Extended 
Bruggeman High ellipsoidal 

High permittivity contrast, 
ellipsoidal particles, anisotropic 
systems 

Landau, 
Lifshitz, 

Looyenga 
Middle arbitrary Mixtures of irregular, unknown 

shaped particles 

Complex 
Refractiv 

Index 
middle arbitrary Mixtures with small permittivity 

contrast 

Table 1. Overview of the EMTs mentioned in the text. 
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Fig. 3. To derive the MG model, the resulting polarizability of a single spherical particle is 
derived. 

Following the basics of electrostatics the resulting polarizability αp of a single spherical 
particle is given by (Jackson, 1999) 
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where ε0 is the permittivity of the vacuum and a is the radius of the particle. Now it is 
assumed, that the polarizability remains constant if multiple particles are present. 
Consequently the Clausius Mossoti relation (Kittel, 1995) that connects the relative 
permittivity εr of a material with the polarizability of a number of N microscopic particles  
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can be exploited to calculate the effective permittivity εR of this inhomogeneous medium, 
where fp is the volumetric content of the particles:  
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If the particles are embedded in a host material with given permittivity εh, Eq. 3 changes into 
the MG equation: 
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As can be seen from these deductions, the assumption is violated if a larger volumetric 
fraction of the medium is formed by the inclusions, since in this case the effective 
background permittivity changes. Thus, the model can be applied to very low 
concentrations only.  

2.2 Polder and van Santen 
Another approach with extended validity was derived by Polder and van Santen: Instead of 
employing the host εh in the calculation to derive Eq. 4, the effective dielectric constant εR is 
utilized. That way, the effect of the slightly increasing effective background permittivity can 
be taken into account. The equation 
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results, which is known as the Böttcher equation (Böttcher, 1942). Despite this extension, the 
model is still restricted to spherical shaped inclusions. By including depolarization factors N 
in the deductions, it is possible to expand the validity to ellipsoidal particles. These factors 
can be calculated by the following equations (Kittel, 1995):  
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The Fig. 4 shows the numerically calculated Nx values for different aspect ratios between the 
axis x and y in a) and the axis x and z in b).  

 
Fig. 4. Values of the depolarisation factor Nx as a function of the aspect ratio between the 
axis x  and y in a) and the axis x and z in b). 
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In the case of ideal disc-like particles the aspect ratio x/y converges toward zero while the 
Nx value tends towards unity. For ideal rod like particles, the aspect ratio increase to infinity 
and Nx descends to zero. These shapes are illustrated together with the resulting 
depolarization factors in Fig. 5. 
 

N =0x N =1/3x N =1x

x
y

z

 
 

Fig. 5. Values of the deplarisation factor Nx for a) a rod b) a sphere and c) a disc 
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Analogously to Eq. 5 the effective material parameter can be calculated by employing these 
factors which results in the Polder and van Santen (PvS) model (Polder & van Santen, 1946): 
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The special forms of the PvS model for ideal shapes, which are orientated isotropically in the 
mixture, are the following (Hale, 1976): 
 

Spheres: 
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Discs: 
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Rods: 
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As the Böttcher model is a special case of the PvS model, the Eq. 9 for spherical shaped 
particles equals the Böttcher equation Eq. 5. 
Due to the consideration of the influence of the particles shape and the increasing 
background permittivity, the PvS model is widely applicable. Especially anisotropic mixture 
systems like orientated glass fibres can be described by this approach. 
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2.3 Bruggeman 
While the PvS model well describes a variety of mixtures, a strong contrast in the 
permittivity between the mixture components still affects its validity. Here, a differential 
approach (Bruggeman, 1935) can be utilized. The Bruggeman theory makes use of a 
differential formulation of Eq. 4. After integration, the equation results: 

 31 h
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f ε
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ε ε
ε ε
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which is the basic form of the Bruggeman model. This basic form describes spherical 
particles embedded in a host where a large contrast in permittivity occurs.  
By combining the two approaches (Bruggeman and PvS), more general forms of this model 
can be derived (Banhegyi 1986), (Scheller et al., 2009, a). The equation for this extended 
Bruggeman [EB] model in the general case, where one polarization factor is given by N, the 
other two by 1-N/2 is: 
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For the case of isotopically orientated particles with ideal shapes the following set of 
equations results: 
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Rods: 
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2.4 Landau, Lifshitz, Looyenga 
Additionally, the Landau, Lifshitz, Looyenga (LLL) model (Looyenga 1965) makes use of a 
different assumption: Instead of taking the shape of the particles into account a virtual 
sphere is considered, which includes a given volumetric fraction of particles with unknown 
shape as illustrated in Fig. 3. By successively adding an infinitismal amount of particles, the 
effective permittivity increases slightly which can be described by a Taylor approximation. 
This procedure leads to the equation.  

 ( )3 33 1R p p p hf fε ε ε= + −  (17) 
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Fig. 3. The basic priniciple of the LLL model:  A given volumetric fraction of particles are 
embedded in a virtual sphere. By differentially increasing the volumetric fraction f, a Taylor 
approximation can be utilized to calcuate the resulting permittivity εR of the system.  

Here, no shape dependency is taken into account and thus, the model is favourably 
applicable to irregularly shaped particle mixtures (Nelson 2005). 

2.5 Complex Refractive Index (CRI)  
Besides from these deductive models, several more empirical approaches exist. The most 
common one is the Complex Refractive Index (CRI) model, that linearly connects the 
material parameter to the volumetric content resulting in the equation:  

 ( )1p p p hn f n f n= + −  (18) 

This model was successfully applied to porous pressed plastics where irregularly shaped air 
gaps occur and a low permittivity contrast results (Nelson 1990).  

3. Terahertz time domain spectroscopy 
Terahertz time domain spectroscopy is a relatively young field of science. Apart from some 
early explorations (Kimmitt, 2003), for a long time the terahertz domain remained a most 
elusive region of the electromagnetic spectrum. This circumstance can be explained by the 
lack of suitable sources: while for long the high-frequency operation limit of electronic 
devices was found in the lower GHz regime, most optical emitters are not able to operate at 
the "low" THz frequencies.  
Many researchers date the advent of nowadays THz science back to the upcoming of 
femtosecond laser systems (Moulton, 1985). Their short optical pulses could induce carrier 
dynamics on the timescale of a picosecond, which lead to the developement of different 
broadband THz sources (Kuebler et al., 2005). 
Due to the scope of this chapter, the following section will only discuss one of many 
different ways to generate broadband terahertz radiation, namely the photoconductive 
switching pinoneered by Auston et al. in the 1970s (Auston, 1975) . For a more complete 
review of terahertz technology, its generation and its applications, the inclined reader is 
referred to the excellent articles of (Mittleman, 2003), (Sakai, 2005) and (Siegel, 2002). 
In this section we will introduce a terahertz time domain spectrometer based on 
photoconductive switches driven by a Ti:Sa femtosectond laser. First, the single elements 
will be discussed followed by an explanation of the full spectroscopy system. 
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3.1 Ti:Sa femtosecond lasers 
The centerpiece of a Ti:Sa femtosecond laser is a titan doped alumina crystal, which acts as 
the active medium inside a Fabry-Perot cavity. The crystal is driven by a diode pumped 
solid state laser, for example a neodymium-doped yttrium orthovanadate (ND:YVO4) laser 
which emits at 532 nm and is commercially available with output powers exceeding 5W. 
This green light emission is well suited for pumping as it coincides with the absorption peak 
of the Ti:Sa crystal (see Fig. 6 right hand side). In this configuration a relaxation process 
inside the Ti:Sa leads to a monochromatic, continuous wave emission of the highest gain 
mode in the Ti:Sa gain region between 700 and 900 nm. 
 

  
 

Fig. 6. The schematic setup of the femtosecond Ti:Sa laser system (left) and a sketch of the 
emission and absorption spectrum of the Ti:Sa crystal (right). 

To obtain the desired femtosecond pulses, many modes inside the gain region have to be 
synchronously excited with a fixed phase relation - they have to be "mode locked". Often the 
Kerr-lens effect, also known as self focusing, is exploited to obtain this behaviour: For higher 
intensities, the laser pulse becomes strongly focused inside the crystal leading to a better 
overlap with the pump beam leading to an enhanced stimulated emission. Hence, pulsed 
emission becomes the favoured state of operation (Salin et al., 1991), (Piche & Salin, 1993). 
The mode locking can be induced by the artificial introduction of intensity fluctuations, e.g. 
by exciting the resonator end mirror with an mechanical impulse and the repition rate of the 
laser can be adjusted by selecting the appropriate resonator length. 
The left hand side Fig. 6 shows a sketch of a Ti:Sa laser. The green pump light is focused into 
the Ti:Sa crystal mounted inside the resonator. After the out coupling mirror at one end of 
the cavity, a dispersion compensation system, consisting of chirped mirrors is located. This 
additional component becomes a necessity due to the ultra short nature of the optical pulses. 
With a typical 60 nm spectral bandwidth around the central wavelength of 800 nm, sub-30 fs 
pulses result. Such pulses are extremely broadened when transmitted through dispersive 
media, e.g. glass lenses or other optical components. The chirped mirrors have an anormal 
dispersive behaviour, pre-compensating for the normal dispersion inside the optical 
components after the laser, so that bandwidth limited pulses are obtained at the terahertz 
emitter and detector, respectively. 
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3.2 Photoconductive terahertz antennas  
As previously mentioned, in this brief overview of terahertz spectroscopy we will focus on 
photoconductive antennas, also called Auston switches, as terahertz emitters and detectors 
(Auston, 1975), (Auston et al., 1984), (Smith et al., 1988). They consist of a semiconducting 
substrate with metal electrodes on top and a pre-collimating high resistivity silicon (HR-Si) 
lens mounted on the backside (Van Rudd & Mittleman, 2002). Though sharing the same 
basic structure, receiver and transmitter antenna differ in their requirements to the electrode 
geometry, substrate material and biasing voltage (Yano et al., 2005). 
 
 

 
 

Fig. 7. Metallization structure of a stripline antenna (a) and a dipole antenna (b). The 
antenna mounted onto the collimating lens (c). 

In case of the transmitter antenna, GaAs or low temperature grown GaAs (LT-GaAs) are 
commonly used as semiconducting substrates. The electrode geometry varies in different 
designs and can be custom-tailored to the application. A parallel strip line or a bowtie 
configuration is common. The electrodes are connected to a DC-bias voltage source and the 
laser spot is focused near the anode (Ralph & Grischkowsky, 1991). When a laser pulse hits 
the substrate, free carriers are generated and immediately separated in the bias field, giving 
rise to a photocurrent. The Drude model yields, that the electric THz field emitted, is 
directly proportional to the time derivative of the photocurrent. If the carrier scattering, 
relaxation and recombination times of the substrate are known, the behaviour of the 
transmitter can be accurately simulated (Jepsen et al., 1996).  
The substrate of the receiver antenna is made of LT-GaAs which has arsenic clusters as 
carrier traps that ensure a short carrier lifetime. The electrodes usually have the form of a 
Hertzian dipole as illustrated in Fig. 7. The laser is focused into the gap between the 
electrodes. When the laser pulse hits the substrate, the generated carriers short the 
photoconductive gap and the electric field of the incoming THz pulse separates the free 
carriers, driving them towards the electrodes. Thus, a current can be detected which is a 
measure of the average strength of the electric THz field over the lifetime of the optically 
generated carriers. Due to the LT-GaAs substrate, the life time of the carriers is very short 
compared to the length of the terahertz pulse. Thus the approximation that only one point in 
time of the terahertz pulse is sampled can be made. 
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3.3 A terahertz time domain spectrometer 
Now that we have discussed the single elements of a terahertz spectroscopy system (emitter, 
detector and femtosecond laser source) we shall investigate a complete terahertz time 
domain spectrometer as shown in Fig. 8. 
 

 
 

Fig. 8. Basic structure of a THz-TDS system. 

The femtosecond laser pulse, generated by the Ti:Sa laser, is divided into an emitter and a 
detector arm inside a beam splitter. Grey wedges are used to set the desired power level and 
lenses focus the laser beams onto the photoconductive antennas. The terahertz radiation is 
guided by off-axis parabolic mirrors (OPMs). In order to analyze small-sized samples, the 
OPMs are used to create an intermediate focus, which is typically of the size of a few 
millimeters. In the emitter arm, a motorized delay line varies the time at which the laser 
pulse creates the terahertz radiation inside the photoconductive transmitter with respect to 
the time that the photoconductive receiver is gated. Thus, by varying the optical delay, the 
terahertz pulse is sampled step by step. A typical terahertz pulse with the corresponding 
Fourier spectrum obtained in such a spectrometer is depicted in Fig. 9. 

 
Fig. 9. Typical time domain signal (left) and the corresponding spectrum (right). 
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3.4 Material parameter extraction with terahertz time domain spectroscopy 
Due to the coherent detection scheme of terahertz time domain spectroscopy, both phase 
and amplitude information of the electric field can be accessed. This circumstance enables 
the direct extraction of the complex refractive index n n iκ= − without the need for the 
Kramers-Kronig relations as required in the case of FIR spectroscopy. Here, n is the real part 
of the refractive index and κ the extinction coefficient. From these two measures the 
complex permittivity ' ''r r riε ε ε= −   with the real part 2 2'r nε κ= − and the imaginary part 

'' 2r nε κ=  as well as the absorption coefficient 02kα κ= can be determined. 
0

k
c
ω

=   denotes 

the free space angular wave number, ω the angular frequency and 0c the speed of light in 
free space. 
The basic idea of material parameter extraction from THz TDS data is the comparison of a 
sample and a reference pulse, once with and once without the sample mounted in the 
terahertz beam.  In most approaches the Fourier spectra of both pulses are calculated and a 
transfer function is defined as the complex quotient of the sample spectrum to the reference 
spectrum. Different algorithms for the data analysis were developed. Most recently a new 
approaches, which enables the simultaneous identification of the refractive index n, the 
absorption coefficient alpha and the sample thickness even in case of ultra thin samples in 
the sub 100 µm regime has been proposed (Scheller et al. 2009, b). As this approach was 
employed for the material parameter extraction of most datasets presented in this chapter 
we shall now briefly review its basic working principle. 
The first step in the data extraction is the formulation of a general theoretic transfer function 
for the sample under investigation depending on the refractive index n, the absorption 
coefficient alpha, and the sample thickness L. In order to create such a transfer function the 
number of multiple reflections M which occur during the measured time window is 
determined in a preprocessing step which assumes an initial thickness L0. The basic shape of 
the theoretical transfer function is given by 

 ( ) 0 1
0 0

exp ( 1) exp (3 1) ..H A i n D A i n D
c c
ω ωω

⎛ ⎞ ⎛ ⎞
= − − ⋅ + − − ⋅ +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 (18) 

where Ai is given as the ith of M elements that are functions of the Fresnel coefficients. In a 
following step, an error function defined by the difference of the theoretical transfer 
function and the measured one is minimized which yields n and alpha as functions of the 
sample thickness L. To unambiguously derive n, alpha and the material thickness L, the 
Fabry-Perot oscillations superimposed to the measured material parameters have to be 
considered. Hence, an additional Fourier transform is applied to the frequency domain 
material parameters which transforms the superimposed Fabry-Perot oscillations to a 
discrete peak is the so called quasi space regime. Now the correct sample thickness as well 
as n and alpha can be determined by minimizing the peak amplitude completing the 
material parameter extraction.  
As a demonstration of this technique, we analyse a 54.5 µm silicon wafer. If the correct 
thickness is chosen the peak values are minimized. Fig. 10 a) shows the refractive index n for 
different thicknesses over the frequency. For the correct thickness determined from the 
quasi space peak minimization (Fig. 10 b)), the Fabry Perot oscillations vanish from the 
material parameter spectra 
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The inclined reader finds a detailed discussion of this algorithm in (Scheller et al., 2009, b). 

 
Fig. 10. The extracted refractive index for different thicknesses (a) and the corresponding QS 
values (b). 

4. Application scenarios 
4.1 Polymeric compounds 
To evaluate the applicability of the different EMTs, we shall now investigate three additive 
concentration series of polymeric compounds, comparing measurement and simulation 
results of the refractive index at 1 THz (Scheller et al., 2009, a).. The additive particle sizes 
are less than 5 µm so that scattering effects should remain negligible. Hence, a quasi-static 
effective medium theory fully describes the dielectric behaviour of the composites at the 
wavelength of interest. The samples consist of injection-molded rods of 1 mm to 3 mm 
thickness. The additives differ both in shape and permittivity. After THz TDS 
measurements, the additive concentration was confirmed by combustion, determining the 
ignition residue content of the compounds. The measurement setup consists of a 
transmission terahertz time domain spectrometer as described in section 3. 
The first series of samples comprises magnesium hydroxide Mg(OH)2-filled low-density 
polyethylene (LLDPE) together with a compressed pellet of pure Mg(OH)2, which was used 
to quantify the 100% additive content permittivity value. Utilizing the LLL model, this value 
was extrapolated from the measurement result of the porous pellet. Nelson et al. 
demonstrated that this procedure delivers accurate results for granular and powdered 
materials (Nelson, 2005). The Mg(OH)2 particles have a hexagonal disc-like shape. 
Calculations employing the effective medium theories are compared to the measured data 
in Fig. 11. While the EB and the PvS model deliver good agreement with the measured data, 
the MG approaches show a significant discrepancy to the experimentally obtained results. 
This circumstance can be explained by the fact that the MG model only considers spherical 
particles while both the EB and the PvS model are shape-dependent. The predicted values 
based on the LLL theory, which does not consider any particle shape, cannot reach the 
accuracy of either the EB or the PvS calculations but performs better than the MG theory in 
case of this material system. The CRIs equation's prediction additionally exhibits a good 
agreement to measured data but lacks any physical motivation.  
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Fig. 11. The refractive index of the Mg(OH)2 compound system for different volumetric 
contents of the additives compared to the EMT's predictions. 

The second series consists of rutile titania (TiO2) particles embedded in a polypropylene 
(PP) host matrix. In this case, the 100% additive volume content value was directly extracted 
from a rutile crystal. Both, measurements along the fast and the slow axis of the birefringent 
rutile titania crystal were conducted and a weighted average of the permittivity was 
determined. The obtained material parameters of the crystal are shown in Fig. 12. 

 
Fig. 12. The refractive index of the fast and the slow axis of a rutil crystal. 

This step was necessary, as the LLL model, used for the extraction of the 100% additive 
values from the compressed pellets in case of the other material systems, is unable to 
properly describe the behaviour of the TiO2-air mixture due to the large dielectric contrast. 
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As a Taylor approximation is contained in the LLL models derivation, valid predictions 
cannot be expected in this case. Apart, from the LLL and the CRI model, all other existing 
theories should be well suited to accurately describe the behaviour of this material system as 
long as only diluted mixtures are considered. An interesting aspect of this material system is 
the high permittivity contrast between the additive and the host combined with the 
spherical particle shape, which allows to clearly evaluate the capabilities of each approach.  

 
Fig. 13. The measured results of the TiO2-PP mixture compared to the predictions of the 
different models. 

The measured data together with the values predicted from the theories are shown in Fig.  
13. As expected, all models, except the LLL and the CRI, deliver similar results as long as 
only low particle concentrations below 15 volume percent are considered. For higher 
concentrations, only the EB theory can still accurately model the mixture behaviour. While 
the MG theory delivers much smaller permittivity values compared to the measurements, 
the PvS model deviates in the opposite direction. The LLL and the CRI model do not yield a 
good estimation of the measured permittivity for any additive concentration due to the 
reasons discussed above. 
The last series of samples which we will consider here comprises calcium carbonate 
(CaCO3)-filled polypropylene samples. Analogous to the Mg(OH)2-series, a compressed 
pure additive pellet of CaCO3 was employed to extract the 100% additive content 
permittivity value. The CaCO3 particles exhibit a cubic shape. Cubes are one of the few 
shapes that cannot be described as ellipsoids. In addition, the aspect ratio of the cuboids 
under investigation is not uniform. However, by considering a distribution of different 
aspect ratios, the PvS and the EB model should be able to reach a performance close to the 
modelling with the actual particle shape.  
Calculations based on the physical models and the measured permittivity are illustrated in 
Fig. 14. For the EB and the PvS model, a rectangular distribution of aspect ratios between the 
longer and the shorter axis is assumed. While the EB and PvS model well describe the 
measured behaviour, closely followed by the LLL and the CRI approach, the MG theories 
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suggest permittivity values that strongly deviate from the experimentally determined 
material parameters. 

 
Fig. 14. The measured results of the CaCO3 system compared to the predictions of the 
different models. 

These results indicate, that the PvS and the EB model offer most flexibilty and are sufficient 
for most applications. However, if the contrast in permittivity is small and the mixture 
consist of anisotropic shaped particles, the relation between the volumetric content and the 
refractive index exhibit a close to linear behaviour, allowing to utilize the CRI equation to 
estimate the resulting permittivity. The LLL model delivers good results for two of the three 
cases and is applicable if no high contrast in permittivity occurs and can be seen as a good 
choice if no information about the particle shape is known or if the mixture consists of 
irregularly shaped components. 

4.2 Hydration monitoring of plant leaves 
Hydration monitoring of leaves is of high importance for farmers and plant physiologists 
alike. It can provide valuable information about irrigation management and helps to control 
drought stress. THz radiation is ideally suited for studying the water content in leaf tissue 
due to the strong water induced absorption present at THz frequencies (Hadjiloucas et al., 
1999). However, a physical modeling is required to create a connection between the 
measured data and the water content of the leaves.  
A leaf can be described as a multi compound mixture, that mainly consists of the following 
three parts: air, water, and the solid plant material. Therefore, an EMT is in principal 
suitable to model the dielectric constant of this biological sample. Due to the irregular 
structure of the leave, the LLL model is suitable to solve this specific problem. However, 
LLL is just able to compute the effective permittivity of a compound consisting of two 
components so that an extension has to be made in order to match these enhanced 
requirements. Such a third order extension  
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( )3 3 3 1R W W S S W Sf f f fε ε ε= + + − − , 

where fi is the concentration of the components is essential to account for the three parts of 
the leaf. The index W and S refers to the water and the solid plant material, respectively.  
A series of fresh and water stressed Coffea arabica leaves was measured in a TDS setup by 
Jördens at coworkers (Jördens et al., 2009, a). Afterwards the leaves were detached from the 
plant, the thickness and mass was measured and the water was pressed out. The 
concentration of water, air, and solid plant material can be determined with the information 
of the thickness and the mass of each leaf before and after pressing. 
The dielectric properties of the solid plant material were identified by TDS measurements 
on the pressed and dried leaves. The pure water permittivity was calculated by a dual 
Debye model analogue to (Liebe et al., 1991). As can be seen in Fig. 15, the water exhibits an 
intense anormal dispersion. Thus, a similar behavior is expected for the optical parameters 
of the leaf. 
The measured refractive index and the absorption of two leaves, one fresh and one stressed, 
are shown in (Fig. 16) together with the model's predictions. As the refractive index of water 
exceeds the ones of the other mixtures components, the resulting refractive index of the 
leaves is higher for larger water content. Over the whole spectral range, a good agreement 
between the simulated and measured results is obtained, indicating the applicability of the 
THz technology in combination with EMTs to monitor the hydration status of plants 

  
Fig. 15. The refractive index and the absorption coefficient of water at 20 °C calculated from 
the Debye model. 

4.3 Isotropic material mixtures 
In the case of the application scenarios described above anisotropic mixtures were 
considered. Yet, if the particles within the mixture exhibit an isotropic shape, an orientation 
of these will induce a macroscopic birefringence of the effective medium. As one example 
we will shortly examine a system of glass fibres filled HDPE. Due to the injection molding 
production process, a notable orientation of the fibres inside the direction of the mold flow 
is expected. Consequently, the refractive indices parallel and perpendicular to this direction 
will differ as a consequence of the isotropic material system. 
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Fig. 16. Measured and simulated refractive index of a fresh and a stressed Coffea arabica 
leaf. 

The PvS model was chosen to analyze the resulting effective medium, because the 
permittivity contrast between the HDPE and the borosilicate based fibres is small and the 
refractive indices along the different orientations can be calculated directly by Eq. 8, 
assuming rod like particles within the matrix. The resulting refractive indices are shown in 
Fig. 17 together with measured values, obtained from a 3 mm thick fibre enforced polymer. 

 
Fig. 17. The simulated refractive indices of the glass fibre - HDPE composite at 400GHz 
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A distinctive birefringence can be observed in the simulation. The measured data exhibit a 
slightly lower one. This discrepancy can be explained by a non uniform orientation of the 
particles. If only the majority of the fibres are orientated along the mold flow direction, the 
resulting birefringence will derivate from the maximum values. As a consequence, THz 
measurements can be utilized to determine the fibres content of the mixture and their 
degree of orientation simultaneously (Jördens et al., 2009, b). 

5. Conclusion and outlook 
In this chapter a short introduction into a selection of quasi static effective medium theories 
was presented. Their potential and restrictions were illuminated by a choice of 
representative application scenarios ranging from polymeric compounds to biological 
samples. However, the relatively long wavelengths of the terahertz waves enables for a 
wide applicability within this frequency range without the necessity of including volumetric 
scattering effects in the calculations. Therefore, an accurate analytical modelling of various 
problems can be achieved utilizing such EMTs. The Table 2 gives a short overview of 
exemplary application scenarios and the EMTs of choice. 
 

Application Scenario EMT of choice  
Mixtures with high contrast in 
permittivity, spherical particles EB  

Mixtures with high contrast in 
permittivity, ellipsoidal particles EB, PvS  

Mixtures with low contrast in 
permittivity, irregular or unknown 
shaped particles 

LLL, CRI  

Mixtures of powders, porous  
pellets LLL, CRI  

Mixtures consisting of isotropic 
components EB, PvS  

Table 2. Overview of typical application scenarios for the EMTs mentioned in the text.  
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1. Introduction    
The function of nanophotonic devices, such as metamaterials for the visible range, photonic 
and plasmonic crystals, nanoscale waveguides, resonators, switches or optical antennas 
relies essentially on our ability to tailor and control electromagnetic fields on a sub-
wavelength scale, in much the same way as the wavefunction of electronic nanostructures is 
localized on an atomic scale. Unlike matter waves, these localized electromagnetic waves are 
vectorial in nature, and their orientation and magnitude varies on a sub-wavelength scale. 
Therefore it is vital for a complete description of light in nano-scale devices to map the field 
vectors with subwavelength resolution. Experimental techniques aimed at probing the field 
intensity, e.g. aperture-less or aperture-based near-field microscopies, are rapidly improving, 
but the local orientation of the electromagnetic polarization vector, a fundamental property of 
the local electromagnetic field, could not be accessed experimentally.  
Yet, the orientation of the field vector is a key quantity in many thousands of theoretical 
studies on nano-optics, nanophotonic devices and optical sciences in general. Evidently, the 
ability to experimentally probe electromagnetic field vectors with nanometer resolution is of 
fundamental importance for understanding and improving nano-optical devices and for 
reconciling experiment and theory in the bourgeoning field of nanophotonics.  
In this chapter, we describe and demonstrate the local field polarization vector detection 
using the gold nanoparticle (GNP) attached tip as the local field scatterer acting as a 
nanometer-scaled polarizer. For a suitably small GNP, the far-field scattering is dominated 
by the electric dipole radiation. Dipole radiation conserve its polarization state into the far-
field region enabling characterization of the dipole moment induced at the GNP by 
measuring the far-field polarization state. And also the dipole moment is determined by the 
local electric field via polarizability tensor of GNP. Therefore, by characterizing the 
polarizability tensor of GNP and the polarization state of far-field scattered light, the local 
electric field vector can be reconstructed. In doing that, the different scattering shape of 
GNP, the polarizability tensor, is carefully measured and considered to get a consistant 
result independently of the tip shape.   
Mapping the local polarization vector in the near-field demands a careful consideration of 
the surface effect. For example, far field detected light is a complex mixture of the scattered 
light from GNP and its reflected light at the sample surface which interfere each other 
strongly depending on the polarization. This so called image dipole effect should be taken 
into account to correctly address the reconstructed local field vectors in near-field region. In 
the last section of this chaper, we discuss the limitations of our method and give suggestions 
to improve the functionality of the polarization vector microscopy.  
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2. Local field polarization vector detection on nanoscale 
2.1 Polarizability tensor measurement of GNP attached tips 
The metal particle has been used in a wide range of applications owing to its good photo-
stability. For example, GNP is one of the excellent candidates as a tracking label in bio-
sensing. It also can serve as an optical antenna to enhance the spontaneous emission rate of 
single molecules by using its plasmon resonance (Kühn et al., 2006). Moreover, a small GNP, 
less than 100 nm in diameter, is a good dipolar scatterer and it could be used as a nano-sized 
polarizer to detect the local electric field polarization vectors (Lee et al., 2007a). In the 
reconstruction of the local field vectors from the far-field detected signal radiated by the 
GNP, it is crucial to correctly and efficiently measure the polarizability tensor of the GNP. In 
this section, we present theoretically and experimentally how the polarizability tensor can 
be read out from two types of scattering measurement – rotational polarizer analyzer 
ellipsometry (RPAE) and rotational polarizer ellipsometry (RPE). By comparing two 
methods, the pros and cons of each method are discussed. Finally, we show the 
experimental results validating the model and the data process.  
 

 
Fig. 1. (a) An SEM picture of a GNP attached tapered glass tip. (b) The projection of an 
arbitrary ellipsoid onto a plane makes an ellipse. In the same analogy, the geometrical shape 
of the polarizability tensor of an ellipsoidal GNP in a 2-dimensional plane can be regarded 
as an ellipse. 

The GNP attached tips (Kalkbrenner et al., 2001) are prepared as following. Sharp glass fiber 
tips with the tip apex size of 100~200 nm are made by the chemical etching (hydrofluoric 
acid, 48%, 65 mins) or by using a mechanical puller machine. Then tips are chemically 
treated to generate a chemical layer sticky to the GNP. For the case of APTES (3-
aminopropyltriethoxysilane), GNP is bonded to the glass fiber through the electro-static 
force, on the other hand, APTMS (3-aminopropyltrimethoxysilane) forms a layer which 
makes a covalent bonding to the GNP (Keating et al., 1999). This surface treated tip is 
scanned onto a cover slip or a slide glass where the GNP colloid is spin-coated on it. When 
the tip moves across a GNP, the GNP eventually sticks to the tip and moves together. A 
scanning electron microscope (SEM) image of the tip attached a 100 nm diameter sized GNP 
is shown in Fig. 1(a). The size variation of GNPs in the colloid is less 8% (from data sheet of 
BBinternational) and there is a small variation in shape also. Additional to these intrinsic 
morphological distributions, the attaching process may generate a deformation of the 
particle shape due to the squeezing forces applied between the tip and the sample surface. 
Therefore the geometrical shape of the GNP, in general, can be assumed as an arbitrarily 
oriented ellipsoid. Experimental data in the later part show that this assumption is quite 
well valid.  
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The polarizability tensor of the GNP is measured in a 2-dimensional plane (x-z plane) as 
depicted in Fig. 1(b). The projection of an arbitrary ellipsoid onto a 2-dimemsional plane 
makes an ellipse. The complete 3-dimensional polarizability tensor, the ellipsoid, can be 
obtained by performing this 2-dimensional measurement in three orthogonal directions and 
by combining them.  
From now on, we describe how the polarizability tensor values are correctly read out from 
two scattering measurements - RPAE and RPE. In RPAE, the incident laser light of λ=780 
nm is loosely focused at the tip end using a lens of 10 cm focal length while rotating the 
incident polarization using a half wave plate. The scattered light is polarization analyzed by 
rotating a linear polarizer (analyzer) in front of an APD (C-4777-01, Hamamatsu) in the 
direction of the incidence. The experimental schematic is shown in Fig. 2(a). For a suitably 
small GNP, below 100 nm in diameter, the far-field scattering is dominated by the electric 
dipole radiation. In that case, the polarizability tensor is described by a 2×2 matrix in a 2-
dimensional plane. Here, we assume a simple case of the polarizability tensor (α ) which is 

symmetric to the laboratory frame with null values of off-diagonal terms, 
0

0
a

b
α

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

. A 

general case of an arbitrarily oriented ellipse with non-zero off-diagonal terms will be 
discussed in later part. Fig. 2(b) shows the polar plots of the square rooted intensity of the 
scattered light as a function of the analyzer angle. Three polar plots are shown for the 
incident polarizations of 0 (black solid), 45 (black dashed), and 90 (black dotted) degrees 
from the x-axis of the laboratory frame. The incident and scattered lights are related through 
the following relations: 

 incp Eα=  (1) 

 2

0

1 ( )
4

ikr

dipole
eE k n p n
rπε

⎧ ⎫⎪ ⎪= × ×⎨ ⎬
⎪ ⎪⎩ ⎭

 (2) 

,where p , incE , and dipoleE  are induced dipole moment at GNP, incident electric field, and 
far-field radiated electric field by the induced dipole moment p , respectively. Here, n  is 
the detection position vector and to be ŷ−  in the configuration of Fig. 2. The maxima of the 
polar plot for every incident polarization (red dots) make an ellipse with the semi-major and 
the semi-minor axes to be b and a (b>a), respectively. From this, the original tensor value can 
be extracted.  

In the next, RPE is applied in measuring the same polarizability tensor, 
0

0
a

b
α

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

. Here, 

the incident beam polarization is also varied, but with no analyzer in front of the APD as 
shown in Fig. 2(a). The outer black curve in Fig. 2(c) shows the polar plot of the square 
rooted scattered light intensity as a function of the incident polarization. When the incident 
beam polarization is θ, the polarization angle of the scattered light is given as  

 1tan tanb
a

ϕ θ− ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (3) 

, and the square rooted intensity is calculated as,  
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The inner ellipse and the outer polar plot do not encounter each other except the maxima 
and the minima of the black curve which correspond to the major and the minor axes of the 
inner ellipse. By taking the four maxima and minima points of the outer polar plot, the inner 
ellipse - the polarizability tensor, can be determined. This RPE takes less measurement time 
compared to the RPAE, but it is less accurate since it has less number of data points. In 
addition, to apply RPE, it is required a prior study on whether the scatterer is a good dipolar 
scatterer, otherwise the measured data can be misleading. 
 

 
Fig. 2. RPAE vs RPE. (a) Schematics of RPAE (with polarizer) and RPE (without polarizer). 
A 780 nm plane wave is focused at the tip end part using a lens of 10 cm focal length, while 
rotating the incident polarization using a half wave plate. (b) RPAE. The scattered light is 
polarization analyzed rotating an analyzer (linear polarizer) in front of the detector. Three 
black polar plots show the square rooted scattered light intensities as a function of the 
analyzer angle, for cases of the incident polarization of 0 (solid), 45 (dashed), and 90 (dotted) 
degrees from the x-axis. The red ellipse is constructed by connecting the maxima of the 
polar plot of every incident polarization. (c) RPE. APD measures the total intensity of 
scattered light. The outer black polar plot shows the square rooted scattered light intensity 
as a function of the incident polarization. The inner red ellipse is determined by choosing 
the maxima and the minima of the polar plot (black curve) as the semi-major and the semi-
minor axes of an ellipse (red). From (Lee et al., 2009). © 2006 The Korean Physical Society. 

So far, we assumed a polarizability tensor of a simplified case – symmetric to the x and z 
axes. But in a general case, the off diagonal elements have non-zero values which implies 
that the major axis of the ellipse has a deviated angle from the laboratory axes. With β (≥1) 
defined as the length ratio between the major and the minor principal axes and ζ as the 
angle between the major axis of the scatterer and the laboratory frame x-axis, the 
polarizability tensor can be written as, 

 ( )
( )

2 2

2 2

cos sin 1 sin coscos sin 0 cos sin
1 sin cos sin cossin cos 0 1 sin cos

β ζ ζ β ζ ζζ ζ β ζ ζ
α

β ζ ζ β ζ ζζ ζ ζ ζ
⎛ ⎞+ −−⎛ ⎞⎛ ⎞⎛ ⎞

= = ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟− +−⎝ ⎠⎝ ⎠⎝ ⎠ ⎝ ⎠
. (5) 
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Fig. 3. (a) Two peanut shaped polar plots are measured applying RPAE. The incident 
polarization angle values are 0 (black open circles) and 90 (red filled circles) degrees. The 
blue curve is obtained applying RPE. (b) Another measurement applying RPE. Solid curve 
shows the measured data and the inner dashed ellipse is made by choosing the maxima and 
the minima of the polar plot as the semi-major and the semi-minor axes. (c) Red ellipse is 
same as the dashed one in (b), and the outer black curve shows the re-calculated polar plot 
from the ellipse parameters. From (Lee et al., 2009). © 2006 The Korean Physical Society. 

Fig. 3 shows experimentally measured data of two GNP attached tips applying RPAE and 
RPE. Two peanut shaped polar plots in Fig. 3(a) show the square rooted scattered light 
intensity with the incident polarization directions parallel to the x-axis (black open circles) 
and the z-axis (red filled circles) of the laboratory frame. The dipolar radiation pattern of the 
polar plots shows that the attached GNP is a good dipolar scatterer. The outer blue curve is 
obtained applying RPE. It shows the polar plot of the square rooted scattered light intensity 
as a function of the incident polarization. From these measurements, values of β and ζ are 
determined as 1.05 and 80 degrees, respectively, and the resultant polarizability tensor in x-z 

plane is given as 
3

1 3

1 8 10
8 10 1.04

α
−

−

⎛ ⎞×
= ⎜ ⎟⎜ ⎟×⎝ ⎠

. In this case, the GNP shape is quite circular and the 

off diagonal terms are negligible compared to the diagonal terms. Note that with a small 
ellipticity (a≈b in Fig. 2(c)), the polar plot by RPE directly gives the ellipse of the 
polarizability tensor from Eqs. (3) and (4). The maxima of two polar plots by RPAE clearly 
touch the polar plot obtained from RPE demonstrating that two methods give a consistent 
result. Fig. 3(b) shows a scattering measurement of a different GNP functionalized tip 
obtained by applying RPE. Here, β and ζ values are 1.62 and 33 degrees, and the resulting 

polarizability tensor is given as 2

1.208 0.257
0.257 1

α
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

. In this case, the scattering function of 

the GNP (inner dashed line of Fig. 3(b)) is quite elliptical and the major axis is rotated from 
the laboratory frame. To check the quality of the measured data, the polar plot is fitted with 
the determined α (black curve in Fig. 3(c)). The similar shape of the polar plots in Figs. 3(b) 
and 3(c) validates the model and the measurement.  
To conclude this section, we demonstrate how the optical response of the gold nanoparticle 
attached tip, the polarizability tensor, can be measured from two different scattering 
measurements – RPAE and RPE. RPAE takes more time in determining the tensor values 
but generally it is more accurate. And also it gives the information of the dipole nature of 
the tip. In a comparison, RPE takes less time in measuring, but this method needs a prior 
knowledge whether the tip is a good dipolar scatterer. For our cases, the diameter of GNP 
attached to the tip is less than 100 nm, the electric dipole radiation is dominant in the far-
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field scattering process and two scattering measurements give a consistent result. The 
measured data is clearly well reconstructed by a simple calculation validating our analysis 
methods. 

2.2 Polarization detection of light scattered off GNPs  
A general elliptical polarization state of the local electric field at a fixed position r  in the x-z 
plane can be written as (Born & Wolf, 1999): 

  1 2
1 2 1 2( ) ( , ) ( , ),( , 0)i t i i t i

Local x zE r E E a e a e a aω δ ω δ+ += = > , (6) 

This field vector rotates at a frequency ω  along the perimeter of an ellipse. A dipole 
scattering tip gives a scattered far-field S LocalE Eα∝ ⋅  where α  is the polarizability tensor of 
the scatterer (Eqs. (1), (2)). In determining of the polarization states of scattered light, we 
apply the RAE and the Stokes parameter measurement (Stokes, 1852).  
Firstly, the polarization state of an arbitrarily shaped light is determined by the RAE method 
in which a linear polarizer, mounted inside the optical path of the scattered light and in 
front of the detector, is rotated by 360° in 10° steps. The detected field intensity passing 
through a polarizer is then given as 

 ( )
2

2 ,

,

cos sin Local x
S

Local z

E
I P E

E
ϕ ϕ α

⎛ ⎞
∝ ⋅ = ⎜ ⎟⎜ ⎟

⎝ ⎠
, (7) 

where ϕ is the detecting polarizer angle from the x-axis and ...  denotes a time average 
over many optical cycles. 
The polar diagram ( )I ϕ  shown in Fig. 4(a), recorded by rotating the polarizer in 10° steps, 
allows us to determine the polarization state of the scattered light depicted as a red colored 
ellipse. The major axis angle of the ellipse corresponds to the detecting polarizer angle at 
which the measured intensity has its maximum and the major and minor axes lengths are 
proportional to the square-root of the maximum and minimum intensities, respectively. In 
this way, the shape of the polarization ellipse of the scattered field ( SE ) is reconstructed. 
One experimental polar diagram )(ϕI  is explicitly shown in Fig. 4(b): a gold nano-particle 
functionalized tip sits at a selected position and scatters a standing wave created by two 
counter-propagating evanescent waves on a prism surface. The corresponding ellipse is 
denoted in red color. In case of a highly elliptical polarization as in the standing wave which 
is our main interest in this section, we denote this ellipse with a double arrowed linear 
vector (red arrow) for a better visualization. Finally the polarization state of the local field 

LocalE  is then reconstructed by a back-transformation 1
SEα− ⋅  (black arrow), for an example. 

The missing information is the sense of rotation and the absolute phase, i.e., the point on the 
ellipse at t=0, of the field vector. For a partially polarized light which contains certain 
amount of un-polarized light, it needs a careful analysis of data to be distinguishable from 
an elliptical polarization. Therefore, RAE is useful only for highly elliptical polarizations.  
The Stokes parameter measurements can be applicable to address the missing information 
from RAE, such as sense of rotation and degree of polarization - the intensity of the 
polarized portion to the total intensity. The Stokes parameters are composed of 4 quantities 
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Fig. 4. (a) The outer-plot (black line) results from a polar plot of the squared-rooted 
intensities for every detecting polarizer angle. The angle (θmax) of the measured intensity 
maximum corresponds to the major axis angle and the square-rooted maximum (minimum) 
intensity is proportional to the major (minor) axis length. (b) One such experimental polar 
plot of the scattered light at one selected position is shown as filled circles. The black line is a 
guide to the eye. The elliptical polarization state is reconstructed (inner red line). (c) The red 
arrow represents the long axis of the ellipse shown in (b). By back-transformation using the 
experimentally determined polarizability tensor of the scatterer, the local field vector is 
determined (black arrow). From (Lee et al., 2007c). © 2007 Optical Society of America. 

(s0 s1 s2 s3) which can be measured by using a combination set of a phase retarder (λ/4) and 
a linear polarizer (Stokes, 1852; Born & Wolf, 1999),  
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Here, I(θ, ε) represents the measured light intensity with the linear polarizer angle θ from 
the x-axis in the laboratory frame, when a  phase retardation ε is given to the z-component 
relative to the x-component by a λ/4 plate. The bracket means the time average over many 
oscillation periods. χ and ψ are parameters of the ellipse shown in Fig. 5. The parameter s0 
  

 
Fig. 5. RAE vs Stokes parameters. (a) The outer-plot (black line) results from a polar plot of 
the squared-rooted intensities for every detecting polarizer angle. (b) Parameters of an 
ellipse. Major axis angle ψ defines the orientation of an ellipse. The magnitude and the sign 
of angle χ characterize the ellipticity and the rotational sense, respectively.  
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represents the total intensity. The parameter s1 determines whether the major axis is closer 
to the horizontal (x) or the vertical (z) axes. In the same analogy, the parameter s2 tells 
whether the major axis is closer to the xz (45°) or –xz (135°) directions. From these three 
parameters (s0 s1 s2), the same amount of information can be derived comparing to the RAE, 
i. e., the values of ψ (0 ≤ ψ ≤ π) and |χ| (-π/4 ≤ χ ≤ π/4). The final parameter s3 represents the 
intensity difference between the right-handed polarization and the left-handed polarization 
– the sense of rotation (sign of χ). Additionally the Stokes parameters can define the degree 
of polarizaton, however, in our measurements, we use a monochromatic laser light as a light 
source and do not discuss this quantity in detail. One missing information of the phase can 
be determined by applying interferometric methods. 

2.3 Reconstruction of local polarization vectors and tip shape independence  
Due to a relatively simple way of picking up process, fabrication of the GNP funcitonalized 
tip is reliable and highly reproducible compared to other types nano-probes. Neverthless, 
the optical properties of a nano sized object are strongly dependent on its shape, size, and 
orientation. For an example, the polarization state of the scattered light is strongly 
dependent on the scattering function of this dipole scatterer, i.e., its polarizability tensor, it 
is important to characterize each tip carefully before the local electric field orientation is 
reconstructed.  
To investigate how the effect of different tips can be corrected in the final determination of 
the local polarization vector, we prepared three tips attached with gold nanoparticles of 
different shapes and sizes. The corresponding polarizability tensor of each of these tips is 
measured as described in the section of 2.1. Using these tips we measured the polarization 
state of a standing wave generated on a prism surface. Our experimental setup is 
schematically depicted in Fig. 6(a). A p-polarized plane wave is guided into a prism and 
generates, with its reflected wave from the mirror at the other side of the prism, an 
evanescent standing wave on the prism surface, if the incident angle θi is set to be larger 
than the total internal reflection angle ( )1sin /c air prismn nθ −=  given by the refractive indices of 

two media. For an evanescent standing wave, generated by two counter-propagating p-
polarized beams of equal intensity, the field vector is given by: 

 0( ) ( ,0, ) (cos ,0, sin ) z
x z

kE r E E E kx kx e κ

κ

→ →
−= = −  (9) 

where E0 is a constant magnitude. k and κ are related by the Helmholtz equation: 
2 2 2( )k

c
ωκ− =  and are determined by the angle of incidence and the index of refraction of 

the prism. In Fig. 6(b), theoretically calculated horizontal and vertical field intensities, |Ex|2 
and |Ez|2, respectively, of this evanescent standing wave are presented with the 
corresponding field vectors of polarization shown in the upper part. For an incident angle of 
θi=60° and nprism=1.51 at λ=780 nm, the peak vertical field intensity is about 2.25 times larger 
than its horizontal counterpart, and these two field components are spatially displaced with 
a 90° shift in their intensity profiles. 
We scanned the prism surface along the x-direction and the polarization characteristics of 
photons scattered by these GNP attached tips are analyzed applying RAE method. The tip 
to sample distance was controlled to be constant using a shear force mode feedback system 
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Fig. 6. (a) Experimental setup: A 780 nm cw-mode Ti:Sapphire laser enters at normal 
incidence into one side facet of an equilaterally shaped prism and is retro-reflected at the 
other side facet to generate an evanescent standing wave on the top surface. The gold 
nanoparticle attached tip scatters the local fields into far-field region. (b) Theoretically 
calculated local field components as a function of the scatterer position: vertical |Ez|2 
(dashed line) and horizontal |Ex|2 (solid line) component, respectively. The corresponding 
local field vectors of polarization are presented at every position. 

and the detection angle was set about 20° from the prism surface (–y axis) due to the 
experimental restrictions. The effects of the detection angle from the surface on the image 
contrast will be discussed later. 
Fig. 7 shows the local field vectors of polarization obtained within a scan range of 600 nm on 
the prism surface obtained by using three different tips. The corresponding polarizability 
tensors are indicated above the vector plots. The results for Tip 1 and 2 are obtained with 
attached gold particles with a diameter of 200 nm and 100 nm, respectively. In these cases the 
effective polarizability tensors are close to the identity matrix, which means circular shape of 
GNPs. The bottom one is obtained with the tip introduced in Fig. 3(b). For all three tips 
attached with gold nanoparticles of different size and shape, the measured local polarization 
vectors show a good agreement with the theoretical prediction in Fig. 6(b), demonstrating the 
independence of the finally determined local polarization vector on the tip shape. 
 

 
Fig. 7. Local field polarization vectors of the evanescent standing wave generated on the 
prism surface within a 600 nm scan range obtained by using three different gold-particle 
functionalized tips. The corresponding polarizability tensors are displayed above the scans. 
From (Lee et al., 2007c). © 2007 Optical Society of America. 
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Finally, Fig. 8 displays the theoretical and experimental vector field maps within a 600 nm × 
300 nm scan area in x-z plane. The field vector rotates as we move along the x-direction and 
the electric lines of force are explicitly visualized. The reconstructed field polarization 
vectors match well with those expected for the evanescent surfaces waves unperturbed by 
the tip. Generally one may expect a certain perturbation of the local electric field by the field 
scatterer. The demonstrated ability to quantitatively map electric field vectors of local 
polarization in simple cases, such as the standing surface waves investigated here, will 
certainly be useful in obtaining a deeper understanding of the interaction between the tip 
scatterer and localized electric fields at surfaces. In the section of 3, the surface effects on the 
far-field detected light scattered from the near-field region will be discussed in more details.  
 

 
Fig. 8. Vector field plot of an x-z area of 600 nm by 300 nm of the theoretical (left) and 
experimental (right) results, respectively. From (Lee et al., 2007a). © 2007 Nature Publishing 
Group. 
Before ending up this section, we need to check the validness of dipole approximation of 
GNPs when the measurements are carried out in the evanescent near-fields. With higher 
values of k-vector, the evanescent field is confined to the sample surface and exponentially 
decays to the direction normal to the surface. The evanescent field generated on the prism 
surface (BK7), with the incident angle of θi=60° as depicted in Fig 6, the decay constant in 
intensity is calculated as 147 nm. Then the far-field scattered field by a GNP of radius r is 
calculated in the Mie-scattering formalism (Chew, et al., 1979; Ganic et al., 2003).  

     0
1 12

1 1

( ) { ( , ) ( ) ( ) ( , ) ( ) ( )}
l

sc E l lm r M l lm r
l m l

icE r l m h k r X e l m h k r X e
n

β β
ω

∞

= =−

= ∇× +⎡ ⎤⎣ ⎦∑ ∑  (10) 

Here, we do not include the effect of the glass tip shaft. The relative magnitude of the Mie-
coefficient of electric and magnetic components for each radius is listed in Table 1. Upto 
GNP radius value of 100 nm, the electric dipole term dominates. For the case of r= 150, the 
magnetic and higher order terms significantly effect on the scattering signal and the dipole 
approximation cannot be applied anymore.   
 

 r=50 nm r=100 nm r=150 nm 
|a1| 1 1 1 
|a2| 0.059 0.026 0.014 
|b1| 0.065 0.124 0.250 
|b1| 0.003 0.003 0.021 

Table 1. Magnitude of two lowest orders of the Mie-coefficients al (electric) and bl (magnetic). 
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2.4 Three dimensional expansion of local field polarization vector detection  
Expanding the local polarization vector detection into a full 3-dimensional space, in 
principle, is straight forward by combining of 2-dimensional measurements in two 
orthogonal directions. As a target field, we chose a focused radial polarized light. The 
intense longitudinal field at the focus center of a radially polarized beam has attracted many 
attentions not only in a theoretical point of view but also in application respects such as 
confocal microscopy, optical data storage, and particle trapping and acceleration of particles. 
Generating good quality cylindrical vector beams, radially and azimuthally polarized 
beams, has been an intense research area itself. Several different methods are presented – 
interferometry, twisted liquid crystal, and laser mode controlling inside the cavity.  
The interesting axis symmetric field distribution of the cylindrical beam at the focus stems 
from its axis symmetry of the field polarizations. The field configuration of the cylindrical 
beam has been demonstrated in theoretical works (Youngwoth & Brown, 2000), but it has 
been challenging to fully demonstrate it in experiment.  
Experimental demonstration starts with a 3-dimensional tip characterization. Here, we 
adapted a slightly diffrent method to reduce down the total measuring time. Tip end is 
illuminated by loosely focused Ti:Sapphire laser beams in three orthogonal directions with 
various incident beam polarizations (Fig. 9(a)). The scattered electric field ( scaE ) is detected 
in (1 ±1 0), (1 0 0) and (0 -1 0) directions for each incident beam direction. With assuming the 
attached GNP as a dipolar scattering center, the incident and the scattered electric fields are 
related through the polarizability tensor α (Ellis & Dogariu, 2005): 

 
3

,
, 1

sca inc ij inc j
i j

E E Eα α
=

= ⋅ = ∑ . (11) 

 

 
Fig. 9. (a) Three dimensional tip characterization. The tip end is illuminated by Ti:Sapphire 
laser beams in three orthogonal directions in sequence varying the incident beam 
polarization. The scattered electric field is detected in the direction of incidence and also in 
(1 ±1 0). (b) Polarization vector mapping of a focused radially polarized light. A radially 
polarized beam generated by using a radial polarization converter is focused by an 
objective. A GNP functionalized tip is scanned the focusing area in three dimensional space 
using a 3-axes nano positioner (Nano Cube, Physik Instrumente). The polarizaton state of 
the scattered light is determined by applying the RAE and measuring the Stokes parameters 
in two orthogonal axes. 
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From the pre-adjusted incident electric field and the measured scattered electric field 
polarization states, the polarizability tensor values are directly calculated from Eq. (11): 

 
1.01 0.18 0.21
0.18 0.70 0.12
0.21 0.12 1

α
−⎛ ⎞

⎜ ⎟= ⎜ ⎟
⎜ ⎟−⎝ ⎠

. (12) 

The radial polarization can be described as combination of Hermite-Gaussian modes: 

 Radial polarization = 10 01ˆ ˆHG x HG y+  (13) 

The electric field at the focus in the Cartesian coordinate is given as follows (in air) 
(Youngworth & Brown, 2000; Novotny & Hecht, 2006): 
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Here, Jn is the nth-order Bessel function and k is the wave vector of the incident beam. The 
focal length f, maximum focusing angle θmax , and the incident beam radius w0 are related as 

follows: 0
maxsinw NA

f
θ= = (effective numerical aperture of the objective). 

A radially polarized light is generated by using a radial polarization converter (Arcoptix) 
and focused by an objective (NA=0.39). A GNP functionalized tip scans the focus area and 
the scattered light is polarization analyzed in two orthogonal directions by applying the 
RAE and by measuring the Stokes parameters. The local polarization state of the focused 
light is reconstructed by performing the back transformation of the polarizability α  
obtained above in Eq. (12) to the scattered electric field. 
Fig. 10 shows the local electric field components in the focus plane (z=0). Upper three 
intensity plots show the experimentally measured electric field components. As predicted 
by calculations as shown below, vertical field intensity is a maximum at the center of the 
focus. On the other hand, the x- and the y-components have intensity minima at the same 
spatial position. Combined image of (b) and (c) generates a donut shaped intensity 
distribution for the transversal field component (not shown). The NA value of the used oil 
immersion objective (noil=1.50~1.51) is 1.45 with full using the back aperture. The effective 
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NA value for this measurement performed in air side is chosen as 0.39 from the incident 
beam waist (w0= 2 mm) and the back aperture radius of the objective (5 mm). Experiment 
and calculation agree well each other in the focused beam size and also in the relative 
intensity peak ratio between the transversal and the vertical components. 
 

 
Fig. 10. (a-c) Experimentally measured field intensity distribution profiles for three 
orthogonal axes. (d-f) Numerically calculated field intensity distribution of the 
corresponding field component in the focus plane.  From (Ahn et al., 2009). © 2009 Optical 
Society of America. 

The 3-dimensional polarization vectors are shown in Fig. 11 determined from the RAE (a) 
and the Stokes parameters (b). They show quite complicated features, and the top and the 
side views of (b) are shown below in (c) and (d), respectively. In the top view (c), the 
polarization direction, the long axis of the ellipse, directs to the focus center. It tells that the 
transversal component still has a radial polarization state at the focus. However, due to a 
slight deviation of the beam axis from the z-axis, there are elliptical polarization states in the 
transversal field components unlike the calculations (Youngworth & Brown, 2000; Novotny 
& Hecht, 2006). Fig. 11(d) shows the side view (y=0) of (b) for several different tip height (z) 
values. Note that the vertical field amplitude is magnified by 5 times in this figure for a 
better visualization. The optical axis of the focused beam is slightly deviated from –x to x 
direction as it propagates from –z to z direction. It directly shows the imperfectness of the 
beam alignment together with the details of the focused radially polarized light. 
In this section, a full 3-dimensional local polarization vector detection is demonstrated. This 
is achieved by performing the 2-dimensional polarization vector detection in two orthogonal 
directions and by combining them. Focused radially polarized light is a good target field 
due to an intense longitudinal field component at the focus center. The 3×3 polarizability 
tensor values of the GNP functionalized tip are also obtained by performing the scattering 
measurement in three orthogonal axes. The polarization vectors of a focused radially 
polarized light are mapped applying the RAE and the Stokes measurement. 
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Fig. 11. Polarization vector mapping in the focus plane (z=0) by the (a) RAE and the (b) 
Stokes measurement. (c) Top view of (b). (d) Side view (y=0) of (b) for several tip height (z) 
values. The vertical field amplitude (Ez) is 5 times multiplied in (d) for a better visualization. 
From (Ahn et al., 2009). © 2009 Optical Society of America. 

3. Sample surface effects on local field detection in near field region: image 
dipole effects 
Unlike the light scattering by a tip in a homogeneous media, the scattered light in a near 
field region suffers significant modifications due to the existence of the surface. In the 
apertureless near-field scanning optical microscopy, the dipolar coupling between the real 
dipole at the tip apex and its image dipole induced at the sample surface has been widely 
applied in the analysis of the far-field scattered signals (Knoll & Keilmann, 2000; Raschke & 
Lieanu, 2003; Cvitkovic et al., 2007).  
In this section, we systematically investigate the polarization dependent image dipole effects 
on the near-field polarization vector detection on a dielectric and a flat metal (Au) surfaces. 
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The experimental schematic is depicted in Fig. 12(a). A 780 nm cw Ti-sapphire laser is 
guided on one facet of the equilateral shaped prism (BK7) to generate a propagating 
evanescent wave at the air-prism interface. With the incident angle θi = 60° and the 
refractive index nprism = 1.51 at the wavelength of 780 nm, the intensity ratio of |Iz|/|Ix| 
and the skin depth into air are given as 2.25 and 147 nm, respectively, from Eq. (9). The 
evanescent field is then scattered by a GNP of radius 50 nm attached on a chemically etched 
optical fiber tip in a constant height mode (h~55nm). Tip was fixed at one selected x-position 
and the scattered light intensity is polarization analyzed. The relative intensity ratio of the 
vertical and the horizontal components of the local field at the GNP position is measured 
while varying the collection angle φ. 
To account for the surface effects on the signal, we firstly consider the interference between 
the direct radiation from the GNP and its reflection from the sample surface to the detector 
by using a simple image dipole model ((i) in Fig. 12(b)). The reflected light from the surface 
can be considered as the radiation from the image dipole located at the opposite side to the 
interface. The relative strength of the radiation from the real and the image dipole is 
determined by the magnitude of the reflection coefficient ( , ( )( ) ( ) delay s pis p s pR R e ϕ= ) of the s- and 

the p-polarized light at air-prism interface. The relative phase difference between the real 
and the image dipoles is determined by the argument of the reflection coefficient, φdelay,(s,p), 
  

 
Fig. 12. Image dipole effects on a dielectric surface. (a) Experimental schematics. (b) The 
reflected light at the sample surface (dashed line) can be considered as the radiated field 
from the image dipole (i). The mutual interaction of the real (upper) and the image (below) 
dipoles modifies the radiation properties of their own (ii). (c-d) Relative intensities of the 
horizontal and the vertical field components of the progating evanescent wave on a prism 
surface. (c-d) from (Ahn et al., 2008). © 2008 Elsevier B.V. 
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as well as the phase difference caused by the optical path length difference φdiff = k0 · d, 
where d = 2 h sinφ is the path difference in Fig. 12(b). For analytical calculations, we applied 
the single dipole model (SDM) where the real (above the surface) and the image (below) 
dipoles are assumed to be point-like dipoles. We note that the reflection coefficient of the 
plane wave is used in this analysis because the scattered light is detected in far-field region. 
The effects of the higher nonlinear terms included in the effective polarizability change will 
be discussed in later part. 
The signal intensity of the horizontal (s) and the vertical (p) dipoles in the SDM is written as 

 ( )2 2 2
( ) ( ) ( ) ( ) ( ) ( ) , ( )1 | | 2 | | cos( )s p s p orig s p imag s p orig s p s p delay s p diffI E E E R R ϕ ϕ− − −= + = + + + . (15) 

Here, 
2

( )s p origE − is determined by the relative time-integrated strength of the horizontal (s) 
and the vertical (p) field components of the propagating evanescent wave. For the vertical 
polarization case, i.e., p-polarization case, 2cos φ  term should be multiplied to Eq. (15) to 
compare with experimentally measured one because of that an oscillating dipole cannot 
radiate light in its oscillation direction. In a detailed explanation, the electric field at a 
detection position r  radiated by a dipole moment p  located at origin is described as 
follows (Jackson, 1998);  
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where k is the wave-vector and r is the distance from the dipole to the detector. With 

( )0,0, zp p=  and the detection position vector ( )ˆ 0, cos ,sind φ φ= − , the radiated electric field 
in far-field region with consideration of the surface reflection is given by substituting Eq. 
(16) into Eq. (15). 
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Note that the vertical polarizer direction in Fig. 12(a) is differ from the z-axis in the 
laboratory frame but parallel to det ectorE  giving the measured intensity of the vertical 
component proportional to 2cos φ instead of 4cos φ .  
The relative intensities of the horizontal and the vertical field compoentns as a fuction of the 
detection angle are shown in Fig. 12(c-d). Simple analytical calculation well predicts the 
experiemtal result. 

 
Fig. 13. Polarization direction dependence of the image dipole effects at the vicinity of metal 
surfaces. 
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Image dipole effects are more dramatic in metallic surface.  Image dipole effects are highly 
dependent on the polarization direction, constructive (destructive) interference between real 
and image dipoles for the vertically (horizontally) aligned one in the vicinity of metal 
surfaces, respectively. 
We use a propagating surface plasmon polaritons (SPP) as an excitation source. The well-
characterized field profile of SPP and sufficiently reduced background noise by virtue of the 
evanescent nature of SPP make it possible to carry out quantitative studies of the image 
dipole effects on metallic surfaces. Fig. 14 shows our experimental schematics. A 
propagating SPP is generated at the slit position by impinging a beam of cw-mode Ti-
Sapphire laser (wavelength λ0=780 nm) at the back side of the sample. The incident 
polarization is adjusted perpendicular to the silt direction for the coupling of the incident 
light to the SPP. The thickness of the gold film and the slit width are chosen as 80 nm and 
400 nm, respectively, to maximize the SPP coupling efficiency from the incident light (Kihm 
et al., 2008). A lens (focal length of 5 cm) focuses the excitation beam at the slit position to 
eliminate the position dependent interference between the directly transmitted light through 
the thin metal film and the propagating SPP at the tip position. The tip is fixed at one 
selected x-position at about 50 μm away from the slit exit to diminish unwanted 
backgrounds resulting from the deflected light at the tip shaft when the propagating light 
transmitted at the slit position touches the tip surface (Lee et al., 2007b). 
 

 
 

Fig. 14. Schematic diagram of the experimental setup. Tip is placed above a flat gold surface 
about 50 μm away from the slit position. A 780 nm cw Ti-Sapphire laser beam is incident 
from the bottom side of the sample to generate SPPs propagating in ± x-direction on air-gold 
interface. This propagating SPP is scattered by the GNP functionalized tip and a linear 
analyzer is placed in front of the detector for the axis resolved detection. The tip-sample 
distance (h) is varied from near- to far-field region, and the detection angle (φ) between the 
sample surface and the detector position vector is also changed.  

The electric field of the propagating SPP on a flat gold surface can be described as follows 
(Reather, 1988); 

 , , 0( ) ( ,0, ) cos( ),0, sin( ) zSPP
SPP SPP x SPP z SPP SPP
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where E0 is a constant amplitude, 
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constant of GNP, εAu ≈-22.5+1.4i of bulk gold at the wavelength λ0=780 nm is used (Reather, 
1988). The time integrated intensity ratio of the horizontal and the vertical field components 
of propagating SPP is determined by the dielectric constant of gold. 
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This propagating SPP induces the dipole moment at the GNP attached to the apex of an 
etched glass fiber. The scattered light intensity is measured while varying the tip-sample 
distance h and the detection angle φ between the sample surface and the detector position 
vector ( )ˆ 0, cos ,sind φ φ= − . A long working objective lens (Mitutoyo M Plan Apo 10×) 
collects the scattered light and delivers it to an APD. A linear polarizer placed before the 
detector resolves the polarization direction of the scattered light.  
Figure 15(a) shows the plot of the signal intensities versus the tip-sample distance (h) 
obtained with the detection polarizer oriented along the horizontal (black open circles) and 
vertical (red open circles) directions to the sample surface. The elliptical scattering shape of 
the GNP is taken into account by dividing the horizontal signal intensity with (1.34)2. Here, 
the detection angle (φ) is 33°.  
The signal intensity of the horizontal (s) and the vertical (p) dipoles in the SDM is given by 

Eq. (15). In this case, 
2

( )s p origE − is originally determined by the relative time-integrated 

strength of the horizontal (s) and the vertical (p) field components of the propagating SPP as 
in Eq. (19). In addition to that, it is also considered the radiating property modifications of 

the GNP itself (
2

( )s p origE − ), caused by the reflected fields directly back to the GNP ((ii) in Fig. 

12(b)). The radiated field from the real dipole (upper sphere in the Fig. 12(b)) influences the 
image dipole (below), and the resultant altered field of the image dipole modifies the real 
dipole again. This mutually repeating effect on the αeff can be calculated in a self-consistent 
manner. In previous studies (Knoll & Keilmann, 2000; Raschke & Lieanu, 2003), the αeff is 
calculated in the quasi-electrostatic limit assuming a small distance from the particle (or the 
tip apex of a metal tip) to the interface. The tip apex was considered as a point-like 
scattering center. In this study, in calculating αeff, all terms of Eq. (16) are included for the 
case of a wider separation between the tip and the sample surface. Using the SDM and αeff 
derived from it, we fail to reproduce the experimentally measured signals (dashed lines in 
Fig. 15(a)). The relative signal intensities of the vertical and the horizontal components are 
different in calculation and experiment. In addition, the lifted valley of the vertical 
polarization signal appeared in experiment at h~300 nm of the tip-sample distance cannot be 
recovered because the magnitude of the reflection coefficient ( )s pR  is close to unity for all 

polarization directions and detection angles at the gold-air interface (see Eq. 15). 
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In order to understand the origin of the observed deviation, we applied the coupled dipole 
method (CDM) (Martin et al., 1995; Novotny & Hecht, 2006) where the GNP of radius 50 nm 
is divided into approximately 500 identical sub-volumes, which act as point dipoles. In this 
calculation, all mutual interactions between sub-volumes including the reflected field from 
the sample surface are considered. In Fig. 15(a), the theoretical calculations with CDM (solid 
lines) are compared to the experimental data (open circles) for two orthogonal detection 
polarizer angle directions. The theory and the experiment are in excellent agreements to 
each other. Furthermore, the lifted non-zero value of the minimum at h~300 nm is clearly 
recovered by the theory.  
The oscillation period 0

2sin
λ
φ

 is determined by the condition of φdiff = k0 · d = 2π (Fig. 12(b)). In 

Fig. 15(b), the calculated values of oscillation period are plotted in solid line and 
experimentally measured values for three different detection angles are marked with open 
circles. For larger detection angles of φ=21° and 33° the values from the calculations and the 
experiments agree well to each other, but for φ=8.5° there is a relatively large discrepancy 
between them. This difference seems to result from the gradually confined numerical 
aperture (NA) of the collection objective. The used objective lens of NA=0.28 has the 
collection solid angle ϕs =16.3° (inset in Fig. 15(b)), which means that for a smaller detection 
angle φ<ϕs, the lower part of the lens does not collect the signal, implying the bigger value of 
effective collection angle.  
 

 
Fig. 15. (a) Experimentally measured tip-sample distance dependent signal intensity with 
the detection analyzer direction vertical (red) and horizontal (black) to the sample surface. 
Signal intensities calculated by applying SDM (dashed lines) and CDM in Green-function 
formalism (solid lines) are shown together with the experimental results (open circles). 
Here, φ=33°. (b) Oscillation periods from the calculation (solid line) and the experiment 
(open circles).  Inset: the solid angle of the objective, ϕs=16.3°. From (Lee et al., 2008). © 2008 
Optical Society of America. 

In conclusions, we experimentally demonstrate how the image dipole modifies the far-field 
detected signal depending on its polarization direction to the dielectric and the metal 
surfaces. By using propagating evanescent optical wave and SPP as excitation sources, well 
characterized local dipoles are generated at the GNP. Contributions of dipoles aligned 
vertically and horizontally to the surface are completely separated from each other for a 
systematic analysis of the polarization dependent image dipole effects on the signal. 
Measured signals are fully explained by the Fabry-Perot like interference between the 
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radiations from the GNP and from the image dipole induced at the flat gold surface, and by 
the finite size effects of the GNP.  
We note that, in this study, flat surfaces to reflect the signal from the GNP are considered 
allowing a simple analysis of the detected signal. But, in real situations the sample may have 
a complex geometry and a more delicate treatment is required. To remove the complicate 
effects of the reflected light at the sample surface on the far-field detected signal, a confocal-
like spatial masking technique can be applied to cut out lights radiated other than from the 
GNP, when the distance of the GNP from the sample surface is bigger than the diffraction 
limit of the collection lens. Within a shorter distance range, one should carefully consider 
the reflections at the sample surface to correctly account for the radiation from the GNP.   

4. Problems and outlook 
The scattered light by GNP has same frequency of the local electric field, therefore to 
correctly designate the polarization vector of the source field it is crucial to detect only the 
light scattered from GNP excluding any other background light. In our works, the source 
fields, the standing waves and outgoing waves from a slit structure, with a symmetry to the 
detection position, do not send light by themselves to the detector. However, due to the 
imperfection of the sample structure and the rough sample surface may generate 
background lights. And also the glass tip shaft scatters light into the detector. To study the 
background light effects on the determined polarization vector direction, we changed the 
amount of the background light to the detector and measured the changes of the local 
polarization vector direction. The experimental setup is same as depicted in Fig. 14. The tip 
was positioned at one position 50 μm away from the slit and the distance of the GNP from 
the sample surface was kept by few nm using a shear force feedback system. A spatial filter 
was placed in the image plane of the collection objective to cut out the background light 
other than from the GNP. The opening size of the spatial mask was increased allowing more 
background light to be detected. From the result in Fig. 15, in the vicinity of a flat gold 
surface, the polarization state of the scattered light from GNP is highly elliptical with the 
major axis of the ellipse standing vertically to the surface, along z-axis. With more 
background light, with wider opening the spatial mask, the major axis of the polarization 
ellipse deviates more from the vertical direction. The problem is that it is hardly possible to 
collect light only from the GNP for an arbitrary structured sample.         
One possible way to make this local polarization vector detection method be applicable to 
an arbitrary situation including the self radiating samples is using the Stokes shifted light 
from nano-objects other than the GNP such as quantum dots and single molecules. For 
example, the absorption dipole moment of single molecules can be used to detemine the 
molecular orientation with carefully tailoring the excitation electric field (Betzig & 
Chichester, 1993). There are remaining questions how to implement such an object to a tip in 
a controllable way of the position and the orientation. Loosing the coherence in the Stokes 
shifted light is another disadvantage in determining the temporal phase. Searching and 
designing of new types probes to extend the functionality of the polarization vector 
microscope are currently underway.  
Even though the scattering from the glass tip shaft can be much less than from the GNP due 
to the dielectric constant, nevertheless it should not be ignored since the whole volume of 
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the tip shaft is much bigger than of the GNP. By making the tip shaft thinner, scattering 
from it can be reduced down. But making the tip shaft too much thin may prevent a good 
performance of the feedback system in controlling the tip position in the near-field region. 
In addition, it is needed to study the energy transfer between the tapered glass tip and the 
metallic structures attached to the end of it, depending on the material and on the structural 
shape. 
 

 
Fig. 16. Background light effect on the measured vector orientation. (a) Polar plot of the 
measured intensity. A gold nano-particle functionalized tip was located on a flat-metal 
region on the left-hand side of the slit about 50μm away from the slit position, where the 
vector field theoretically points towards the z-direction. When the iris opening of the spatial 
filter setup corresponds to a collection diameter of 8 microns, the experimental vector 
deviates from the z axis by minus 13.5 degrees. Closing the iris reduces this discrepancy to 
minus 7 degrees as shown in Figs. (a) and (c). (b) Moving the tip to the right-hand side of the 
slit and repeating the same experiments essentially gives the same results (Figs. (b) and (d)). 
From (Lee et al., 2007b). © 2007 Nature Publishing Group. 

5. Conclusion 
In this chapter, we demonstrate the local field polarization vector detection on nanoscale 
using the GNP attached tips as the local polarizer. This was enabled by means of a novel, 
scattering-type near-field microscopic technique combined with complete tip-
characterization. For a suitably small GNP with the diameter less than 100 nm, the far-field 
scattering is dominated by the electric dipole radiation. Dipole radiation conserve its 
polarization state into the far-field region enabling characterization of the dipole moment 
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induced at the GNP by measuring the far-field polarization state. And the dipole moment is 
determined by the local electric field via polarizability tensor of GNP. Therefore, by 
characterizing the polarizability tensor of GNP and the polarization state of far-field 
scattered light, the local electric field vector can be reconstructed. The polarizability tensor 
of the GNP is measured by two different scattering measurements-RPAE and RAE. And the 
polarization of the far-field scattered light is determined by applying RAE and Stokes 
measurements. By carefully considering the scattering shape of the GNP, the polarizability 
tensor, it is shown that the finally determined local polarization vectors are independent of 
the tip which confirms the reliability of our method. A full 3-dimensional polarization field 
mapping is demonstrated by detecting a focused radial polarization.  
These results provide unprecedented images of light in nano-scale and demonstrate that the 
local field polarizatin vector mapping of light is indeed possible for nano-systems where 
spatially rapidly changing field orientations on a sub-wavelength scale are the rule rather 
than the exception and crucial for the functionality of novel nanophotonic devices. This 
method carry the potential for making the vector field mapping for nano-scale devices a 
common laboratory practice, instead of a conceptual one encountered only in theoretical 
realm, that can find wide applications in physics, engineering, chemistry and biology. 
We also applied this method in studying the intricate surface effects when the scattering 
measruements are perfomed in the near-field. Supplementally, we discussed the limitations 
in our system and the possible ways to reconcile them to further improve the functionality 
of the system.  
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1. Introduction      
Nanophotonics is wide field covering many interesting applications branching from cutting 
edge science including plasmonics, metamaterials, cavity quantum electrodynamics in high-
Q cavities all the way to applied sciences like silicon nanophotonics for on chip optical 
interconnections and single frequency semiconductor light sources. Most of the practical 
device demonstrations in these fields utilize nanopatterned surfaces. Applications require 
patterning of nanoscopic gratings, photonic crystals, waveguides and metal structures.  
There are many wonderful demonstrations of nanotechnology-based lasers and other 
photonic components. However, difficult questions related to fabrication need to be 
addressed before these components enter any market. Demonstrations in the scientific 
literature have relied heavily on the use of direct writing lithography methods, such as 
electron beam lithography or focused ion beam lithography. These methods, although 
excellent for scientific studies, cannot be scaled up to allow cost effective production of 
nanophotonics. Lithography solutions developed for integrated circuits can produce 
extremely narrow linewidths and deliver high precision but are difficult to transfer to 
photonics fabrication. There exist many alternative lithography methods, but their scale-up 
to cost effective volume production is challenging.  
Since the introduction of nanoimprint lithography (NIL) in 1995 (Chou et al. 1995), there has 
been widespread interest in the development of NIL for various applications. As early as in 
2003 NIL had gained substantial support and was chosen as one of MIT's Technology 
Review’s “10 Emerging Technologies That Will Change the World” (Technology Review 
2003). The selection was justified by the fact that NIL can bridge the gap between lab level 
nanotechnology research and production level manufacturing requirements.  
In this chapter, we briefly review the state-of-the-art lithography methods and introduce 
nanoimprint lithography (NIL), a very cost effective lithography method for nanophotonics 
applications. In section two we will introduce soft UV-NIL, an imprint method using soft 
and flexible stamps, as a method for patterning compound semiconductor optoelectronics. 
Finally, in section three, we highlight some NIL activities based on soft-UV-NIL.  

1.1 Optical lithography 
The era of microlithography started to develop in the 1970s, and was driven mainly by the 
development of integrated circuits (ICs). This industry created a need for high volume, 



 Recent Optical and Photonic Technologies 

 

276 

perfect replication of ever smaller patterns on a substrate, at minimal costs. The main 
method to achieve this was, and still is, optical lithography. This branch of lithography 
utilizes templates, also known as photomasks, having transparent and opaque areas. Light 
is shone through the photomask on a substrate coated with a photosensitive thin film called 
photoresist. Photoresist areas that are exposed will transform to either soluble (positive 
photoresist) or nonsoluble (negative photoresist), depending on the chemistry of the 
photoresist. Light replicates patterns from photomask to the photosensitive film and further 
steps are taken to transfer the copied patterns to the substrate. In the early 1970s the 
required dimensions for the ICs were from 2 µm to 5 µm. Replication of these patterns was 
simply achieved by using mercury arc based UV-light and by bringing photomask and 
substrate in close proximity or into contact during the exposure. Systems based on this 
operating principle are still used today in  microfabrication due their simplicity, relatively 
low cost, high throughput and good process quality. These systems, called UV-contact mask 
aligners, reach resolutions from a few micrometers to sub half micron level, depending on 
the exposure wavelength and the contact method. With fully automated systems the 
throughput can exceed 100 wafers per hour (wph) and reach an overlay accuracy of 0.25 µm 
(Suss 2009).  
However, an ever increasing demand for lower linewidth has demanded more complex 
exposure systems. Nowadays the state-of-the-art systems in IC production reach 32 nm 
linewidths by using deep-UV ArF-light sources operating at 193 nm wavelength and 
expousing patterns using immersion scanners, phase shift masks and double exposure 
schemes. Exposure is based on an image reduction technique that projects the photomask 
onto the substrate and simultaneously reduces the size of the patterns many times. This 
allows the photomasks to be fabricated with looser tolerances than the final pattern. These 
systems are also very productive and able to pattern more than one hundred and fifty 300 
mm wafers per hour and to reach better than 2.5 nm alignment between subsequent 
patterning steps (ASML 2009).  
These exposure systems, reaching 45 nm or even 32 nm linewidths, cost tens of millions of 
euros, making acquisition and amortization of the instrument impossible unless very high 
volumes can be produced. For these reasons such instruments can only be owned by large 
IC-manufacturers. As the cost of optical lithography grows rapidly as linewidths get 
smaller, research and utilization of alternative techniques is tempting. Although the driving 
force in the development of lithography has been electronics, there are many other 
applications that benefit from effective nanofabrication methods.  
The most interesting alternative lithography methods for repetitive nanofabrication, selected 
by the author, are interference and near field holographic lithography (Chapter 1.2), electron 
beam lithography utilizing one or multiple beams (Chapter 1.3), and nanoimprint 
lithography (Chapter 1.4).  

1.2 Interference lithography 
Interference lithography utilizes interference of two or several coherent beams that form an 
interference pattern on the substrate. Using photoresists similar to those used in optical 
lithography, this interference pattern can be transferred to the photoresist and subsequently 
to the other layers on the substrate. Near field holographic lithography is very similar to 
interference lithography. It uses a phase mask near the substrate to divide one beam into 
two diffracted beams propagating at different angles. These two beams interfere and 
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generate diffraction patterns. Both methods can produce patterns cost effectively over large 
areas, but only allow exposure of periodical patterns whose pitch is limited by the exposure 
wavelength. However, state-of-the-art exposure tools produce good resolution. With a high 
index immersion fluid system a 32 nm half-pitch has been demonstrated using an exposure 
wavelength of 193 nm (French et al., 2005) and 12.5 nm half-pitch using an extreme 
ultraviolet light source emitting at 14.5 nm (Solak et al., 2007).   

1.3 Electron beam lithography 
Electron beam lithography (EBL) is traditionally based on a single beam of electrons focused 
on a small spot with a Gaussian shape, or on a beam of electrons that is cut down to the 
correct size and shape with an aperture. This beam is displaced with a magnetic field that is 
controlled with a computer. The beam exposes the electron beam sensitive material coated 
on the substrate in a similar fashion as photoresist is exposed in optical lithography. EBL 
allows replication of geometrical data structures from computer memory to the substrate. 
Therefore it is used to generate templates for other lithography techniques.  
As the wavelength of the electron is very small, even a basic EBL system offers high 
resolution. At the same time, writing of large areas is very time consuming if the density of 
the patterns is high, the linewidth is narrow or the pattern geometry challenging. 
Registration of the patterns in EBL is not necessary nearly as good as the resolution of the 
system, because the substrate has to be moved over large distances during the exposure. 
This requires a fast and extremely accurate mechanical stage. High-end systems having a 10 
nm registration accuracy and reasonable write speed can cost millions of euros. Even in 
high-end systems writing of a single wafer can take a very long time, and as a consequence 
exposure cost per wafer is substantial.  
Electron beam lithography systems based on the use of multiple beams are being developed 
at present to tackle the throughput problem. These kinds of systems currently target 
prototyping or small volume manufacturing of IC circuitry, and first demo systems are 
being sold to customers. In 2008, for example, Mapper Lithography delivered the first 
systems having 13,000 beams to CEA-Leti and the Taiwan Semiconductor Manufacturing 
Company to be explored in 22 nm manufactures (Mapper 2009, Wieland et al. 2009). The 
KLA-Tencor Corporation and the Defense Advanced Research Projects Agency (DARPA) 
have launched a cost-shared program to develop high throughput EBL systems containing a 
million beams. The system is targeted to production of an astonishing five to seven densely 
patterned 300 mm wafers and up to forty sparsely patterned wafers per hour. The system is 
intended for the 45 nm node with extendibility to the 32 nm node and beyond (Petric et al. 
2009). Although these systems produce unprecedented direct writing throughput it is 
expected that it will take a long time before these systems migrate into mainstream 
lithography due to the development status, complexity and cost of the instruments.   

1.4 Nanoimprint lithography 
Nanoimprint lithography (NIL) was introduced at 1995 by Stephen Chou (Chou et al. 1995). 
He demonstrated results from an experiment where a lab press was used to press together a 
patterned stamp, made from a SiO2 coated Si-wafer, with a silicon substrate coated with a 
thermoplastic polymer (PMMA). Pillars having 25 nm diameters were successfully 
transferred from the template to the substrate. The process flow from the early paper is 
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illustrated in figure 1. One can argue that Chou’s method does not differ much from earlier 
imprint methods, i.e. those that were used to make compact disks, but the combination of a 
nanoscopic lateral scale and a thin residual layer allowing subsequent pattern transfer to the 
underlying layers differentiates Chou’s work from others and defines NIL. 
The NIL process is a mechanical replication process where surface reliefs from the template 
are embossed into a thin layer on the substrate. In principle, there are two versions of NIL. 
One is based on thermal embossing of thermoplastic polymers and the second is based on 
UV-curable polymers. Some special imprint chemistries require both temperature and UV-
light (Schuster et al. 2009), but they are not very common. The NIL process and imprint 
instrument are conceptually very simple, but allow extremely good resolution and a 
relatively fast replication process. Compared to optical lithography it does not require 
extreme ultraviolet light sources and special optics, which increase the cost dramatically. In 
principle, NIL does not have any limitations in pattern geometry, therefore NIL can copy 
any patterns produced with EBL or by other techniques. 
Thermal-NIL, as illustrated in figure 1, was the original version of NIL. It is based on the use 
of a thermoplastic polymer spin coated on the substrate. The thermoplastic polymer is 
heated above the glass transition point of the polymer, and the heated template is brought 
into contact with the polymer. Once the polymer has filled all the cavities of the template, 
the substrate and the template are cooled down and the template is separated from the 
substrate. A negative replica of the template is created on the polymer. In order to use 
imprinted polymer for pattern transfer to other layers on the substrate, polymer left on the 
indented areas has to be removed. This residual layer (see figure 1) originates from the fact 
that the flow of the polymers is not free of resistance.  
 

 
Fig. 1. Thermal NIL-process. Tg is the glass transition temperature of the thermoplastic 
polymer  

Stefan’s equation (Bird et al. 1977), describing the force needed to press two circular discs  
separated by a Newtonian fluid closer to each other, suggests that the imprint force is 
inversely proportional to the third power of the residual layer thickness. The equation states: 
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In this equation F is the applied force, R is the disc radius, 2h0 is the separation between the 
discs, and η0 is the viscosity of the fluid.  This model implies that the displacement of fluid 
over large distances via thin channels requires a large force, or a small displacement rate. In 
particular, as the residual layer becomes very thin, the resistance grows rapidly, and it is no 
longer possible to displace all material within a finite time 
NIL-process using UV-curable polymers is called UV-NIL. In this process, a layer of UV-
curable fluid is spin coated on the substrate, the transparent template is brought into contact 
with the fluid, and cured using UV-light. The UV-curable layer must be exposed and cured 
through the template unless the substrate itself allows transmission of UV-Light. The UV-
NIL process has some inherent advantages over Thermal NIL: 
i. UV-NIL is a room temperature process, therefore time consuming heating and cooling 

cycles can be omitted.  
ii. Room temperature processes eliminate the registration problems originating from the 

different coefficients of thermal expansion (CTE) of the substrate and the template.   
iii. Typically fluids having very low viscosity (2 mPa·s to 50 mPa·s) can be used. UV-NIL 

therefore requires lower imprint pressures and shorter imprint cycles. 
In addition to classifying NIL-processes by their curing properties, NIL-processes can also 
be classified by their strategy to cover large areas. In principle NIL can be applied on a 
whole substrate by using a template that is as large as the substrate. However, one small 
stamp can be used repetitively to cover large areas. These approaches are called “full field 
NIL” and “step and repeat NIL”. Both of the methods have their advantages and 
disadvantages, as summarized in table 1.   
In the case of UV-NIL, different processes can also be differentiated by the dispensing 
mechanism of the UV-curable polymer. The polymer can be dispensed as a uniform thin 
layer on the substrate by spin coating, or alternatively it can be dispensed as droplets1 on 
pre-defined locations on the substrate by ink-jet or other means. Both methods have their 
advantages. Spin coating does not require any special equipment, and can deposit highly 
uniform layers with minimal investment. Droplet dispensing allows polymer to be 
delivered directly to the location where it is needed by adjustment of the droplet density, as 
illustrated in figure 2. Therefore the polymer does not need to flow over large distances, and 
throughput is improved in some cases. Droplet dispensing also helps when imprinting 
layers incorporating/containing local variations of nanopattern density, and consumes 
significantly less material than spincoating2. Droplets of strongly hydrophobic materials can 
be deposited on the substrate, whereas spin coating of these materials is challenging. 
Although this dispensing method is in many ways advantageous, it requires special 
instrumentation capable of first delivering potentially vast numbers of droplets with 
accurate volumes (from pico-litres to micro-litres depending on the droplet density) to the 
correct positions on the substrate, and then aligning the template correctly to the droplet 
pattern. 

                                                 
1 Droplet dispensing is also known as step and flash imprint lithography (S-FIL) or jet and 
flash imprint lithography (J-FIL). 
2 A uniform 100 nm layer requires just 10 nl / cm2 of polymer.  
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 Full field NIL Step and Repeat NIL 
Instrument complexity and 

cost Very low to medium (1 Medium to very high 

Throughput Higher, since larger area is 
imprinted 

Lower, since large area has to 
stitched from small areas 

Cost of the Template Very high. Depends on 
substrate size. 

Medium. Depends on imprint 
field size. 

Die size Not limited Limited by individual imprint 
field. 

Within field pattern 
registration Lower, due to larger area Higher, due to smaller area 

Over the substrate pattern 
registration High, template dependent Low to very high depending 

on instrument quality. 

Overlay accuracy Lower, limited by the pattern 
registration over large field 

Higher since pattern must be 
aligned over smaller field 

Requirement for planarity of 
the template and the 

substrate 
Higher Lower 

Alignment accuracy Medium Medium to very high in 
advanced systems 

Table 1. Comparison between Full field NIL and Step and Repeat NIL. (1 Instruments 
reaching extremely high throughput are also very expensive.  
 

 
Fig. 2. Sequence for droplet dispense NIL. 1st Deposition of the UV-curable polymer using 
ink-jet or similar instrumentation. The density of the droplets can be chosen based on the 
template pattern volume. 2nd Imprint and UV-cure. 3rd Separation of the template.    
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1.41 State of the art in the NIL 
The first published NIL paper  already demonstrated a 25 nm pattern diameter and pattern 
transfer using the lift off technique (Chou et al. 1995). Later, a 10 nm pattern diameter was 
demonstrated by improving the resolution of the template (Chou et al. 1997). Both these 
records were based on the use of EBL-written templates that limited the resolution. The 
same group demonstrated a 6 nm linewidth using a template made from an epitaxially-
grown GaAs/AlGaAs superlattice (Austin et al. 2005). However, as early as 2004 Hua had 
demonstrated linewidths as low as 2 nm using a carbon nanotube-based template (Hua et al. 
2004). This demonstration can be considered a resolution record for imprint lithography. 
However, the patterns were not transferred to the underlying substrate.    
The best reported throughput values for NIL systems are reported by Molecular Imprints 
Inc. For full field systems they have demonstrated throughputs as high as 180 wafers per 
hour using their HD2200 system designed for hard disk pilot production (Brooks et al. 
2009). A state-of-the-art step and repeat system from Molecular Imprints Imprio 300 has 
demonstrated a throughput of 4 wafers per hour for 300 mm wafers using an imprint field 
of 26 mm × 32 mm. Although the current throughput record for the step-and-repeat system 
is rather modest compared to optical lithography systems, the company believes that the 
throughput can be further improved by clustering these low cost imprint heads together, 
and by improving their process further. In this way it would be possible to realise a high 
throughput at lower cost than competing optical lithography systems (Sreenivasan et al. 
2009).  
The alignment accuracy record for NIL is also set by the Molecular Imprints Imprio 300 
system. The system has demonstrated a 3σ alignment accuracy of 16 nm using thick glass 
templates that have Moiré-alignment marks. The instrument can deform templates in situ by 
some nanometers in order to fine-adjust the overlay of the template to the substrate. They 
also utilize a feed-forward strategy that allows correction of the overlay based on the 
measurements of the previous overlays (Sreenivasan et al. 2009). 

2. Nanoimprint lithography with soft stamp 
Soft stamp UV-NIL is one of the most interesting nanoimprint methods, due its outstanding 
cost effectiveness. As the name implies this method utilises soft and sometimes flexible 
working stamps, replicated from the template. The softness of the stamp makes the imprint 
process more robust and economical. When the stamp is soft it can deform locally, for 
example, when a particle is trapped between the stamp and the target wafer. This improves 
the yield of the process, since with a soft stamp a small particle destroys only a small part of 
the wafer. Stamp softness also allows imprinting of a large area in a single step, while 
maintaining a uniform residual layer. High uniformity is possible because a soft and flexible 
stamp conforms to the overall nonflatness of the substrate. On the other hand, hard stamps 
can be typically used to imprint a maximum of one square inch area, in a single step. All the 
waviness of the substrate, within the imprint area, adds to the nonuniformity of the residual 
layer. This is important to realise, since it is not always possible to use sufficiently flat 
substrates. In particular, when the linewidth is narrow, the patterns height is small, and the 
residual layer must be highly uniform. The problem associated with hard stamps is 
illustrated in figure 3.  
One of the best features of soft UV-NIL is that it can be applied with modern UV-mask 
aligners using special tooling. The mask aligner is, in any case, the work horse of 
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microlithography processing, since it is often the best tool for patterning microscopic 
features. The increased cost of the mask aligner due to NIL-tooling is insignificant compared 
to any other feasible nanolithography solution. A manual mask aligner, equipped with NIL 
tooling, can produce from ten to twenty wafers per hour, and automated systems can reach 
even better throughputs. At the moment NIL tooling is available for EV Group, Suss 
Microtech and OAI-mask aligners. These tools typically allow submicron alignment 
accuracy and can be operated in manual, semi-automatic or fully automatic modes.  
 

 
Fig. 3. Comparison between soft and hard stamp technology. On the left: Process flow for a 
hard stamp. It shows how nonuniformity of the wafer is transferred directly to the residual 
layer, since both stamp and substrate are rigid. On the right: Process flow for a soft stamp 
which can conform to the waviness of the wafer, thus improving uniformity of the residual 
layer.  

2.1 Fabrication of large area templates 
Based on experience, the most severe limitation for the potential of NIL, especially for NIL 
using full wafer sized stamps, is the cost of the mastering. When patterns are narrow and 
dense the exposure rate of any direct write system is slow. Therefore templates can be very 
expensive or non-feasible to fabricate. At the moment, the only generic method to 
circumvent this problem, and to make large area stamps, is the use of step and repeat 
lithography, since it allows replication of the small die to large areas. The benefit of optical 
lithography is that it uses reduction lenses that scale down the dimensions of the 
photomask. For this reason the, original template, the photomask, can be fabricated with 
looser tolerances for particle size, linewidth and registration of the patterns, than the final 
large area NIL template. On the other hand, step and repeat NIL allows narrower linewidths 
than optical lithography and NIL-steppers are more accessible than state-of-the-art optical 
lithography tools. Both lithography options are available from commercial vendors for 
fabrication of the large area templates.     
We have studied use of NIL-templates fabricated from quartz (QZ) mask blanks, Si-wafers, 
silicon-on-insulator (SOI) wafers and Si-wafers with or without PECVD (plasma enhanced 
chemical vapor deposition) -deposited SiO2-top layers. All material systems have a common 
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SiO2 surface chemistry (thin surface oxide or bulk oxide) and for this reason they have 
similar adhesion properties. The main considerations for template fabrication are: etch 
depth uniformity, surface quality and flatness, etch profile and templates ruggedness.  In 
many applications the quality of the EBL-tool and the processing have to be excellent in 
order to overcome all restrictions imposed by device physics. 
When the linewidth of the patterns or the density of the patterns change over the template, 
etch depth uniformity issues may arise. These phenomena are referred to as reactive ion 
etching-lag and aspect ratio dependant etching. Dense and narrow features tend to etch 
more slowley than isolated and wide features. Both of the material systems, SiO2 coated Si 
wafers and SOI-wafers, allow improved control of the etch depth by utilizing etch rate 
difference between Si and SiO2. PECVD allows easy control of the etch depth but has higher 
surface roughness compared to SOI-wafers, which have to be bought from the wafer 
manufacturer with correct silicon layer thickness.  On the other hand, SOI-wafers are almost 
atomically smooth, thus providing the best platform for large area template fabrication in 
terms of quality. The main inspection method for template cleanliness and quality is the 
scanning electron microscopy. Electrically conducting silicon templates are therefore 
preferred. However, QZ-template offers lowest CTE from these materials thus providing 
most stable pattern registration accuracy.       
Pattern depth and sidewall profiles influence the adhesion between the template and the 
imprint resist. Obviously, shallow and smooth structures require less force since their 
surface areas are smaller. A positive etch profile has a lower adhesion force to NIL resist 
than a 90° profile, but it is easier to maintain a correct linewidth using a template having a 
90° sidewall profile. Negative etch profiles have high adhesion forces and usually can’t be 
replicated, although such profiles would be ideal for lift-off processing. However, 
replication of a slanted grating with opposite directions has been demonstrated, showing 
that even negative profiles can be replicated using certain material systems (Levola & 
Laakkonen, 2007).  

2.2 Anti-adhesion treatment  
Nearly all surfaces used in the template require a coating that makes it easier to separate 
template and the imprinted resist. There are maybe three factors that need to be evaluated 
when applying the anti adhesion layer. Obviously factor one is how it improves the 
demolding properties. Often this is evaluated simply by measuring the contact angel of 
wafer that is proportional to surface energy the surface. Surface having high contact angle 
and therefore being hydrophobic are believed to be ideal for NIL. However more correct 
way is to evaluate the force needed to separate template from the resist. Contact angle and 
fracture strength don’t necessary correlate well since hydrophobic surface are not necessary 
chemically inert (Houle et al. 2007).  Secondly coatings must be evaluated by their wear 
properties i.e. how many replicas you may make from the template before replacing the 
anti-adhesion coating. Finally, one has to evaluate how much coating distorts the 
dimensions of the patterns.  

2.3 Soft stamps 
Since the template is often very expensive it is common practice to fabricate a working 
stamp from the template. The replicated stamp can be used to make several imprints, 
therefore minimizing the risk of damage to the template. Stamps may also have different 
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physical properties than the template. For example, an SOI-wafer is in many ways an ideal 
substrate for the template, as described earlier. However, it is nontransparent, and therefore 
unsuitable for UV-NIL applications. The replicated stamp might have also advantageous 
mechanical properties such as a soft surface and flexibility. The softness of the stamp may be 
tuned by the material selection (Schmid & Michel 2000) and by the geometry of the stamp, 
as illustrated by us in reference (Viheriälä et al, 2009). Finally, a working stamp might have 
advantageous chemical properties. For example, stamps made from polydimethylsiloxane 
(PDMS) have very hydrophobic surfaces and do therefore not require anti-adhesion 
treatment. Additionally, PDMS can absorb small amounts of solvent, which allows 
improved wetting of the stamp surface.   
Perhaps the simplest of the soft stamps is a thick PDMS slab, typically made from the 
commercially available PDMS brand Sylgard 184, also known as soft-PDMS or s-PDMS 
(Dow Corning Inc., USA). The stamp is cast in a chamber formed between the template and 
an anti-adhesion treated glass (see stamp in figure 4a). The stamp can be used to replicate 
nanopatterns, but it does not offer high accuracy since PDMS has a high CTE, and the stamp 
does not have any supporting structure which would prevent the soft material from 
deforming laterally. More advanced geometries of the soft stamp are presented in figures 4b 
and 4c. In figure 4b the s-PDMS slab is bonded to glass. This improves the accuracy of the 
stamp, since different glasses have significantly lower CTEs (from 0.5 to 8 ppm/°C) and 
higher modulus than soft materials. For these reasons glass reduces lateral deformation 
caused by thermal expansion mismatch between stamp and a substrate or by other factors 
during imprint. Figure 4c improves the stamp concept of 4b since the nanopatterned layer of 
the stamp is composed of a different material than the soft compliant layer. The composite 
structure has the advantage that the pattern layer can now be made from harder material.  
The stamp in figure 4d improves this concept further by introducing a thin layer of glass 
between the hard polymer material and the layer of s-PDMS. In this geometry, the thickness 
of the patterned polymer can be tuned nearly at will, and is backed by a thin glass plate (for 
example 50 µm thick). Since a glass layer is bonded close to the nanostructures, effectively 
anchoring the patterns, lateral deformation of the pattern is minimized. With this kind of 
stamp concept we have demonstrated registration reproducibility better than 8 ppm (80 
nm/cm) from imprint-to-imprint over 3” substrate and showed that local lateral 
deformations are nearly non-existent (Viheriälä et. al., 2009b). We expect that three factors 
limited accuracy to this level; the most significant effect was the temperature variance of the 
clean room, which caused thermal expansion problems since glass and the substrate have 
different CTEs. Secondary error sources are in the overlay measurement accuracy based on 
use of an optical microscope, and variation in the imprint pressure. The backing glass in 
figure 4d is optional. When backing glass is used it eases stamp handling with some NIL-
tools, but without the backing glass the stamp is fully flexible and can be easily peeled from 
the substrate after the imprint. 
 

 
Fig. 4. Different stamp schemes.  
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Table 2 summarizes the main materials used in soft stamps. It should be noted that the 
mechanical properties of the materials may be altered to some degree by their processing 
conditions and mixing ratios. 
Our group has used silicones Sylgard 184 (also known as s-PDMS, Dow Corning Inc., USA) 
and Optical Encapsulat 43 (Gelest Inc., USA) mainly as a compliant, non-patterned layer 
since these materials are relatively soft and durable. These materials can be spin coated onto 
the substrate and it is also possible to cast them into a mold. Spin coating offers good 
coating uniformity (>98%), but only about 30 µm layers can be coated in a single spin coat 
cycle. Thicker layers require multiple spin and cure cycles. Casting of thick, uniform layers 
is problematic even with a nearly perfectly flat mould. When we cased 2 mm thick slabs 
from these soft materials we observed pits and hills of several tens of microns in height. The 
lateral size of these features was in the sub-10 mm range.  In particular pits in the compliant 
layer should be avoided since they will lead to the creation of areas that are not in contact 
during the imprint. Our observations concerning/regarding uniformity problems for 
compliant layers are in good agreement with reported values in reference (Glinsner et al, 
2007).  
 

 s-PDMS h-PDMS Ormostamp Optical 
Encapsulat 43 

Tensile 
modulus  1.8 MPa 8.2 MPa 650 MPa Not known 

Elongation at 
break (%) 160 7 Low 75-100 

Hardness 
(MPa) 4.77 0.02 36 Not known 

Durometer, 
Shore A 48 Not known Not known 5-15 

CTE 
(ppm/°C) 325 

Not known, 
expected to be 

similar to s-PDMS 

For similar 
materials 60-

130 

Similar to 
Sylgard 184 

Curing  Temperature Temperature UV-Light Temperature 
Surface 
energy  26 mN/m Similar to s-PDMS High Not relevant 

Viscosity 
(mPa·s) 4575 Tunable 410-460 800-1500 

Mixing Two part 
(1:10) Four part + solvent Not needed Two part (1:1) 

Table 2. Materials used in stamp fabrication. Based on references Fuard et al. 2008, Choi & 
Rogers 2003, Gelest 2009, Dow Corning 2009, Klukowska et al. 2009, Micro Resist 
Technology 2009a and 2009b. 

Sylgard 184 is widely used also as a patterned layer in the stamp and we also tested this 
approach. However, due to the excessive softness of the Sylgard 184 we often observed 
deformation of the nanopatterns during the imprint cycle, and pairing of neighboring 
patterns during stamp manufacturing. We believe that neighboring patterns stick together 
(pair), as illustrated in figure 5, because friction during the separation step generates surface 
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charges. The generated electric field is several hundreds of volts/meter at one centimeter 
distance from the stamp, measured with a fieldmill-based static electric field meter. On the 
nanoscopic scale the field is nonuniform and causes forces strong enough to bend patterns 
together. Rather interestingly, as the patterns move the electric field changes, and the 
neighboring patterns can, under the right circumstances, change their pair. This can be 
observed through the optical microscope as a dynamically and chaotically changing pairing. 
Unfortunately, as the surface charge discharges over time, the patterns do not return to the 
non-paired situation, because PDMS surfaces kept in contact react chemically and are glued 
together. Pairing can be reduced by reduction of the aspect ratio, increase of the pattern 
spacing, and by using stiffer stamp materials (i.e. h-PDMS and Ormostamp). Long grating 
lines and tightly spaced pillars on PDMS are most prone to pairing with their neighbors. 
Larger patterns pair less likely than small ones, and softness of the stamp causes less 
deformations with microstructures than with nanostructures. For this reason Sylgard 184 is 
a rather popular material for micro-structuring of UV-polymers;on the nanoscale more rigid 
materials are required.    
 

 
Fig. 5. Scanning electron microscope picture of pairing effect observed on soft stamp. 

h-PDMS (aka hard-PDMS) was developed at IBM as early as 2000 (Schmid and Michel, 
2000). They tried to formulate a better imprint material by trying different combinations of 
vinyl and hydrosilane end-linked polymers and vinyl and hydrosilane copolymers, with 
varying mass between cross-links and junction functionality. A nanoimprint resolution 
record of 2 nm (Hua et al. at 2004) was demonstrated using soft stamps based on h-PDMS. 
Based on Schmid’s work and our studies we started to use a formulation according to table 
3. Toluene was added to h-PMDS since it has very low viscosity (0.590 mPa⋅s) and a 
relatively suitable dipole moment. When toluene is mixed with h-PDMS prepolymer these 
properties improve h-PDMS’s ability to fill all the nanocavities in the template (Kang et al. 
2006, Koo et al. 2007).  Toluene content in the h-PDMS can also be used to tailor the 
thickness of the spin coated h-PDMS,proved in our publication (Viheriälä et. al., 2009). 
Thickness control allows reduction of the stamp deformation in certain stamp geometries, as 
will be discussed later.   
Ormostamp (Micro Resist Technology GmbH) is a recently developed UV-Curable 
inorganic-organic stamp material. It is significantly harder than h-PDMS, thus it has to be 
backed with soft material in order to realise robust full wafer imprinting. However, since it 
can be UV-cured, thermal mismatch problems observed when replicating thermally curable 
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materials are eliminated. It is therefore clear that in applications requiring the highest 
overlay accuracy the best approach is to use UV-curable stamp materials. Unfortunately, not 
many of these materials are commercially available. 
 

Amount Brand name Substance Role of the 
substance 

3.4 g VDT-731 
ABCR GmbH 

Vinylmethylsiloxane-
Dimethylsiloxane Prepolymer 

0.75 g HMS-501 
ABCR GmbH Methylhydrosilane-Dimethylsiloxane Copolymer 

10mg SIP6831.1 
Gelest Inc. 

Platinumdivinyltetramethyldisiloxane
complex in xylene Pt-catalyst 

39mg 
LA16645 

Sigma-Aldrich 
Co. 

2,4,6,8 – Tetramethyl – 2,4,6, 8 – 
tetravinylcyclotetrasiloxane Inhibitor 

For example 
40 m% Toluene Methylbenzene Thinner 

Table 3. The h-PDMS recipe used by our group. 

In many cases the softness of the stamp is a trade-off between process robustness against 
wafer non-ideality, and vertical deformation due to uneven load across the imprint field. A 
soft stamp improves the yield, since any possible particles deform only a small area of the 
imprint (see figure 6 on the left). On the other hand, the softness of the stamp complicates 
the process since it causes harmful bending under a locally varying load. This change of the 
load can be caused by the patterns in the stamp (see figure 6 on the right). The deformation 
can be compensated for by increasing the thickness of the resist (Viheriälä et al., 2009), as the 
resist layer (liquid) distributes the local pressure effectively over a large area. We have 
observed that low viscosity NIL-resist distributes pressure more efficiently. Although it is  
 
 

 
 

Fig. 6. Figure illustrates advantages and disadvantages of soft stamps.  On the left: Softness 
has saved the imprint, since the pattern is only destroyed over a small area. On the right: 
The imprint pattern is vertically deformed, since the relatively large pattern (~3 µm 
linewidth) does not have enough mechanical support.  
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possible to imprint very high resolution imprints with this stamp (we have demonstrated 24 
nm linewidth in Viheriälä et al., 2008), the softness of the stamp limits the resolution of the 
transferred patterns in some cases. Dense and small nanopatterns are relatively straightforward 
to imprint with a sub-10 nm residual layer, since the stamp load is uniform across the whole 
imprint field. However, if an imprint contains both wide and narrow patterns, isolated 
patterns, or if the density of patterns changes over the imprint field, the vertical deformation 
of the pattern layer must be compensated by a thick residual layer. When the thick residual 
layer is removed, with plasma etching, the smallest patterns might be washed away since 
during the residual layer removing linewidth may be reduced. 
The stamp concept d in figure 4 can significantly reduce the unwanted vertical deformation 
of the stamp, compared with other soft stamps, since the thickness of the pattern layer can 
be tuned (Viheriälä et al., 2009). The stamp with a thin pattern layer exhibits smaller vertical 
deformation on the microscopic scale. The stamp with the thinner pattern layer is therefore 
effectively harder than the stamp with the thick layer, although they are made from the 
same materials. It is worth noting that although hardness of the stamp can be tuned on the 
microscopic scale by tuning the h-PDMS layer thickness, on the wafer level the stamp is still 
fully soft since a thin layer of glass backed by a very thick elastic layer deforms easily across 
wide (> 100 µm) lateral scale.  
In addition to optimisation of the geometry of the stamp and the properties of the resist, 
vertical deformation can also be alleviated by load sequence and pattern layout. Obviously, 
low imprint pressure causes minimal deformation, but at the same time some force is 
required to overcome nonflatness of the substrate. We demonstrated in reference Viheriälä 
et al., 2009b, that by applying a dual sequence imprint process containing first a high 
pressure contact step and then a low pressure deformation release step, a better overall 
quality was attained compared to the traditional single step process.  
Many nanophotonics devices already allow reduction of the deformation in the design 
phase. Isolated patterns, wide patterns and patterns having density variations are the most 
difficult to imprint. Interestingly, the situation is similar in dry etching or in chemical 
mechanical planarization, which may also suffer from similar layout restrictions although 
the physics behind the processes is rather different. However, often it is possible to design 
the device layout in a way that circumvents these problems by, for example, placing dummy 
patterns that increase pattern density without sacrificing device functionality. As an 
example we present in figure 7 two different ways to realize a nanopatterned waveguide. 
The figure on the left shows a straightforward way to realize the component. In this case the 
waveguide is isolated3 and surrounded by an area having zero pattern density. The layout 
for the waveguide on the right corrects these problems. It is surrounded by a grating having 
a 50% pattern density, therefore consumption of the resist and pressure are more uniform 
across the imprint field. As a result the layout on the left exhibits as much as 3.4 times more 
vertical deformation compared to layout on the right under identical imprint conditions. 
The curves below the scanning electron microscope images show the surface profiles of the 
imprint, obtained by atomic force microscope. 
 

                                                 
3 Spacing between parallel waveguides is 300 µm.  
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Fig. 7. Unoptimized pattern layout (left) versus more optimal (right). Both layouts can act as 
identical waveguides for distributed feedback laser diodes (DFB-LDs) but the pattern layout 
on the right is designed to cause less vertical deformation. Deformation of the imprint is 
illustrated on the surface curves below the electron microscope images. The dashed line on 
the electron microscope image represents the place from which the surface graph has been 
obtained. The letters indicate distinguishable pattern shapes, making it easier to compare 
graph and image.   

3. NIL in nanophotonics applications 
In chapter 3 we demonstrate the use of NIL in some applications. Chapter 3.1 demonstrates 
the first soft UV-NIL-based distributed feedback laser diodes (DFB-LDs) made using 
laterally coupled gratings. DFB-LDs emit a single longitudinal mode with narrow spectral 
linewidths and a low frequency chirp. These properties make them suitable for many 
applications, especially in optical telecommunications and optical spectroscopy, where they 
are used extensively. In chapter 3.2 we show how NIL can be used to make sharp metallic 
nanocones for controlling surface plasmons. These cones have many interesting properties 
for sensing and nonlinear optics, since they concentrate light on the tip of the cone, 
thus/thereby strongly enhancing the electric field. Chapter 3.3 illustrates the potential of 
NIL in a totally new class of functional optical fibres. We show the NIL can be used to 
pattern a functional element onto the facet of the fibre which alters the properties of light 
entering or exiting the fibre. 

3.1 Distributed feedback laser diodes 
Distributed feedback laser diodes (DFB-LDs) have a cavity consisting of a periodic structure, 
which forms a wavelength selective feedback mechanism. The periodic structure in DFB-
LDs is normally a grating embedded within or at the side of the laser waveguide. The 
required period of the grating for lasers operating between 650 nm-1550 nm can be within 
the range of ~50 nm to 200 nm for first order gratings, and longer for higher order gratings. 
This resolution of these features is well within the reach of NIL.  
The substrates used in the production of the DFB-LDs are relatively small (two or three 
inches in diameter), therefore patterning of the full wafer is possible with a single imprint. 
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However, the large area imprint requires a flexible stamp, because wafers are rarely 
completely flat since laser diodes, like many other optical components, are made on 
substrates that are not as uniform as large area prime grade silicon or glass substrates. The 
total thickness variance is regularly between 5 µm and 15 µm for GaAs and InP wafers 
(Sumitomo, 2009). A flexible stamp is also very easy to separate from the substrate, since it 
bends easily with minimal force. For this reason, the fragile substrate (typically GaAs, InP or 
GaSb) is not damaged. Softness of the stamp makes the imprint process more robust and 
economical as described in subsection 2. It is worth noting that even though the fabrication 
process of DFB-LDs requires narrow linewidths, patterns are not very sensitive to particles 
because the components are small and the waveguide uses only a small area of the chip.  
We used laterally coupled gratings in our DFB-LDs. These components are based on a ridge 
waveguide laser diode having periodically corrugated ridge sidewall, as shown in figure 8. 
The corrugation acts as a grating. Light propagating below the ridge waveguide experiences 
small refractions caused by periodic perturbation of the effective refractive index of the 
waveguide. This generates distributed feedback. 
 

 
Fig. 8. Schematic operation principle of the laterally coupled distributed feedback laser diode.  

Laterally coupled laser diodes are highly interesting in conventional applications (Abe et al. 
1995), quantum cascade lasers (Williams et al. 2005 and Golga et al. 2005), terahertz 
generation (Pozzi et al. 2006) and photonic integrated circuits (Sorel et al. 2008). The main 
reasons for widespread interest towards this technology is that DFB-lasers based on laterally 
coupled gratings can be made without regrowth. Therefore, it can be applied to any 
compound semiconductor material system. Additionally, grating fabrication is only a 
slightly modified waveguide fabrication process, and therefore it is easily implemented on a 
photonic integrated circuit. It is also very easy to vary the dimensions of the waveguide and 
the gratings and thereby achieve complete control over the lasing mode.  We show in figure 
9 a DFB laser waveguide after it has been imprinted with NIL and the pattern has been 
transferred with dry etching to the semiconductor layers. 
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Fig. 9. On the left: Imprinted and etched waveguide for DFB-lasers. On the right: Wide area 
picture of a DFB-laser diode wafer after the imprint.   

We have studied laser diodes operating at 975 nm and 894 nm wavelengths. The 975 nm 
laser diode was based on three InGaAs quantum wells embedded in a GaAs waveguide. 
The waveguide had an Al0.6Ga0.4As cladding layer, and a heavily doped GaAs contact 
grown on top of the cladding. We used a third order grating period (~450 nm) to keep the 
aspect ratio of the etching at a reasonable level (around 7.5). These lasers exhibited a high, 50 
dB, side-mode suppression-ratio near the gain-grating resonance, and a 40 dB side-mode 
suppression-ratio across the tuning area of 3 nm. The devices exhibited a wavelength 
tunability of 77 pm/°C. The Light-Current-Voltage relation and spectrum graph of the of 
one such device are shown in figure 10. The demonstrated laser diode is the first one 
fabricated with soft UV-NIL. 
 

 
Fig. 10. On the left: Light-Current-Voltage behavior of the DFB laser diode showing 
threshold current of 30 mA and slope efficiency of 0.35 W/A. On the right: Spectrum of the 
device measured at 5 mW, 10 mW and 15 mW output power. 

Our lasers operating at 894 nm are designed for pumping the D1 transition of Cs-atoms.  
They are based on a single GaInAs quantum well embedded in a GaInP-waveguide. The 
waveguide had an Al0.7Ga0.3As cladding layer, and a heavily doped GaAs contact grown on 
top of the cladding. Grating periods of 418.6 nm and 421.4 nm produce resonances at 888 
nm and 894 nm, respectively. Tunability of the laser is 89 pm/°C. The Light-Current-Voltage 
relation and spectrum graph of one of such  is illustrated in figure 11.  
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Fig. 11. On the left: Light-Current-Voltage behavior of the DFB laser diode showing 
threshold current of 15 mA and slope efficiency of 0.7 W/A. On the right: Spectrum of the 
device showing the tunability around the D1 transition of Cs-atoms. 

3.2 Plasmonic nanostructures 
In recent years metallic nanostructures have been under intense investigation in the field of 
nanophotonics as they enable the manipulation of light beyond the diffraction limit (Nature 
Photonics 2008). In particular sharp particles are particularry attractive, as they can produce 
highly localized electromagnetic fields due to a combination of plasmon resonances and the 
so-called lightning rod effect. Strong local fields enhance light-matter interactions and have 
various applications in tip-enhanced near-field microscopy, sensing, and nanofocusing of 
light. 
The main challenge with these nanostructures is their fabrication, especially in large volumes. 
Electron beam lithography and focused ion beam (FIB) etching offer fast ways to producee 
plasmonic structures, but they have limitations in the large volume patterning needed for 
commercial applications. Here nanoimprint lithography has an advantage. It offers resolution 
on the sub 10-nm scale and also enables rapid fabrication on the wafer scale with low cost 
lithography equipment. The pattern can be replicated hundreds of times from the same stamp. 
NIL is also much less damaging to the substrate compared to FIB, an essential feature in 
patterning on top of compound semiconductor quantum well and dot structures. 
 

 
Fig. 12. The principle of nanocone fabrication by NIL. 

Using nanoimprint lithography we have fabricated conical nanostructures, nanocones, with 
sharp tips and good uniformity (Fig. 13). In our tests we used a stamp with a 4 cm2 pattern 
area for imprinting. The final wafer consisted of ~4,0 x 109 nanocones and the yield of the 
unoptimized process was 95 %. The principle of nanocone formation is similar to that used 
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to fabricate Spindt-type field emitters (Fig. 11, Spindt et al. 1968). Although the fabrication 
process is quite simple and well-known in field emission applications, to the best of our 
knowledge it has not been exploited in plasmonic applications. We demonstrated that the 
nanocones lead to strongly localized electric fields which enhance nonlinear optical 
properties (Kontio et al. 2009a). The second-harmonic (SH) signal was enhanced by a factor 
of 150 compared to gold nanoparticles (half-cones) with the same period and base diameter, 
but without a sharp tip (Fig. 13). Evidently the strongly localized electromagnetic field of the 
fundamental beam enhances the SH signal. Possible application areas for metallic nanocones 
include tip probes, sensors and metamaterials. We have also fabricated nanocones from 
several different metals (Ag, Al, Au, Cr, Ge, Ni, Pt, and Ti) (Kontio et al. 2009b). The aspect 
ratio and overall quality strongly depends on the evaporated material.  
 

 

Fig. 13. On the left: A SEM image of an array of nanocones with a period of 300 nm, base 
diameter 130 nm, and height 290 nm. On the right: A line scan of the second-harmonic 
signal from the sharp nanocones and half-cones.  

3.3 Patterned facets of optical fibres 
Micro- and nanopattered surfaces of optical fibre can operate as various miniature optical 
elements. They can modify the propagation of light by diffracting, collimating, shaping, or 
focusing it. A properly designed optical element on the facet of an optical fibre improves the 
functionality of the fibre without compromising the compactness of an optical system. 
Miniaturized elements could subsequently be used for building miniature spectrometers, 
sensors, and other devices. However, until now suitable nano- and microfabrication 
methods that would allow efficient fabrication of such fibres have not existed.  
So far, one simple optical element that can be prepared on the tip of a fibre is a lens. The lens 
may be made by grinding or melting the end of the fibre, or combining segments of fibres 
with different refractive index profiles (Shiraishi et al. 1997 and Yeh et al. 2004). More 
complex elements containing small features are made by micro- and nanopatterning using 
focused ion beam lithography or electron beam lithography (Giannini et al. 2000 and 
Schiappelli et al. 2003). These direct writing methods are expensive to deploy and capital 
investments are high. Moreover, their use for any small substrate, such as the facet of an 
optical fibre, is challenging. 
We have demonstrated the world’s first surface reliefs fabricated by NIL on the facet of a 
single fibre by (Viheriälä et al. 2007). The method utilized UV-curable polymer that was 
deposited on the facet by dip coating. Although dip coating delivers a rather non-repeatable 
quantity of polymer on the facet, due to the small size of the fibre it is possible to press 
excess low viscosity polymer away from the facet. We used polymer relief as the functional 
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element. This application only requires a simple imprint setup. The set-up is built built on 
an optical table, and includes a stamp holder and micromanipulator for bringing fibre and 
stamp into contact. A microscope was used to monitor the contact between the stamp and 
the fibre in situ, since excess contact force easily bends the fibre between the fibre chuck and 
the contact point. Polymer between the fibre and the stamp was cured with fibre-coupled 
UV-source delivering immense UV-intensity of 8 W/cm2 Intensities this high cure the UV-
NIL-polymer nearly instantaneously.  
Using this simple set-up we patterned two sets of fibre facets. We used a standard single-
mode fibre (Corning SMF-28). The first set of samples was patterned using a commercially 
available blazed grating with 830 lines / mm (Optometrics Corp). The second set of patterns 
consisted of holes with diameters of 250 nm, arranged in a square lattice with a period of 500 
nm. The blazed grating was used in order to study the diffraction efficiency of the imprint. 
The grating efficiency was defined as the power of the first-order diffraction mode over the 
total light power in the modes. Efficiency versus wavelength graph is plotted in figure 14.  
 

 

Fig. 14. On left: SEM image illustrating the facet of the optical fibre with the imprinted 
blazed grating. Insert: Close up near the fibre edge. On right: Graph of diffraction efficiency, 
and image from the output of the fibre when white light is launched into fibre.    
We also demonstrated that nanopatterning of the fibre tip is possible. We used a stamp 
having 250 nm holes in a grid with a 500 nm period. The final structure showed good 
uniformity. The standard deviance for the diameter of the holes was below 7 nm, as 
analyzed from SEM images near the core of the fibre. We expect that that main mechanism 
causing this diameter deviation was the template having standard deviation of this 
magnitude. The very accurate replica obtained provides clear-cut evidence that UV-NIL can 
produce flawless sub-wavelength features on a small area fibre facet. In work published 
later, similar methods were also employed by other groups in order to fabricate fibre probes 
for on-wafer optical probing (Scheerlinck et al., 2008) and to make fibres with integrated 
surface enhanced Raman scattering sensors on their facet (Kostovski et al., 2009).  

4. Conclusion 
Nanophotonics is a rapidly growing field with great commercial potential. However, it is 
not yet clear how fabrication for a myriad of different applications can be scaled up. The 
electronics industry has developed its own fabrication methods largely around optical 
lithography but it is clear that the same model can not automatically be used for photonics 
fabrication. The field of nanophotonics is much more fragmented, less standardized, and 
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requires different technical specifications than electronics. We expect that NIL will play an 
important role in the commercialization of many nanophotonics applications since it offers 
excellent cost effectiveness and requires relatively low capital investment. We argue that in 
many applications in particular UV-NIL based on soft working stamps is the best approach, 
since it offers perhaps the best cost effectiveness. However, like any technology soft UV-NIL 
has to be understood thoroughly before being applied to fabrication. We have underlined 
some of the keys issues one may encounter when UV-NIL, and especially soft UV-NIL, is 
applied and shown that, when NIL is mastered, it is possible to use it to demonstrate 
various imprinted components.   
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1. Introduction      
Photodetector array have many applications, such as light detection and imaging. However, 
pixels in most photodetector array are micrometer scale or larger, which limits its 
application to relatively low spatial resolution detection. The possibility to realize 
photodetector array with pixel size at nanometer scale has become of great interest to 
various technologies. When the dimension of photodetector array’s pixel is reduced to such 
a small scale, many new functions can be achieved. For example, with such a nanoscale 
photodetector array, it will enable us to image objects at a resolution better than that of 
conventional diffraction-limited imaging tool, for which the highest resolution that could be 
obtained is half of the illuminating light wavelength. Recently, many progresses on nano-
scale photodetector array (NPD) have been made (Huang et al., 2001; Hayden et al., 2006; 
Yang et al., 2006; Maier et al., 2003), however most of them are based on nanotube 
technology and incapable of precisely controlling the position and configuration of detector 
array. It’s desirable to have a photodetector array with nanoscale pixels while still having 
flexibility in device design and operation. In this chapter, we will present the research on 
such a photodetector array with nano-scale pixels based on dual side metal-semiconductor-
metal (MSM) structure, including the design of NPD array, the simulation of NPD array’s 
performance by finite difference time-domain (FDTD) method, the fabrication of NPD 
device, characterization of NPD array and the demonstration of nano-scale object imaging 
using the NPD array that fabricated.  

2. Design of nanophotodetector array     
The design of NPD array has a basic structure shown in Fig. 1. In0.53 Ga0.47 As ternary 
material is chosen as absorbing material for near-IR (1.0-1.6 µm) wavelength range 
detection. A dual side MSM structure is employed, where the semiconductor active material 
is sandwiched by the top and bottom electrode. The top and bottom electrode stripes are 
perpendicular to each other, which enables the pixel addressing by NPD array. Concerns 
and considerations for these configurations are described under the following categories: (1) 
selection of active material and structure; (2) considerations in choosing MSM structure.   
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Fig. 1. The schematic of the novel NPD array design, where Benzocyclobutene (BCB) fills all 
areas between NPD array pixels. 

2.1 Selection of active material and structures 
Commonly, GaAs material is used for 0.8 µm wavelength detection and has demonstrated a 
good performance (Biyikli et al., 2001; Biyikli et al., 2004; Seo et al., 1992). For near-IR (1.0-1.6 
µm) wavelength range, typically In0.53 Ga0.47 As, AlGaAs, InGaP and In0.52Al0.48As are chosen 
as active material (Biyiklia et al., 2003; Chyi et al., 1994; DeCorby et al., 1997; Gao et al., 1994; 
Gao et al., 1995; Gao et al., 1997; Kim et al., 1998; Loualiche et al., 1990; Zhao et al., 2007). In 
practical application, In0.53 Ga0.47 As ternary compound is chosen as active material due to its 
band gap energy of 0.8 eV and lattice matching to InP material which has extensive 
applications in optical communications.  
However, in near-IR region, the In0.53Ga0.47As MSM photodetectors have not performed 
well. The primary difficulty is the low schottky barrier height (~0.2 eV) of commonly used 
Schottky contact metals on In0.53Ga0.47As (Griem et al., 1990). Low barrier height results in 
excessive dark current and noise. One solution is to add an enhancement layer between the 
metal and In0.53Ga0.47As absorbing layer to increase the Schottky barrier height. As a result, a 
Schottky barrier enhancement layer is used, i.e. digitally graded InAlAs/InGaAs super 
lattice (SL). The SL structure used is shown in Fig. 2. The graded super lattice consists of 3 
periods of In0.52Al0.48As and In0.53Ga0.47As, whereby the first period is composed of 7 nm of 
In0.53Ga0.47As and 3 nm of In0.52Al0.48As, and the last period is reversed with 3 nm of 
In0.53Ga0.47As and 7 nm of In0.52Al0.48As. The intermediary layer varies linearly between two 
endpoints in 2 nm increments. The graded SL structure is then capped with an additional 
50nm i-In0.52Al0.48As Schottky barrier enhancement layer. 

2.2 Metal-Semiconductor-Metal structure 
Metal-Semiconductor-Metal photodetector structure is equivalent to two Schottky diodes 
back to back, shown in Fig. 3. Their response is related to the current caused by the electron-
hole pairs separated by the electric field in the depletion region of two Schottky diodes 
(Land et al., 1985). These devices usually have a simple planar design, often with 
interdigitated (IDT) fingers structure. The IDT MSM photodetector’s respond speed is 
typically determined by the transit time rather than RC constant. 
In practice, a dual side MSM structure is employed, where geometry with electrodes above 
and below a thin-layer of intrinsic semiconductor as active material is used for pixel 
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Fig. 2. Structure scheme of practical InGaAs active region with In0.52Al0.48As Schottky barrier 
enhancement layer using digitally graded SL as transition layer.  
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Fig. 3. MSM structure photodetector is equivalent to two Schottky diodes back to back. 

addressing (shown in Fig. 4.). To detect a certain pixel, we will just connect to the right top 
and bottom electrode stripes. The detector where the top and bottom electrode stripe crosses 
will be the one that is sensed by the detector circuit. Thus, using M+N stripes, we can 
address M x N pixels.  

3. Finite-difference time-domain simulation of nanophotodetector array 
In this section, highest possible resolution obtainable with the proposed imaging array 
shown in Fig. 4 is investigated using the finite-difference time-domain method. The FDTD 
method (Yee 1966) is one of widely used numerical techniques in simulations for various 
optoelectronic and photonic devices. However, due to the lack of proper active 
semiconductor model for photonics applications, conventional FDTD simulations are yet 
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Fig. 4. (a) 3D schematic for channelized NPD array, where the front electrode stripes have a 
crossing direction to the back side electrodes, forming a matrix for pixel addressing; (b) Top 
view of a 4 x 4 NPD array. 

simple enough while still taking into account the physics of semiconductor materials. A new 
idea using multi-level multi-electron (MLME) semiconductor FDTD model has been 
developed by Huang and Ho (Huang 2002; Huang & Ho 2006), in which multiple energy band 
levels to describe the essential characteristics of the semiconductor energy band structures 
have been incorporated. This simulation scheme has also been successfully utilized in various 
photonic device applications with active semiconductors including photodetector, photonic 
crystal fiber, photonic transistor, whispering gallery resonator, and so on (Kim et al. 2008; Khoo 
et al. 2008). In order to understand the working mechanism of NPD array as a nanoscale 
imaging device, a MLME FDTD method has been adopted in this Chapter.  
 

 
Fig. 5. Generation of photocurrent from photoelectrons in active semiconductor material. 
λ=λa=1550 nm is assumed, where λ and λa are the incident wavelength and resonant 
wavelength of the active semiconductor material, respectively.  



Nanoscale Photodetector Array and Its Application to Near-Field Nano-Imaging  

 

303 

In the FDTD simulations for the NPD array, photocurrent generated in semiconductor 
material by the incident light is one of key parameters in evaluating performance of a 
photodetector. The photocurrent generated in the active semiconductor medium is 
dependent on the incident (excitation) wavelength and the energy band gap structure of the 
semiconductor material. Conceptually, an active semiconductor material for photodetectors 
can be simplified as a medium with two different energy levels, in which the photocurrent 
can be calculated from the rate of excitation of ground state electrons from the ground level 
to the excitation level, which are subsequently retuned back to the ground level via external 
electric circuit as shown in Fig. 5. In Fig. 5, electrons in ground state (level 1) are excited and 
transited to excited state (level 2), when the incidence wavelength is matched to inherent 
resonance wavelength of an active semiconductor material. Here, we assumed 
λ=λa=1550nm, where λ and λa are incidence wavelength and resonance wavelength of an 
active semiconductor, respectively, which belongs to an optical telecommunication 
wavelength.  
For conducting numerical simulations with the MLME FDTD code, the active 
semiconductor material needs to be spatially discretized as shown in Fig. 6, as well as other 
parts of the present device. The photocurrent generated in an active semiconductor material, 
which is composed of numerous FDTD pixels, can be quantitatively calculated from the 
following formula, which has been directly given based on the definition of the typical 
concept of electric current and photocurrent mechanism shown in Fig. 5.  

 2ph density
pixelsim sim

q qI N N N A h
t t

⎛ ⎞
= = ⋅ ⋅ ⋅⎜ ⎟

⎝ ⎠
∑ ,  (1) 

where 191.6 10q C−= ×  is the electric charge, tsim is the total time simulated, N2 is the 
normalized number of electrons in the level 2 in a single FDTD cell, Ndensity is the number of 
electrons per unit volume, A is the area of the FDTD pixel, and h is the height of the NPD 
pixel. Here, we set tsim=1.0 ps, Ndensity=0.563x1022/m3, A=dx x dy=5 nm x 5 nm, and h=300 nm 
considering a dimension for fabrication.  
 

FDTD pixel

Light 
excitation

photoelectrons
dx

dy

semiconductor
 

Fig. 6. Discretization of an active semiconductor material for the MLME FDTD method. 
Photoelectrons in each pixel are generated by light illumination. Photocurrents can be 
calculated with the photoelectrons.  
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Fig. 7. Simplified two-dimensional schematic illustration of the NPD array.  

InGaAs is used as active semiconductor regions of the NPD array. A protective material 
such as benzocyclobutene (BCB) is filled between pixels to support device structures and 
form cladding layer to each pixel. Top and bottom electrodes are placed at front and 
backside of the array for the purpose of photocurrent pickup to external electric circuit to 
detect the photocurrent generated in each pixel of the NPD array. Bottom electrode could be 
either a transparent conducting oxide (TCO) or a thin metal layer for light passing through. 
The refractive indexes of InGaAs, BCB, and air at 1550 nm are assumed to be 3.4, 1.5, and 
1.0, respectively.  
Fig. 7 illustrates a simplified two-dimensional schematic of the NPD array for clearer 
description of its working principles for a practical photocurrent pickup mechanism. The 
active semiconductor material slabs, where photoelectrons are generated by the incident 
light as described in Fig. 5 and 6, are separated by protective material with lower refractive 
index that forms cladding layer to each NPD pixel and supports the device structure 
mechanically. The active semiconductor layer is sandwiched between the top and bottom 
electrodes. Top and bottom electrodes are placed at front and backside of the array for the 
purpose of photocurrent pickup to external electric circuit to detect the photocurrent 
generated in each pixel of the NPD array. Very thin layer of metal layer or optically 
transparent conductor such as transparent conducting oxide (TCO) will be used for the 
bottom electrode, forming a matrix with top metal electrodes for pixel-array addressing as 
shown in Fig. 4. In our NPD design, the active semiconductor region is made from InGaAs 
with refractive index of 3.4 and surrounded by BCB with refractive index of 1.5. In working 
condition, the active semiconductor materials in NPD pixels get excited by the near-field 
point-like light source, which will cause an increase of active material’s conductivity and 
increase the electric current of detection circuit. Therefore, the photocurrent generated by 
each pixel is the signal of the NPD imaging device. If we define the width of NPD pixel as w 
and spacing between two adjacent pixels as s, the w+s would be the resolution of the NPD 
array imaging. In our study, the 1/e (~36.79%) resolution criterion is used for NPD imaging 
characterization. If we assume the photocurrent generated by the mth NPD pixel as 1.0, 
when the generated photocurrent by the (m+1)th or (m-1)th pixel is less than 1/e, we say the 
mth pixel and the (m+1)th or (m-1)th pixel can be distinguishable from each other. For 
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example, if the photocurrents generated in pixels 0 and 1 are 100 nA and 30 nA, 
respectively, we will have the ratio of 30% that is less than 1/e. Then, these two pixels are 
distinguishable.   
 

 
Fig. 8. The schematic of the NPD array with its dimensions for the FDTD simulation. Light 
to be detected is from the subwavelength metal slit. NPD pixels are labelled as 0, 1, 2, 3, and 
4.  

Fig. 8 shows a two-dimensional schematic illustration of the NPD array for our MLME 
FDTD simulations. The light of 1550 nm is incident from the bottom side. We assume a 
detector slab that is infinite in the direction perpendicular to the paper and the incident 
source has electric field polarization pointing along this infinite direction. The center-to 
center distance between the NPD pixels is w+s with a width of the NPD pixel of w and an 
inter-pixel gap of s, as same as in Fig. 7. The length of the NPD pixels is set to be 3.0 μm to 
investigate the optical power coupling between pixels, although in practical fabrication, the 
length of NPD pixels is only a few hundred of nanometers. The semiconductor fingers 
(pixels) play an important role in detecting incident field, which are converted into 
photocurrent via the mechanism shown in Fig. 5.   
The placement of the imaging device to immediately proximate distance from the near-field 
light source within a few nanometer orders is strongly required to avoid rapid fading-out of 
the near-field light. Since all practical NPD devices will work in the near-field region of the 
illuminating light, the distance between aperture and the NPD array is set to be 10 nm, 
which assures that central pixels are within the near-field region of the light from aperture. 
To generate the near-field point-like source, we block the incident plane wave of 1550 nm by 
a metal film with a small aperture having a small width (a). The front side of the center pixel 
of the NPD array has been placed at very near distance away from the aperture, thereby, the 
NPD array can pick up the light from the aperture having diffraction-limited subwavelength 
light.   
The photocurrents from the NPD pixels are obtained to explore the resolution of this novel 
NPD device for subwavelength diffraction limited imaging. One limiting factor is the optical 
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power coupling between adjacent detector pixels. The MLME FDTD simulation enables us 
to investigate such power coupling in the presence of absorbing media as well as the spatial 
distributions of electric field and photoelectron density.  
 

 
                                          (a)                                                                            (b) 

Fig. 9. (a) Simulation of NPD array by conventional FDTD method. The NPD pixel is 200nm 
wide with 50 nm spacing. The highest resolution is 250 nm for 1550 nm wavelength; (b) 
simulation of NPD array by MLME FDTD method, the NPD pixel is 100 nm wide with 
50nm spacing. The highest resolution is 150 nm for 1550 nm wavelength.  

In order to investigate the effect of the optical absorption in optical energy coupling between 
adjacent pixels in the NPD array, both conventional FDTD and MLME FDTD models are 
used and results for both cases are compared with each other in Fig. 9. In conventional 
FDTD simulation, only optical energy in each NPD pixel could be simulated, where the light 
propagates in dielectric NPD pixels and no interactions between light and NPD detection 
region are considered. Simulation shows a highest resolution of 250 nm, shown in Fig. 9(a). 
On the contrary, in MLME FDTD simulation, both the optical energy and photocurrent 
generated in each pixel could be simulated. Before simulation, the number density of active 
semiconductor material in MLME FDTD model is calibrated to match real property of 
InGaAs semiconductor to be used in experiments for 1550 nm wavelength. The calibrated 
active material loss of around 0.5/μm for a typical III-V semiconductor material, which is 
corresponding to a value Ndensity=0.563x1022/m3 in eq. (1) as mentioned earlier. Shown in Fig. 
9(b), MLME FDTD simulation shows a highest resolution of 150 nm, which is 100 nm (60%) 
higher than that by the conventional FDTD simulation. Compared with conventional FDTD 
model, the MLME FDTD simulation shows a better matching to the response of 
photosensitive material, which could be used to effectively simulate the photodetection 
process by the photodetectors.  
In order to investigate the optical power coupling between NPD pixels, the average optical 
power in each pixel is calculated for the case of Fig. 9(b). Fig. 10(a) shows the electric field 
distributions, which indicates electric field is quasi-bounded by the center pixel (pixel 0) 
with subsequent coupling to the adjacent pixels (pixel 1, 2) and then to the next adjacent 
pixels (pixel 3, 4). Fig. 10(b) shows the corresponding photoelectron density of the whole 
NPD array from the electric field distributions of Fig. 10(a) with an arbitrary normalized 
linear scale, where most of the photocurrent is generated by the central pixel. 
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Fig. 10. (a) Electric field distributions and (b) corresponding normalized photoelectron 
density distributions obtained with MLME FDTD simulation in NPD array configuration. 
The dark red color indicates higher amplitude in arbitrary linear scale.  
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Fig. 11. Photocurrents generated in each NPD pixel.  

Fig. 11 shows the photocurrents generated in each pixel from the spatial distribution of the 
photoelectron density profile of Fig. 10(b) by using eq. (1), where the photocurrent in each 
pixel for the 150 nm imaging resolution case, where the photocurrent generated in pixels 
adjacent to central pixel is less than 33% (< 1/e criterion) of that in central pixel.  
The photocurrent in each pixel has been normalized to that in the central pixel. The 
estimated spatial resolution for this NPD array geometry is about 150 nm, which 
corresponds to a resolution of λ/10. The resolution of 150 nm by NPD array corresponds to 
about λ/10 for near-IR wavelength and about 25 times higher than the diffraction limited 
conventional imaging system in terms of imaging area.  
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The achieved optical resolution is substantially below the subwavelength diffraction-limit of 
λ/2, which can be potentially applied to the observation of nano-scale moving objects or 
living cells.   

4. Nanofabrication of the NPD Array      
4.1 Fabrication of NPD array 
Several techniques to fabricate such a nano-imaging device have been developed to realize 
the 3-dimentional structure of NPD array, including BCB wafer bonding technique and 
metal oxide sol-gel based nanoscale direct patterning technique (B. Liu et al., 2008a, b) . The 
pixel width and spacing of NPD array varies from 100 nm to 400 nm. A layer of Au/Ti (55 
nm/5 nm) metal was deposited as receiving bottom electrodes. Up to 4×4 NPD array have 
been fabricated, where the smallest array pixel is as small as 100 nm wide with 100 nm 
spacing. Fig. 12(a) shows the top view of example 2×2 and 4×4 nanophotodetector array, 
where the bright electrodes are bottom receiving electrodes and the dark ones are front 
electrodes. An In0.53Ga0.47As based super lattice structure with 460 nm thickness is 
sandwiched between the top and bottom electrode stripes. The Au/Ti top and bottom 
electrode stripes are perpendicular to each other and form an addressable pixel array. Fig. 
12(b) shows the detection region of a 4×4 NPD array, the pixel width is 400 nm wide with 
400 nm spacing. 
 

          
                                            (a)                                                                           (b) 

Fig. 12. (a) The top view of 2×2 and 4×4 nanophotodetector array, where the dark electrodes 
are front electrodes and the bright ones are back electrodes; (b) The detection region of a  
4×4 NPD array. 

4.2 Device packaging of nanoscale photodetector array 
Packaging is of great importance for the characterization of photonic devices, especially 
when the size of devices is down to the nanometer scale. Since each NPD device only has a 
size no more than 1 mm × 1 mm square, to successfully cleave the NPD array into 
individual pieces the thickness of each NPD array device has to be at least 4~5 times smaller 
than the width of each NPD array device. Otherwise, the cleaving machine has to cut the 
device wafer deep in order to make a successful cleaving, which will easily cause the 
damage of the tiny NPD device and more debris during cleaving. Therefore, before cleaving, 
the whole wafer that carries the NPD array devices were polished down to ~150 μm thick.  
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In addition to cleaving process, bonding is also very important to the NPD device’s 
performance. The quality of bonding will have a great influence on the electrical 
performance and thermal conductivity of NPD device, especially for devices as small as a 
few hundred nanometers. In practice, a sliver paste is used to connect the NPD electrodes 
and extended electrodes. Fig. 13 shows the schematic of a bonded 4x4 NPD array using 
silver paste. 
 

15mm

15mm

D=1mm Copper pad

D=2mm Copper pad

Wire bonding gold wire

 
Fig. 13. The schematic of a bonded 4x4 NPD array. 

5. Characterization and results  
5.1 Photoresponse characterization            
The electrical characterization of NPD array, which have pixel size of a few hundred 
nanometers, is different from micrometer scale MSM detectors. The primary reason is the 
small pixel size of NPD array. There are two main concerns on NPD characterization listed 
below:  
(a) The conventional planar IDT MSM structure photodetector has tens of or even more pixels 
working together, which leads to a large detection area of hundreds of square micrometers or 
even larger. As a result, it could generate relative large photoresponse signals of typically 
around microamperes level. On the contrary, in order to enable the pixel addressing function, 
each pixel in NPD array has to work individually. Since the NPD pixel has a size of a few 
hundred nanometers and detection area is only a fraction of square micrometers, the 
generated photoresponse signal by NPD pixel is very small. For instance, the estimated signal 
of a single NPD array pixel could be as small as tens of picoamperes. However, the advantage 
of NPD array pixels with small size is its corresponding low dark current.  
(b) Since the NPD array has pixel size of a few hundred nanometers, the corresponding 
detection area is only a fraction of square micrometers, which is already beyond the 
focusing limit of the optical objective lens used to focus the illuminating light onto the NPD 
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array. The large spot size onto the pixel array will inevitably cause errors in estimations of 
input illuminating light power.  
To overcome above difficulties in NPD characterization, a high sensitivity Stanford Research 
DSP 830 Lock-In Amplifier was used to directly measure photocurrent generated by NPD 
pixel. Before the measurement using the lock-in, the instrument was calibrated using a 
Newport 818-IR detector head. The SR 830 lock-in shows an accurate current measurement 
of 2 pA, which already reached the detection limit of Newport 818-IR detector head. 
Therefore, the calibration shows the measurement system has a detection capability of larger 
than 2 pA, which is high enough for the NPD array’s low photoresponse.  
For the focusing light spot issue, however, there is no ready instrument available for such 
small light spot focusing. One solution is to use near-field scanning optical microscope 
(NOSM) system, where the light coming out from the NSOM scanning tip could reach such 
small size. Nevertheless, the throughput of the light out of the NSOM tip is as low as 10-6 for 
a 50 nm wide aperture NSOM tip.  Considering the light coupling efficiency of at most 20% 
into the NSOM fiber, the throughput of a NSOM tip with 50 nm wide aperture is only on the 
level of 10-7, which means that for an input optical power of 100 mW, output through a 50 
nm aperture NSOM tip is only a few nW. If we use a larger NSOM tip, which has the size 
comparable to our smallest NPD array detection area, i.e. 100 nm square, the strong 
diffraction by the small size of NOSM tip aperture will cause large amount of light scattered 
into NPD array pixel surrounding materials of BCB and then into detection area of NPD 
array. In practice, a large focusing light spot by an objective lens is used to characterize NPD 
pixel photoresponse with only one NPD pixel is biased. The focused light spot is estimated 
to be 2 μm in diameter. 
The schematic of the NPD photoresponse measurement setup is shown in Fig. 14. A He-Ne 
laser is used for the alignment of whole setup. The IR light source will be introduced by a 
foldable mirror. A high reflection coating filter is used as a beam splitter to direct the 
illumination light to the NPD device through a 50X objective lens. An IR-CCD camera is put 
right on the top of the beam splitter to monitor the position of focused light spot. The NPD 
sample will be fixed onto a 6-dimension adjustable stage for a good alignment to the focused 
light spot from the objective lens. The bias is applied by a Keithley 2400 Digital Sourcemeter 
through two probe stations. Stanford Research DSP 830 Lock-In Amplifier is series-
connected to the power supply and NPD detection circuit and works in current mode. The 
output signal from lock-in is input to a Tektronix TDS3032B 300MHz oscilloscope and then 
collected by a GIPB data collection card through Labview.  
To characterize the nano-imaging performance of NPD array, another measurement scheme 
using near-field scanning optical microscope (NSOM) system is shown in Fig. 15. A 
Nanonics MultiView 400 Near-Field Scanning Optical Microscope system is used to 
characterize NPD pixel. Except for a conventional setup for NOSM measurement, a SR830 
lock-in amplifier and a Keithley 2400 Sourcemeter are added into the system. Then the 
output photocurrent signal of NPD device from the lock-in is sent to an auxiliary port of 
NSOM system, and photocurrent generated by NPD array pixel at each scanning position of 
NSOM will be recorded along with the scanning position. As a result, the whole system is 
converted to a near-field scanning photocurrent microscopy system, which is capable of 
topographical imaging, NSOM imaging and photocurrent mapping simultaneously. 
Fig. 16 shows the photo response characterization of sample pixel for a 2×2 channel NPD 
array versus reverse bias. The wavelength of illuminating light is 1310 nm. The 
measurement shows a photocurrent of ~735 nA at 3.3 V bias, where the corresponding dark 
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Fig. 14. The schematic of NPD photoresponse measurement setup. 

current is ~0.483 nA and more than 1000 times lower than the registered photocurrent. The 
corresponding responsivity is ~0.28 A/W and quantum efficiency (η) is 26%. The primary 
reason of relatively low quantum efficiency is due to the blocking effect caused by Au/Ti 
thin metal electrode for the receiving bottom electrode. The loss of 1.31μm light through a 20 
nm thick Au/Ti (10 nm/ 10 nm) by simulation is still as high as 70%. The inset of Fig. 16 
shows the calculated responsivity of NPD pixel versus reverse bias, where the highest 
responsivity registered is 0.28 A/W at 3.3 V bias. 

5.2 Near-field Scanning Photocurrent Microscopy (NSPM) 
To realize NPD array’s pixel addressable function, it’s necessary to individually characterize 
each pixel’s performance. However since each pixel of NPD array is nanometer scale, i.e. 
from 100 nm to 400 nm, it is difficult to characterize each pixel one by one. In this section, 
one way using NSOM system to qualitatively characterize NPD array and its nano-imaging 
performance is presented. 
Actually, one popular application of NSOM system is to illuminate the scanned surface in 
near-field region of the light coming out of the NSOM tip. Such application is typically used 
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Fig. 15. The schematic of NPD characterization setup based on NSOM system for 
photocurrent mapping measurement. 
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Fig. 16. Photocurrent of one 2×2 NPD pixel versus reverse bias. The pixel is 200 nm wide 
with 200 nm spacing. Inset, calculated responsivity of the NPD pixel at different bias. 
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in Biology to detect the fluorescence from single molecule or biological cell by illuminating 
them individually using NSOM tip. The region illuminated by NSOM tip only depends on 
the NOSM tip opening. Since NSOM probe tips’ aperture generally varies from 50 nm to a 
few hundreds of nanometers, an illuminated region of 50 nm to a few hundred nanometer 
diameter circle is expected on the sample surface. To characterize NPD array using a NSOM 
system: (1) All electrical circuits should be connected and set up well; (2) A NSOM tip then 
scans the NPD array surface point by point. To obtain the image, the reflected or transmitted 
light is detected and recorded at each scanning point via a Photo Multiplier Tube carried in 
the NSOM instrument; (3) Simultaneously, the corresponding photocurrent generated by 
each NPD array pixel will also be recorded; (4) Imaging information and photocurrent at 
each scanning point are then integrated together using computer. As a result, one NSOM 
scan could generate both the physical imaging and the photocurrent map of the NPD array. 
By comparing the imaging and corresponding photocurrent map, one could characterize the 
effective pixel level resolution of the NPD array. The working mechanism of NSPM 
measurement is further shown in Fig. 17, where a 630 nm He-Ne laser is coupled to the 
NSOM tip to excite NPD array. In each measurement, one pair of NPD array electrodes, one 
from the top electrode stripes and the other from the bottom electrode stripes, is biased 
under 3 V. The NPD pixel at the crossing point of biased electrode stripes is the one to detect 
light signal from NSOM tip. The photocurrent generated by the biased NPD pixel is filtered 
and recorded while NSOM tip scanning the NPD array surface to generate the photocurrent 
map, which is also the image of NSOM tip by the NPD array. 
 

 
Fig. 17. The schematic of near-field scanning photocurrent mapping measurement of NPD 
device to characterize the nano-imaging performance by NPD array. The NPD pixel at the 
crossing point of biased electrode is the one to detect signal. 

The NPD pixel under measurement is from a 2×2 array with 250 nm wide pixels and 150 nm 
spacing. The generated photocurrent map by the biased NPD pixel is shown in Fig. 18. The 
two pair of dashed lines represent the position of the 2×2 NPD array electrode stripes, 
where the crossing points are the four NPD pixels. The depth of the color represents the 
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intensity of measured photocurrent generated by the biased NPD pixel, where the brighter 
the color the higher the photocurrent. The scanning area is 11 μm× 11 μm. The bright spot, 
shown in Fig. 18, in the 2D photocurrent map shows the image of the NSOM tip detected by 
the biased NPD array pixel. The measured FWHM diameter of the peak is ~ 390 nm. This 
means the photocurrent generated by one NPD pixel will drop to less than half of the peak 
value when the light source moves to the middle position between two adjacent NPD pixels, 
which indicates this two pixels are distinguishable and the test NPD array has an imaging 
resolution of 390 nm. Since the imaging resolution of an imaging device could be defined as 
the sum of one pixel and one spacing, as a nano-scale imaging device the NPD array 
measured will have an imaging resolution of 400 nm, which well matches our experimental 
results. As a result, a near-field nano-scale imaging using NPD array has been successfully 
demonstrated. 
 

 
Fig. 18. 2D photocurrent map generated by NPD pixel using home-made NSPM system, 
where the bright spot is the position of the biased NPD pixel with a FWHM diameter of 390 
nm. 

6. Conclusion  
In summary, a novel nanoscale photodetector array, which could offer new functionalities 
that cannot be achieved by conventional larger scale photodetectors, is presented in this 
chapter. The novel design of the NPD array is described as follows: (1) NPD array is 
designed to have a dimension with nanometer scale, where the smallest pixel is only 100 nm 
wide; (2) a vertical dual side MSM structure is used to enable pixel addressing; (3) the 
dimension of the NPD pixel detection area is specifically designed to form a wave-guiding 
structure to increase detection efficiency.  
In addition, FDTD simulation of the NPD array is performed to simulate the photo detection 
and imaging performance of NPD array, where the photocurrent generated by the illuminated 
photodetector structure is investigated. The optical coupling effect between NPD pixels is 
explored by varying the width of NPD pixels and their spacing. Simulation results show that 
the MLME FDTD model has a good matching to the response of the photosensitive material, 
which could be used to effectively simulate the photodetection process by photodetectors. The 
smallest obtainable imaging resolution for 1550 nm wavelength is 150 nm. 
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Finally, with several newly developed fabrication techniques, NPD array with up to 4×4 
array size are successfully realized. The smallest NPD array pixel realized is 100 nm wide 
with 100 nm spacing. The sample NPD array pixel shows a photo responsivity of ~0.28 
A/W and quantum efficiency (η) of 26% for 1.31 µm wavelength light. Using near-field 
scanning optical microscope, we characterized the nano-imaging performance of the NPD 
array fabricated. An imaging resolution of ~390 nm, which is ~ 1/4 the designed 
wavelength of 1550 nm, by NPD array has been successfully demonstrated. 
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1. Introduction 
In recent years, great interest has been expressed by researchers in the optical properties 
exhibited by nanomaterials, including theoretical and experimental studies of the 
spontaneous lifetime of optical centers in nanosized samples (Christensen et al., 1982; 
Meltzer et al., 1999; Zakharchenya et al., 2003; Manoj Kumar et al., 2003; Vetrone et al., 2004; 
Chang-Kui Duan et al., 2005; Dolgaleva et al., 2007; Guokui Liu & Xueyuan Chen, 2007; 
Song & Tanner, 2008) A change in the spontaneous lifetime of optical centers (OCs) in 
nanoobjects as compared to bulk materials is of considerable interest for both fundamental 
physics and practical applications in the field of laser materials and phosphors. For example, 
the increased lifetime of a metastable level in a lasing medium makes it possible, by 
increasing the pump-pulse duration several times, to reduce the power and cost of the diode 
laser-pump source and superluminescence losses while keeping the output-radiation energy 
and power intact. The adequate theoretical interpretation of the experimental results is of 
primary importance at the current stage of investigations. It is of great interest to derive a 
formula describing the spontaneous decay rate of an excitation in a nanosized object and 
reveal its differences from the corresponding expression for the bulk sample.  
The existence of spontaneous emission postulated in 1917 by Einstein in his quantum theory 
of the interaction between the equilibrium radiation and matter (Einstein, 1917). It is shown 
in this paper that the statistical equilibrium between matter and radiation can only be 
achieved if spontaneous emission exists together with the stimulated emission and 
absorption. The quantum-mechanical expression for the Einstein coefficient of spontaneous 
emission A equal to the probability of spontaneous emission from a two-level atom in a 
vacuum has been obtained by (Dirac, 1927; Dirac, 1982). In 1946, (Purcell, 1946) it is shown 
that the spontaneous emission probability can drastically increase if the radiating dipole is 
placed in a cavity (see also (Oraevskii, 1994; Milonni, 2007) and references therein). The 
inverse phenomenon, i.e., the inhibition of the spontaneous emission, can take place in 
three-dimensional periodic dielectric structures (Yablonovitch, 1987). Variations in the 
probability of the spontaneous emission from optical centers near the planar interface of the 
dielectrics have been the subject of active studies since the 1970s (Drexhage, 1970; Kuhn, 
1970; Carnigia & Mandel, 1971; Tews, 1973; Morawitz & Philott, 1974; Agarwal, 1975; 
Lukosz & Kunz, 1977; Chance et al., 1978; Khosravi & Loudon, 1991; Barnes,1998). 
Modifications of the spontaneous emission from OCs located in the vicinity of a metal 
mirror also has been analyzed (Amos & Barnes, 1997; Brueck et al., 2003). Chew (Chew, 
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1987; Chew, 1988) considered the modification of the spontaneous emission from an optical 
center inside and outside the dielectric sphere by modeling the optical center with an 
oscillating dipole. His analytical results were confirmed later by Fam Le Kien et al. (Fam Le 
Kien et al., 2000) devoted to the spontaneous emission from a two-level atom inside a 
dielectric sphere and by Glauber and Lewenstein (Glauber & Lewenstein, 1991). Klimov et 
al., 2001, considered the problem of the spontaneous emission from an atom near a prolate 
spheroid. The problem of the spontaneous emission from an atom in the vicinity of a triaxial 
nanosized ellipsoid is analyzed in a recent paper (Guzatov & Klimov, 2005). Of course, these 
short overviews far from being comprehensive. 
It is well known now that spontaneous emission rate is not necessarily a fixed and an 
immutable property of optical centers but can be controlled. 
The Chapter’s central theme is the radiative characteristics of the small-radius optical 
centers (dopant ions of transition elements) in the subwavelength nanocrystals embedded in 
a dielectric medium. Our main aim is to provide answer the question “How the expressions 
derived for the radiative characteristics of optical centers in a bulk material should be 
modified upon changing over to a nanoobject?”.  
The rest of the Chapter is organized as follows. In Section 2 expression for the spontaneous 
radiative decay rate of OCs in a bulk crystal is presented and problem of the local field 
correction factor is briefly discussed. The expressions for the spontaneous radiative decay 
rate of OCs in the spherical nanocrystals are presented in Section 3. In Section 4 the 
expressions for the integrated emission and absorption cross - sections for spherical 
nanoparticles are given. The expressions for the spontaneous radiative decay rate of OCs in 
the ellipsoidal nanocrystals are presented in Section 5. Section 6 discusses the applicability 
of the Judd-Ofelt equation for nanoparticles. In Section 7 the experimental confirmation of 
the model for spontaneous radiative decay rates of rare-earth ions in the crystalline 
spherical nanoparticles of cubic structure embedded into different inert dielectric media is 
presented. The Chapter concludes in Section 8 showing directions for future research and 
conclusions. 

2. Spontaneous radiative rate in a bulk crystal 
The coupling between atom and the electric field in the dipole approximation is given by the 
electric-dipole interaction Hamiltonian 

 ˆ ˆ= -  intH d E   (2.1) 

where d̂  is operator of the dipole moment and Ê is the electric field operator, evaluated at 
the dipole position. In vacuum 

  ˆ a a
2π ω(vac) +ki -,σ ,σ ,σV,σ

⎡ ⎤∑ ⎢ ⎥⎣ ⎦
E = ek k kk

 (2.2) 

where k is wave vector; σ denotes the state of polarization; a ,σk and a+
,σk  are the photon 

destruction and creation operators for field eigenmodes, which specified by indices (k, 
σ); ,σek is the polarization vector; V is the quantization volume. Photon frequency ωk is 
connected with wave number k = k  by the linear dispersion relation ωk = c0k where c0 is 
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light velocity in vacuum. Fermi’s golden rule leads to the following expression for the 
electric-dipole spontaneous emission rate in free space (Dirac, 1982):  

 224 3A = π ω ρ (ω)vac0
⎛ ⎞⎜ ⎟
⎝ ⎠

d . (2.3) 

Here ω is frequency of transition from excited atomic state i to lower-energy state j;  

 2 2 3ρ (ω) = ω / π cvac 0  (2.4) 

is the photon density of states in vacuum; 2 2 2 2= d + d + dx y zd  ,where ˆd = i d jα α  (α  = x, y, z) 

are the electronic matrix elements of the electric-dipole operator d̂  between the states i and j. 
The quantization of the electromagnetic field in a dielectric medium was first carried out by 
Ginzburg (Ginzburg, 1940). The macroscopic electric-field operator in a linear, isotropic, and 
homogeneous medium is given by 

  
2ˆ a a
π ω +ki -,σ ,σ ,σV,σ ε

⎡ ⎤∑ ⎢ ⎥⎣ ⎦
E = ek k kk

  (2.5) 

with dielectric function ε(ω )k  and the dispersion relation ωk = c0k/n, where n is the 

refractive index of a dielectric. This dispersion relation results in changes in the photon 
density of states of a dielectric: 

 3ρ(ω) = n ρ (ω)vac  (2.6) 

Considering Eqs. (2.5) - (2.6) one can neglect the local-field effect for a moment and obtain 
for the electric-dipole spontaneous emission rate in the continual approximation (Nienhuis 
& Alkemade, 1976): 

 A = nA0   (2.7) 

However, in general case the electric-dipole interaction Hamiltonian has the form 

 ( )ˆ ˆ= -  int
locH d E ,  (2.8) 

where ( )ˆ  locE is the local electric field operator acting at the position of the optical center. 
The local electric field in a crystal differs from the macroscopic electric field in a crystal. For 
this reason the expression for the electric-dipole spontaneous radiative rate of the small-
radius optical centers in a bulk crystal is given by (Lax, 1952; Fowler & Dexter, 1962; Imbush 
& Kopelman, 1981) 

 (loc) (cr) 2A = n (E / E ) A = n f Acr cr0 L 0bulk .  (2.9) 

Here ncr is the refractive index of a crystal; E(loc) and E(cr) are the strengths of the microscopic 
and macroscopic electric fields acting at the position of the optical center, respectively. Ratio 
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fL = (E(loc) / E(cr))2 is so called the local-field correction factor. In all existing local-field models 
fL is a function of the crystal refractive index ncr (see the comprehensive review of all 
currently available local-field models in paper (S. F. Wuister et al., 2004)); i.e., (E(loc) / E)2 = fL 
(ncr) and fL (1) = 1. Most commonly used the local-field models are models of real cavity and 
virtual cavity (Rikken & Kessener, 1995). In case of an empty, real spherical cavity,  

 
223

22 1
nf (n) =L n +

⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

. (2.10) 

In case of a virtual cavity (Lorentz model) 

 
22 + 2

3
nf (n) =L

⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

. (2.11) 

The next sections will answer the question: How expression (2.9) for the electric-dipole 
spontaneous radiative rate of the small-radius optical centers in a bulk crystal should be 
modified upon changing over to a nanoobject? 

3. Spontaneous radiative rate in the spherical nanocrystal 
We shall refer to nanocomposite for dielectric nanocrystals embedded into different 
homogeneous dielectric media with refraction index nmed. The nanocrystals are assumed to 
be small enough compared with wavelength λ, but large compared with lattice constant aL, 
so that the nanocrystals can be characterized by refraction index, which coincide with that of 
bulk crystal ncr. The light wave propagates through the nanocomposite with amplitude E 
and a velocity c0/ neff. The electric field E is macroscopic field averaged over volumes large 
enough as compared to the scales of inhomogeneities: 

 E = (1-x)E(med)+x E(cr)  (3.1) 

where  x is the volume fraction of nanocrystals in the medium (filling factor), E(med) and E(cr) 

are macroscopic fields in the dielectric medium and nanocrystals, respectively (Bohren & 
Huffman, 1998).  So, expression (2.9) should be replaced by 

 (loc) 2A = n (E / E) Anano eff 0 . (3.2) 

After some obvious transformations of this expression we obtain (Pukhov et al., 2008; Basiev 
et al., 2008) 

 (cr) (loc) (cr)2 2A = n (E / E) (E / E ) Anano 0eff ,  (3.3) 

or, 

 A = n f f (n )Anano crN L 0eff , (3.4) 

where 
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 (cr) 2f = (E / E)N   (3.5) 

is the correction factor that accounts for the difference between the macroscopic electric field 
E(cr) at the position of the optical center and the macroscopic electric field E in the 
nanocomposite. We assume here that the local-field correction factor is the same as in the 
bulk crystal because of macroscopic size of nanocrystals. This assumes that the microscopic 
surrounding of the optical centers is the same in a nanocrystal and in a bulk crystal. Of 
course, it is not valid for the optical centers located near the nanocrystal surface at distances 
smaller than perhaps ten lattice constant (Kittel, 2007). The arguments in support of the 
inference that the correction fN differs from unity were clearly and thoroughly described by 
Yablonovitch et al. (Yablonovitch et al., 1988). Here, we will not repeat these arguments and 
note only that relationship (3.4) differs from the corresponding expression given by 
Yablonovitch et al. (Yablonovitch et al., 1988). The difference lies in the appearance of the 
factor fL in relationship (3.4).  
At last, we have (Pukhov et al., 2008; Basiev et al., 2008) 

 A = n f f (n )A = (n / n )f n f (n )A = (n / n )f Anano cr cr cr cr crN L 0 N L 0 Neff eff eff bulk   (3.6) 

and for the Anano/Abulk get the following expression  

 A /A = (n /n )fnano cr Nbulk eff .  (3.7) 

An important consequence of relationship (3.6) is that the ratio Anano/Abulk can be estimated 
without recourse to a particular local-field model. The problem of the theoretical 
determination of the ratio Anano/Abulk is reduced to the problem of determining the correction 

(cr) 2f = (E /E)N  (and, of course, to the problem of determining the effective refractive index 

neff ). 

Let us calculate the correction (cr) 2f = (E /E)N  for subwavelength spherical nanocrystals 

that have the radius R satisfying the condition aL <<2R <<λ/2π. The electrostatic 
approximation is applicable at this condition as it follows from the Lorenz-Mie solution to 
Maxwell's equations. In framework of the electrostatic approximation the electric field E(cr) 
within a dielectric sphere placed in the external electric field E(med) is equal to (Landau & 
Lifshitz, 1984) 

 cr med( ) ( )
= [3/(ε + 2)]E E  (3.8) 

where 2 2ε = ε /ε = n /ncr crmed med  is relative permittivity. 

On the lines of the Maxwell Garnett theory (Maxwell Garnett, 1904; Maxwell Garnett, 1906) 
we obtain 

 2{3 /[2 ( 1)]}spherf = + ε - x ε -N .  (3.9) 

So, the spontaneous emission rate of a two-level atom in the spherical nanoparticle is given 
by expression (Pukhov et al., 2008; Basiev et al., 2008) 
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neffspher

A /A =nano bulk n + ε - x(ε - 1)cr

⎡ ⎤
⎢ ⎥⎣ ⎦

2
3

2
. (3.10) 

(Although for definiteness, we consider nanocrystals, all the inferences refer equally to 
nanoparticles from a dielectric material with the refractive index ncr).  
The Eq. (3.1) together with relation 

 P = (1-x)P(med)+x P(cr) , (3.11) 

where P, P(med) and P(cr) are average polarizations on nanocomposite, medium and 
nanocrysral, lead to well known Maxwell Garnett mixing rule for εeff (Maxwell Garnett, 
1904; Maxwell Garnett, 1906): 

 
xβ

ε = n = εeff eff med xβ

⎡ ⎤
⎢ ⎥⎣ ⎦

32 1 +
1 -

,  (3.12) 

where β = (ε - 1)/(ε + 2) . The Maxwell Garnett mixing rule predicts the effective permittivity 
εeff of a nanocomposite where homogeneous spheres of isotropic permittivity εcr dilutely 
mixed into isotropic medium with permittivity εmed (see book (Bohren & Huffman, 1998) for 
details). As it can be seen from Eq. (3.10) and Eq. (3.12), the spontaneous emission rate in 
nanocomposite is enhanced for ε  < 1 and inhibited for ε > 1. 
From the expressions (3.10) and (3.12), for x→ 1, we obviously have the limiting case of 

spher
A Anano bulk→ .  In the limit x → 0, we obtain 

 
nspher medA /A =nano bulk ncr

⎡ ⎤
⎢ ⎥⎣ ⎦

2
3

2 + ε
.  (3.13) 

The derived expression is consistent with both the result obtained by Yablonovitch et al. 
(Yablonovitch et al., 1988) and result derived by Chew (Chew, 1988) also without regard for 
the local-field effect. Thereby, formula of Eq. (3.10) yields the correct result for x → 1 and fit 
the results of Refs. (Chew, 1988) and (Yablonovitch et al., 1988) for x → 0. It is not yet clear 
whether this formula is applicable for the intermediate values of filling factors x as the 
experimental data are scarce. 
It should be mentioned that in some papers (Meltzer et al., 1999; Zakharchenya et al., 2003; 
Manoj Kumar et al., 2003; Vetrone et al., 2004; Chang-Kui Duan et al., 2005; Dolgaleva et al., 
2007; Liu et al, 2008) expression (2.9) for the spontaneous radiative rate in a bulk crystal is 
transformed into the formula for the decay rate of an optical center in a crystalline 
nanoparticles Anano by direct replacing the refractive index of the crystal ncr  by the effective 
refractive index neff  and the local-field correction fL(ncr) by the corresponding correction 
fL(neff) with the use of a particular local-field model: 

 A = n f (n )Anano L 0eff eff  . (3.14) 
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This leads to some arbitrariness in the interpretation of experimental data owing to the 
choice of the particular expression for the local-field correction fL(n) (this problem is 
discussed in the paper (Dolgaleva et al., 2007). 
For the ratio between the excitation lifetimes of an optical center in a nanoparticle and a bulk 
crystal, expression (3.13) can be rearranged to give 

 
22 + ε

3
ncrτ / τ =nano bulk nmed

⎡ ⎤
⎢ ⎥⎣ ⎦

  (3.15) 

ncr/nmed 
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Fig. 1. (1–3) Theoretical dependences of the ratio τnano/τbulk (the right axis) on the ratio 
ncr/nmed for crystalline matrices with volumefractions (1) x→ 0, (2) x = 0.2, and (3) x = 0.4. (4–
6) Theoretical dependences of the ratio σnano/σbulk (the left axis) on the ratio ncr/nmed with 
volume fractions (4) x = 0.4, (5) x = 0.2, and (6) x→ 0. Dependences of the measured ratio of 
the decay time in a nanocrystal to the decay time in a bulk crystal τnano/τbulk on the ratio 
ncr/nmed for the 4F3/2 metastable level of Nd3+ ions in the YAG crystalline matrix (ncr = 1.82) 
(Dolgaleva et al., 2007) (circles) and the 5D0 metastable level of Eu3+ ions in the Y2O3 
crystalline matrix (ncr = 1.84) (Meltzer et al., 1999) (squares). 

The calculations have demonstrated that, for x = 0 and nmed = 1 (one nanoparticle is 
suspended in air), the lifetime τnano of excitation of an optical center in a nanoparticle can 
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increase as compared to the corresponding lifetime τbulk in a bulk crystal, for example, in 
Y2O3 (ncr/nmed = 1.84) and YAG (ncr/nmed = 1.82), by a factor of approximately 6 (Fig. 1, curve 
1). According to expressions (3.10) and (3.12) , an increase in the volume fraction x leads to a 
decrease in the ratio τnano/τbulk (Fig. 1, curves 2, 3).  

4. Integrated emission and absorption cross - section 
Apart from the lifetime of optical centers, the integrated emission and absorption cross - 
sections are important characteristics of laser materials. The integrated cross - section of the 
electric dipole emission in the band i→ j for a bulk material can be represented in the form 
(Fowler & Dexter, 1962) 

 2 2( ) [8 ]0
emσ (i j) = A i j / πc n νcrbulk bulk→ → , (4.1) 

where ( )A i jbulk →  is the probability of spontaneous decay in the channel i→ j for a bulk 

crystal, ν is the average energy of the transition i→ j  (in cm–1). 
It is evident that, in order to determine the integrated cross - section of the electric dipole 
emission in the band i→ j for a nanocrystal, it is necessary to replace the probability of 
spontaneous decay ( )A i jbulk →  for the bulk crystal by the probability of spontaneous 
decay ( )A i j→nano  for the nanocrystal and the refractive index ncr by the effective refractive 
index neff in relationship (4.1). As a result, we obtain (Pukhov et al., 2008; Basiev et al., 2008) 

 2 2( ) ( ) /[8 ]emσ i j A i j πc nnano nano effν→ = → 0 .  (4.2) 

After substituting the expression 

 ( ) ( )
neff

A i j f A i jnano N bulkncr
→ = → ,  (4.3) 

which was derived in much the same manner as expression (3.6)  into relationship (4.2) , we 
find (Pukhov et al., 2008; Basiev et al., 2008) 

 nem emcrσ = f σnano N bulkneff
.  (4.4) 

The same relationship holds true for the integrated cross - section of the electric dipole 
absorption; i.e., the integrated cross - sections of electric dipole processes of all types are 
described by the expression (Pukhov et al., 2008; Basiev et al., 2008) 

 
ncrσ = f σnano N bulkneff

. (4.5) 

In the special case of spherical nanoparticles, substitution of relationship (3.9) for the 
correction spher

Nf  into expression (4.5) gives 
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ncrσ = σnano bulkn xeff

⎡ ⎤
⎢ ⎥⎣ ⎦

2
3

2 + ε - (ε - 1)
  (4.6) 

It is worth noting that the factor ncr/neff in expressions (4.4) – (4.6) is the reciprocal of the 
factor neff/ncr, which enters into the right-hand sides of relationships (3.7), (3.10), and (4.3). 
As a consequence, we have (Pukhov et al., 2008; Basiev et al., 2008) 

 
n ncr crσ /σ A /A τ /τnano nano nanobulk bulk bulkn neff eff

= =
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

2 2

[ ] [ ] ,  (4.7) 

where τbulk = 1/Abulk and τnano = 1/Anano. 
It should be noted that, for example, at the refractive index ncr = 1.82 (YAG), an increase in 
the time of radiative decay of optical centers in nanoparticles in an aerosol by a factor of 5 
(as compared to that of the bulk crystal) results in a decrease in the corresponding emission 
cross - section by only 42% (Fig. 1, curves 1, 6). Moreover, the effect of an increase in the 
volume fraction x of nanoparticles on the decrease in the ratio σnano/σbulk becomes 
considerably weaker as compared to that of the ratio τnano/τbulk (compare the changes in the 
ratios τnano/τbulk (Fig. 1, curves 1 - 3) and τnano/σbulk (Fig. 1, curves 4 – 6)). An insignificant 
decrease in the pump absorption and emission cross - sections cannot bring about a negative 
effect on the laser medium, whereas a fivefold increase in the lifetime at the same pump 
power makes it possible to increase the product σabs τ and, therefore, inversion accumulated 
in a laser generator or an amplifier by a factor of 5. Therefore, an increase in the lifetime of 
metastable levels in laser media makes it possible to decrease the power and the cost of a 
diode laser pumping source and to reduce the superluminescence losses without changes in 
the energy and power of the output emission owing to a several fold increase in the time of 
pulse pumping. 

5. Influence of the shape of samples: Ellipsoidal nanoparticles 
5.1 An isolated ellipsoidal nanoparticle (x→0) 
We now analyze the influence of the shape of nanoparticles on the decay rate of optical 
centers in subwavelength ellipsoidal dielectric nanoparticles as an example. The 
mathematical complication arising in the analysis of ellipsoidal nanoparticles lies in the fact 
that the electric field E(cr) inside an ellipsoidal dielectric nanoparticle placed in the external 
electric field E(med) is not parallel to the field E(med) (Landau & Lifshitz, 1984). Let us consider 
this problem in more detail. First, we shall restrict our consideration to a special case x → 0 
(an isolated ellipsoid). In this case neff → nmed and E(med) → E. The electric fields E(cr) and E are 

related by the linear relation ˆcr
=

( )E gE  (Landau & Lifshitz, 1984) with the tensor ĝ  
principal values given by  

 g ε Nα α= 1/[1 + ( - 1) ]  (α = a, b,c) (5.1) 

where a, b, c  are the principal axes of the ellipsoid and Nα are the depolarization factors 
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(Nα + Nb + Nc = 1) .  Generally ga ≠ gb ≠gc . 
The depolarization factors Nα are expressed through the elliptic integrals (Landau & Lifshitz, 
1984): 

  
0

abc ds
N =

2 2 2 22 (s + ) (s + a )(s + b )(s + c )
α

α

∞
∫  (5.2) 

As a result, the Hamiltonian of interaction of electric field E(cr) with dipole moment d  takes 
the form (Pukhov, 2009) 

   
π ωcr +kH i -,σ ,σ ,σ,σ V medε

∑= − − − ⎡ ⎤⎣ ⎦= g =  g
2( ) ˆ ˆ ˆˆ ˆˆ ˆ a aint E d d E d ek k kk

 (5.3) 

The averaging of the quantity ,σ ekd
2

 over all orientations of the polarization vector ,σek  

in the isotropic field results in the usual expression 
22

/ /αα
∑= d3 3d  (where αd  are the 

components of the transition dipole moment d), whereas the corresponding averaging in the 

anisotropic field leads to the expression 2g dα α
α
∑

2
/3 . 

As a result, instead of expression (3.13) for a sphere, we obtain the following relationship for 
an ellipsoid (Pukhov et al., 2008; Basiev et al., 2008; Pukhov, 2009): 

 
n γell medA /Anano bulk =a,b,cn 1 + (ε - 1)Ncr

α

αα
∑=

⎡ ⎤
⎢ ⎥
⎣ ⎦

2

 (5.4) 

where γ = d / dα α α
α
∑

2
 are the direction cosines of the transition dipole moment in the 

principal axes a, b, and c of the ellipsoid. (In the case of sphere, Na =Nb = Nc = 1/3, so that Eq. 
(5.4) reduces to Eq. (3.13) for a sphere.) This means that, now, the ratio Anano/Abulk depends 
on the dipole orientation with respect to the principal axes of the ellipsoid. 
The anisotropy factor K, which is equal to the ratio of the probability of a transition in an 

ellipsoid ellAnano  to the probability of a transition in a sphere 
spher

Anano  can be written in the 

form 

 
ellA γnanoK = =spher =a,b,c 1 + (ε - )NAnano

α

αα
∑

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

22
ε + 2

3 1
  (5.5) 

 

For a sphere, we have Na = Nb = Nc = 1/3 and, after the corresponding substitution and 
transformation, formula (5.5) leads to K = 1, as it must. 
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Ellipsoids of Revolution 
From here on, we will consider only ellipsoids of revolution (where the c axis is the axial 
symmetry axis and the lengths of the semiaxes a and b are equal; i.e., Na = Nb. In this case, 
expression (5.5) takes the form 

 
2 2 2

2 2

12
3 [1 ( 1) ] [1 ( 1) ]

c c
axial

a c

K
N N

γ γε
ε ε

⎡ ⎤−+⎡ ⎤= +⎢ ⎥⎢ ⎥ + − + −⎣ ⎦ ⎣ ⎦
, (5.6) 

where Na = Nb = (1 – Nc)/2. 
The elliptic integrals given by formula (5.2) are expressed through elementary functions for 
all ellipsoids of revolution (Landau & Lifshitz, 1984). For a prolate ellipsoid of revolution (c 

> a = b) with the eccentricity e = 1 - a /c2 2 , we have 

 e
N e ec

e

21 -
= (Arth - )3 ,  (5.7) 

 Na = Nb = (1 – Nc)/2. (5.8) 

When the ellipsoid is closely similar to a sphere (e << 1), the depolarization factors are 
approximately represented by the formulas (Landau & Lifshitz, 1984)  

 Nc = 1/3 – 2e2/15,  (5.9) 

 Na = Nb = 1/3 + e2/15.  (5.10) 

For an oblate ellipsoid of revolution (c < a = b) with the eccentricity e = a /c -2 2 1 , the 
depolarization factors are written as (Landau & Lifshitz, 1984) 

 1 + e
N = (e - e)c

e

2
arctg3 ,  (5.11) 

 Na = Nb = (1 – Nc)/2.  (5.12) 

For the eccentricity e << 1, the depolarization factors are given by the expressions (Landau & 
Lifshitz, 1984) 

 Nc = 1/3 + 2 e2/15, (5.13) 

 Na = Nb = 1/3 - e2/15. (5.14) 
 

It can be seen from expression (5.6) that the dependence of the anisotropy parameter Kaxial on 
the orientation of the transition dipole moment of the optical center is completely 
determined by the quantity γc, i.e., the projection of the transition dipole moment onto the 
axis of revolution c. For illustrative purposes, we will consider below several cases of the 
orientation of the transition dipole moment in long cylinders (c>>a = b) and thin disks (c<<a 
= b). 
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Case A 
The transition dipole moment has nonzero components along the axis of revolution c and in 
the plane perpendicular to this axis (γc2 = (γa2 + γb2)/2 = 1/3). The orientation of the 
crystallographic axes is chosen to be arbitrary with respect to the axes of the ellipsoid. 
Cylindrical nanoparticles (γc2 = 1/3). A dielectric cylinder is characterized by the 
depolarization factors Na = Nb = 1/2 and Nc = 0. Setting γc2 = 1/3 in relationship (5.6), we 
obtain 

 K (ε)cyl =
⎡ ⎤
⎢ ⎥⎣ ⎦

2 2ε + 2 ε + 2ε + 9

3(ε + 1) 3
. (5.15) 

Disk-shaped nanoparticles (γc2 = 1/3). A dielectric disk is characterized by the 
depolarization factors Na =Nb = 0 and Nc = 1. Setting γc2= 1/3 in relationship (5.6), we find 

 K (ε)disk =
⎡ ⎤
⎢ ⎥⎣ ⎦

2 2ε + 2 2ε + 1
23 3ε

. (5.16) 

In both variants, the function K(ε) monotonically increases from the minimum at ε = 1. This 
indicates that the lifetime of optical centers in nonspherical nanocrystals is shortened as 
compared to their lifetime in spherical nanocrystals. It should be noted that, for Y2O3 
nanocrystals in air (ε = 3.4), the lifetimes of optical centers in cylindrical and disk-shaped 
nanoparticles are shorter than that in spherical nanoparticles by factors of 1.5 and 2.2, 
respectively. 

Case B 

The transition dipole moment is perpendicular (γc2 = 0) or parallel (γc2 = 1) to the axis of 
revolution c.  
Cylindrical nanoparticles (γc2 = 0 or γc2 = 1). For dipoles oriented perpendicular to the axis 
of revolution of the cylinder, we calculated Na = Nb = 1/2, Nc = 0, and γc2 = 0 in relationship 
(5.6) and derive the following expression (Fig. 2, curve 1): 

 K (ε)cyl
⊥ =

⎡ ⎤
⎢ ⎥⎣ ⎦

2
2(ε + 2)

3(ε + 1)
. (5.17) 

For dipoles aligned parallel to the axis of revolution of the cylinder, we calculated Na = Nb = 
1/2, Nc = 0, and γc2 = 1 in relationship (5.6) and obtain (Fig. 2, curve 2) 

 =
⎡ ⎤
⎢ ⎥⎣ ⎦

K (ε)cyl

2
ε + 2

3
. (5.18) 

Disk-shaped nanoparticles (γc2 = 0 or γc2 = 1). For dipoles oriented perpendicular to the axis 
of revolution of the disk, we calculated Na = Nb = 0, Nc = 1, and γc2 = 0 in relationship (5.6) 
and find (Fig. 2, curve 2) 
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 K (ε)disk
⊥ =

⎡ ⎤
⎢ ⎥⎣ ⎦

2
ε + 2

3
. (5.19) 

It should be noted that, according to relationships (5.18) and (5.19), we have the equality 

K (ε) = K (ε)disk cyl
⊥ . 

For dipoles aligned parallel to the axis of revolution of the disk, we calculated Na = Nb = 0, Nc 
= 1, and γc2 = 1 in relationship (5.6) and derive (Fig. 2, curve 3) 

 =
⎡ ⎤
⎢ ⎥⎣ ⎦

K (ε)disk

2
ε + 2

3ε
. (5.20) 

ε = ncr
2 / nmed
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Fig. 2. Dependences of the ratio of the optical excitation lifetime in a nanoparticle in the form 
of an ellipsoid of revolution to the optical excitation lifetime in a nanosphere on the ratio 
(ncr/nmed)2 at different ratios between the lengths of the a, b, and c axes and the directions of 
the dipole moment d with respect to the axes of the ellipsoid: (1) nanocylinder for d ⊥ c, (2) 
nanocylinder for d ║ c and nanodisk at d ⊥ c, and (3) nanodisk for d ║ c.  
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Therefore, the radiative decay time of optical centers in nonspherical nanoparticles can vary 
over a wide range as compared to that in spherical nanoparticles. For example, the radiative 
decay time of optical centers in the Y2O3 matrix doped with rare-earth ions can increase by a 
factor of abuot 3.5 in disk-shaped nanocrystals with a transition dipole moment aligned 
parallel to the axis of revolution of the disk and, on the contrary, can decrease by a factor of 
about 3.3 in disk-shaped nanocrystals with a transition dipole moment oriented 
perpendicular to the axis of revolution of the disk or in cylindrical nanocrystals with a 
transition dipole moment directed parallel to the axis of revolution of the cylinder (Fig. 2,  
curves 2 and 3 at ε = 3.39, respectively). 
The anisotropy factor K substantially complicates the interpretation of experimental data: in 
order to calculate the value of K, it is necessary to know the mutual orientation of the 
principal axes of the ellipsoid (a, b, and c) with respect to the crystallographic axes of the 
nanocrystal. Let us consider the simplest case in which the nanoparticle is a nanocrystal 
with cubic symmetry and the crystallographic axes of the nanocrystal are parallel to the 
principal axes of the ellipsoid. Owing to the cubic symmetry of the crystal, the appearance 
of optical centers with a transition dipole moment aligned parallel, say, to the [100] axis 
brings about the formation of an equal number of optical centers with transition dipole 
moments directed parallel to the [010] and [001] axes. This implies that the cubic crystal 
should contain optical centers of three types: optical centers of the first type are oriented 
parallel to the [100] direction (γa2= 1, γb2 =γc2 = 0), optical centers of the second type are 
aligned parallel to the [010] direction (γb2 = 1, γa2 = γc2 = 0), and optical centers of the third 
type are directed parallel to the [001] direction (γa2 = γb2 = 0, γc2 = 1). Optical centers of all 
three types in a bulk crystal are equivalent and have the same lifetime, whereas a 
qualitatively different situation occurs with a nanocrystal. In the latter case, only the first 
two types of optical centers turn out to be equivalent (owing to the axial symmetry). 
The luminescence decay kinetics of optical centers should be described by two exponential 
components (it is a manifestation of the “latent anisotropy” (Feofilov, 1961; Feofilov & 
Kaplyanskii, 1962) with a weight ratio of 2:1. In this case, the “fast and slow exponential 
components” should be characterized by lifetimes that are shorter and longer, respectively, 
than those observed in a nanosphere. For example, the luminescence kinetics of optical 
centers in the Y2O3: Yb3+ nanocylinder (ncr = 1.84) in air should exhibit a nonexponential 
behavior (Fig. 3a, curve 1) owing to the presence of two exponential  components with equal 
weights and the same decay time τ1= 6.4 ms (Fig. 3a, curve 2) (the transition dipole moment 
is perpendicular to the axis of revolution of the cylinder) and one exponential component 
with the decay time τ2=1.3 ms and a weight of 1/3 (Fig. 3a, curve 3) (the transition dipole 
moment is parallel to the axis of revolution of the cylinder). For comparison, Fig. 3a also 
shows the luminescence decay curves of optical centers in a nanosphere with the decay time 
τsphere = 4.3 ms (Fig. 3a, curve 4) and in a bulk crystal with τbulk = 0.72 ms (Fig. 3a, curve 5). It 
can be seen from Fig. 3a that the radiative decay time of optical centers in the Y2O3:Yb3+ 

nanocylinder can increase by a factor of approximately 9 upon changing over from the bulk 
crystal to the cylindrical nanocrystal and by a factor of approximately 6 upon changing over 
to the spherical nanocrystal. A more pronounced nonexponential behavior is observed for 
the Y2O3:Yb3+ nanodisk (Fig. 3b, curve 1). The fast and slow exponential components differ 
by a factor of approximately 12; in this case, we have τ1= 1.3 ms with a weight of 2/3 (Fig. 
3b, curve 2) (the transition dipole moment is perpendicular to the axis of revolution of the 
disk) and τ2= 15.3 ms with a weight of 1/3 (Fig. 3b, curve 3) (the transition dipole moment is  
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Fig. 3. (a) Luminescence kinetic curves for (1) cubic symmetry optical centers in the 
Y2O3:Yb3+ nanocylinder (ncr =1.84) suspended in air for which the transition dipole moment 
d in equal proportion is parallel to one of the axes of the ellipsoid of revolution (a, b, or c); (2, 
3) optical centers with the transition dipole moments (2) d⊥c and (3) d ║c; (4) the 
nanosphere; and (5) the bulk crystal 
(b) Luminescence kinetic curves for (1) cubic symmetry optical centers in the Y2O3:Yb3+  
nanodisk (ncr = 1.84) suspended in air for which the transition dipole moment d in equal 
proportion is parallel to one of the axes of the ellipsoid of revolution (a, b, or c); (2, 3) optical 
centers with the transition dipole moments (2) d ⊥c and (3) d ║ c; (4) the nanosphere; and (5) 
the bulk crystal. 
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parallel to the axis of revolution of the disk). It is clear that, in the absence of axial 
symmetry, the process of luminescence decay should involve three exponential components. 
The obtained theoretical inference that the kinetics of radiative decay of excited optical 
centers of the same type in cubic nanocrystals exhibits a strongly nonexponential behavior is 
confirmed by the experimental data available in the literature (Christensen et al., 1982).  
It should be mentioned, that in a particular case of the cylinder nanocrystals with elliptical 
cross section (axes a, b) and an in-plane dipole moment (dc = 0) we obtain from Eq. (5.4) 

 

22n γγell med bA /Anano bulk 1+(ε-1)N 1+(ε-1)Nn a bcr

a
⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟⎜ ⎟= +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (5.21) 

With the exception of the factor nmed/ncr this expression coincides with result of Rogobete 
and Henkel for the cylinder nanocrystals with elliptical cross - section (see Eq.(A8) in Ref. 
(Rogobete&Henkel, 2004)). From our point of view the factor nmed/ncr is important and 
cannot be dropped from Eq.(5.21). 
It should also be noted that the known Judd–Ofelt parameters Ωk (Krupke, 1966) for trivalent 
rare-earth ions in ellipsoidal nanocrystals should depend on the depolarization factors Nα 
and the orientation of the crystallographic axes with respect to the principal axes of the 
ellipsoid (see next Section 6).  
A situation complicates when the spontaneous emission process involves several decay 
channels and each channel is determined by its own direction of the transition dipole 
moment. In this case, the branching ratio can also change for a nanocrystal. However, this 
circumstance can be used to obtain information on the shape of nanocrystals. The cases 
under consideration, of course, do not cover a wide variety of real optical centers in 
nanocrystals and, most likely, have only an illustrative character, because they have 
demonstrated the influence of the shape of nanoparticles on the spontaneous decay rate of 
optical centers. Nonetheless, the above analysis has shown that controlling the shape of 
samples is of primary importance for an adequate theoretical interpretation of experimental 
results. And visa versa, the deviation of the rate of kinetics of radiative decay from the 
theoretically predicted value for spherical samples has revealed morphological features of 
nanoparticles and can serve as an effective method for controlling their sphericity. 

5.2 An ensemble of nanoellipsoids distributed in sizes and orientations (x≠0) 
Let us now shortly consider a nanocomposite with the subwavelength ellipsoidal dielectric 
nanoparticles, which are identical in composition and shape but may be different in volume 
and orientation.  We shall assume that all orientations are equally likely. Follow to Bohren 
and Huffman (Bohren & Huffman, 1998) we shall use equation  

 ( ) ( )(1 ) med crx x= − +E E E  (5.22) 

where symbol <…> denotes averaging over orientations of ellipsoidal nanoparticles and the 
averaged fields E(med) and <E(cr)> are connected by relation 

  ( ) ( )gcr medE = E   (5.23) 
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with  

 / 3g gαα
∑= . (5.24) 

Eqs.(5.22)-(5.24) together with the corresponding equations for averaged polarizations give a 
generalization of Maxwell Garnett mixing rule for εeff  (Bohren & Huffman, 1998):  

 
( 1)

1
(1  ) +

xg
eff med x xg

ε
ε ε

−
= +

−

⎡ ⎤
⎢ ⎥⎣ ⎦

. (5.25) 

For spheres (g = 3/(ε+2)) formula (5.25) leads to Maxwell Garnett mixing rule (3.12), as it 
must. 
It is follows from Eqs.(5.22)-(5.23) that 

 ( )

(1  ) +

gcr
x xg−

E = E  (5.26) 

However, it is obvious that Eq. (5.26) is inappropriate for calculation of the decay rate of 
optical centers. With assumption that macroscopic electric field inside the specific ellipsoidal 
nanoparticle is given by 

  
ˆ(1  ) +( )

(1  ) +

x xgcr
x xg

−
=

−

g
E E ,  (5.27) 

the Hamiltonian of interaction of electric field E(cr) with dipole moment d  takes the form  

 

[ ] [ ]

[ ] [ ]

ˆ ˆ ˆ ˆˆ(1  ) + (1  ) +int

21 ˆ ˆ(1  ) + (1  ) + a a .   , , ,  
π ω

σ σ σσ ε

= − − − −

− +∑− − − −⎡ ⎤⎣ ⎦

crH x xg x xg

ki x xg x xg
V eff

( )E d =  d g E =

= d g ek k kk ,

  (5.28) 

As a result, we obtain  

[ ]

/

2 2 2 2 2 2 2(1  ) + (1  ) 2 (1  ) .
, , , ,

ellA Anano bulk

neff
x xg x g x x g g x g

a b c a b cncr
γ γα α α αα α

=

−
∑ ∑= − − + − +

= =
⎡ ⎤
⎢ ⎥⎣ ⎦

  (5.29) 

We lead to expression (5.4) when x → 0. It follows from Eq. (5.25) that neff → nmed either. In 

the limit x → 1 (neff → ncr), we obviously have ellA Anano bulk→ . Hence, Eq. (5.29) can be 

considered as a “matching” formula both yielding the correct result for the limiting cases x 
→  0 and x → 1. In the case of spherical nanoparticles, Na =Nb = Nc = 1/3, g = ga = gb = gc = 
3/(2+ε) so that Eq. (5.29) reduces to Eq. (3.10), as it must. 
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6. Is Judd-Ofelt equation valid for nanocrystal? 
All above mentioned in Section 5 results are derived for a two-level atom. Now let us 
consider the multilevel systems, such as rare-earth (RE) ions. The Eq. (5.4) leads to following 
expression for the spontaneous emission rate of J → J’ multilevel transition of RE ion in the 
ellipsoidal nanoparticles (Pukhov, 2009) 

 
nell ellmedA (J, J )/A (J, J ) = S (J, J )/S (J, J )nano nanobulk bulkncr

′ ′ ′ ′
⎛ ⎞
⎜ ⎟
⎝ ⎠

2
3

2 + ε
. (6.1) 

Here S (J, J )bulk ′  is the line-strength of J → J’ transition in a bulk crystal and ′ellS (J, J )nano is 

“anisotropic line-strength” defined as 

 α αα
′∑ellS (J, J') = h γ (J, J )nano =a,b,c

2 2  (6.2) 

where 

 α α
α

h = g =
N

ε + 2 ε + 2

3 3[1 + (ε - 1) ]
, (6.3) 

 α α′ ′∑
′

γ (J, J ) = (B D B )
B B

22  (6.4) 

(in Eqs. (6.2)-(6.4), the coordinate axes coincide with the principal axes of the ellipsoid a, b, c).  
Hereinafter we use Judd notations (Judd, 1962). B and B’ denote Stark states of the J- and J’- 
manifolds, respectively. From Eqs. (6.2)-(6.4), we have spher

nano bulkS (J,J') S (J,J')= for a sphere, as it 

must be because of invariance of the sum αα
′∑ ∑

′
(B D B )

=x,y,z B B
2

with respect to rotations 

of coordinate axes. 
According to Judd-Ofelt theory (Judd, 1962; Ofelt, 1962), the linestrength for trivalent RE 
ions is given by equation 

 
λ=

2(λ)S (J, J') = (κJ U κ J')bulk λ ′∑
2,4,6

Ω  (6.5) 

where Ωλ are Judd-Ofelt intensity parameters and ′(λ)(κJ U κ J') is the reduced matrix 
element of the unit tensor operator U(λ) of rank λ that specifies the J→J’ transition. 

Is the Judd-Ofelt equation valid for ellS (J, J')nano ? 

It can be shown using Judd’s results (Judd, 1962) that a sum α
′

′∑
BB

(B D B )
2

(α = x, y, z) can 

be expressed in terms of matrix elements ′(λ)(κJ U κ J') in the arbitrary coordinate system. 

Namely, 
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 α α α
′

′ ′∑ ∑
BB λ

2 (λ) (λ)γ (J, J ) = (B D B ) = (κJ U κ'J')
22

Ω   (6.6) 

where 

 λ λ λ λ λ⎡ ⎤
⎣ ⎦x

1( ) ( ) ( ) ( ) ( )Ω = Ω +Ω - Ω - Ω1,1 -1,-1 1,-1 -1,12
  (6.7a) 

 λ λ λ λ
y

λ⎡ ⎤
⎣ ⎦

1( ) ( ) ( ) ( ) ( )Ω = Ω +Ω +Ω +Ω1,1 -1,-1 1,-1 -1,12
  (6.7b) 

 λ(λ) =z
( )Ω Ω0,0 . (6.7c) 

In Eqs.  (6.7) 

1 λ t 1 λ t(λ) *= λ A A Ξ(t, λ)Ξ(t , λ)t pqq t p+q-qq -p - q p q -p - q p + q - qp,t, t
′

′∑′ ′ ′′ ′′
⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

Ω (2 + 1)  (6.8) 

(expressions for  At p  and Ξ(t, λ)  are given in Judd’s paper (Judd, 1962)) . 

As a result we have that expression (6.2) for ellS (J, J')nano  takes the form (Pukhov, 2009) 

 
2ell ell (λ)S (J, J') = (κJ U κ'J')nano λλ

∑ Ω  (6.9) 

where intensity parameters are equal to 

 α αα
∑ell 2 (λ)= hλ =a,b,c

Ω Ω .  (6.10) 

Hence the expression for the spontaneous emission rate of J → J’ transition of RE ion in the 
subwavelength ellipsoidal nanocrystals is of the same form as the Judd-Ofelt expression for 
a bulk crystal. However, the Judd–Ofelt intensity parameters for trivalent rare-earth ions in 
ellipsoidal nanocrystals should depend on the depolarization factors and the orientation of 
the crystallographic axes with respect to the principal axes of the ellipsoid. The intensity 
parameters for a sphere are equal to the bulk intensity parameters. 

7. Comparsion of the theoretical data with the experimental data results 
In this section, the ratios τnano /τbulk calculated from relationship (3.15) for spherical 
nanoparticles with a radius 2R << λ and a volume fraction x→ 0 are compared with the 
corresponding measured quantities taken from paper (Dolgaleva et al., 2007) for the 4F3/2 
level of Nd3+ ions in YAG nanocrystals and from paper (Meltzer et al., 1999) for the 5D0 level 
of Eu3+ ions in Y2O3 nanocrystals in suspensions as a function of the ratio ncr/nmed  (Fig. 1). 
In the case when nanoparticles have an identical shape (morphology) but are not spherical, 
instead of expression (3.15), it is necessary to use the general formula (5.4), which leads to 
the following relationship for the ratio between the decay times: 
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2 22 2ell 1 + (n /n - 1)Nτ 3 crnano med= 2 2spher =a,b,c γn /n + 2τ crnano med
. (7.1) 

As can be seen from relationship (7.1), the smaller the ratio ncr/nmed, i.e., the closer the 
refractive index of the nanoparticle ncr to the refractive index of the surrounding medium 
nmed, the smaller the change in the rate of radiative relaxation of the rare-earth ion upon 
deviation of the shape of the nanoparticle from spherical, i.e., the weaker the effect of the 
nanoparticle morphology on the radiative relaxation rate. This tendency is clearly illustrated 
by the measured rates of radiative relaxation of the 4F3/2 level of Nd3+ ions in YAG:(0.9 at % 
Nd3+) nanoparticles with a diameter 2R = 20 nm and a small volume fraction (x = 1.1 ×10-3) 
in different immersion liquids (Fig. 1, circles). The size of the circles in Fig. 1 corresponds to 
the measurement error. It can be seen from Fig. 1 that the experimental points fit the 
theoretical curve fairly well at a ratio ncr/nmed < 1.18. The deviation of the experimental data 
from the theoretical results becomes noticeable at a ratio ncr/nmed > 2 and increases with an 
increase in its value. It should be remembered that, even at the late stage of the 
luminescence decay kinetics, the nonradiative relaxation due to the Nd–Nd concentration 
quenching can not be ignored at a Nd3+ content of 0.9 at % (Voron’ko et al., 1973). This can 
also result in a deviation of the experimental dependence τnano/τbulk  versus ncr/nmed from the 
theoretical curve obtained for YAG:Nd nanocrystals. In order to minimize the contribution 
of the nonradiative quenching to the luminescence kinetics, the lifetime, for example, in the 
YAG:Nd3+ crystal (τbulk = 255 μs (Basiev et al., 1974), was determined at a considerably lower 
concentration of Nd3+ ions as compared to that in the nanoparticles studied in (Dolgaleva et 
al., 2007). 
Much better agreement with the theoretical curve, already at the ratio ncr/nmed = 1.4, is 
observed for the decay time of the fluorescence associated with the 5D0 level (not affected by 
quenching) of Eu3+ ions in Y2O3:(0.1%Eu3+) nanoparticles with a diameter 2R = 7–10 nm (Fig. 
1, squares) (Meltzer et al., 1999). The deviation observed at a ratio ncr/nmed→ ncr can quite 
possibly be explained by the considerable volume fraction of the nanoparticles, their 
agglomeration, or deviation from sphericity. 

8. Conclusion 
Two principal physical reasons provide a basis for a change of spontaneous emission 
lifetime of an optical center, which moves from bulk crystal to nanocrystal. First, it is a 
change in photon density of states; second, it is a change of zero-point amplitude of electric-
field modes, which are responsible for spontaneous emission. On this basis, an analytical 
expression is obtained for the electric-dipole radiative-decay rate of an excited optical center 
in an ellipsoidal dielectric nanoparticles (with sizes much less than the wavelength of light) 
embedded in a dielectric medium. It is found that the ratio of the decay rate Anano of an 
excited optical center in the nanoparticle to the decay rate Abulk of an excited optical center in 
the bulk sample is independent of the local-field correction and, therefore, of the adopted 
local-field model. The relation of the ratio Anano/Abulk with refractive indexes of the 
nanoparticles (ncr) and the medium (nmed) and a volume fraction x of nanoparticles in the 
nanocomposite is established. The ratio of the absorption/emission cross-section σnano/σbulk 
for spherical nanoparticles in dielectric medium to that in bulk crystal σnano/σbulk is derived 
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as well. Here, the functional dependence of Anano/Abulk and σnano/σbulk ratios are found to be 
different. Strong increase in the radiative decay time in a nanoparticale in comparison with 
the bulk crystal gives rise to only a slight decrease in the corresponding cross - section for 
absorption and emission. 
Comparison of the experimental and theoretical values of TR3+ metastable levels decay time 
τ in the YAG and Y2O3 spherical nanocrystals with those in bulk crystals proves the theory. 
Thus, the above analysis of the theoretical expressions and the experimental results has 
demonstrated that the radiative characteristics of nanoparticles differ significantly from 
those of a bulk crystal. By varying the volume fraction x of nanoparticles in a suspension or 
an aerosol, the refractive index of the medium nmed surrounding the nanoparticles and their 
morphology it is possible to control the rates of spontaneous transitions and absorption and 
emission cross - sections of induced transitions. Thus, it is possible to increase σ x τ product, 
an important laser parameter, several times and raises a population inversion in 
nanocomposite laser medium. By this method, one can control the laser properties of the 
nanocomposite materials and, thus, to design novel laser and luminescent media with 
improved characteristics. 
The results obtained can be used in developing the fluorescence kinetic method for 
controlling the shape of nanoparticles and the degree of their agglomeration during 
subsequent applications to the synthesis of optical laser ceramic materials, control of the 
luminescence lifetime of nanophosphors, and observation of nanoagglomerates in organic 
and biological structures. 
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1. Introduction 
Optical detection involves converting an optical signal into an electrical signal. Most optical 
detectors are operated in a linear mode, i.e. the output signal is proportional to the incident 
photon flux. The main limitation in sensitivity of these linear detectors is the ability to 
extract a small signal from the amplifier noise in a given bandwidth. For example, avalanche 
photodiodes (APDs) commonly used in fiber-based optical communications have 
sensitivities of few hundreds of photons in a 100 ps detection window. When higher 
sensitivities are needed, single-photon detectors (SPDs) are often used, which operate in a 
strongly nonlinear mode. Indeed, a pulse containing more than one photon produces the 
same output signal as a single-photon pulse, which implies that it is not possible to directly 
measure the number n of photons in a pulse, if the pulse duration is smaller than the 
detector response time. However, photon number resolving (PNR) detectors are important 
in quantum communication, quantum information processing and quantum optics for two 
class of applications. In one case PNR detectors are needed to reconstruct the incoming 
photon number statistics by ensemble measurements. This is the case of the characterization 
of nonclassical light sources such as single photon (Yuan et al. 2002) or n-photon (Waks et al. 
2004) state generators or of the detection of pulse splitting attacks in quantum cryptography 
(Brassard et al. 2000). In the second case PNR detectors are needed to perform a single-shot 
measurement of the photon number. Applications of this kind are linear-optics quantum 
computing (Knill et al. 2001), long distance quantum communication (which requires 
quantum repeaters (Sangouard et al. 2007)) and conditional-state preparation (Sliwa & 
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Banaszek 2003). Moreover, a linear detector with single-photon sensitivity can also be used 
for measuring a temporal waveform at extremely low light levels, e.g. in long-distance 
optical communications, fluorescence spectroscopy, and optical time-domain reflectometry. 
Among the approaches proposed so far to PNR detection, detectors based on charge-
integration or field-effect transistors (Fujiwara & Sasaki 2007; Gansen et al. 2007; Kardynal et 
al. 2007) are affected by long integration times, leading to bandwidths <1 MHz. Transition 
edge sensors (TES (Lita et al. 2008)) show extremely high (95%) detection efficiencies but 
they operate at 100 mK and show long response times (several hundreds of nanoseconds in 
the best case). Approaches based on photomultipliers (PMTs) (Zambra et al. 2004) and 
APDs, such as the visible light photon counter (VLPC) (Waks et al. 2003; Waks et al. 2004), 
2D arrays of APDs (Yamamoto et al. 2006; Jiang et al. 2007) and time-multiplexed detectors 
(Achilles et al. 2003; Fitch et al. 2003) are not sensitive or are plagued by high dark count rate 
and long dead times in the telecommunication spectral windows. Arrays of single photon 
detectors SPDs additionally involve complex read-out schemes (Jiang et al. 2007) or separate 
contacts, amplification and discrimination (Dauler et al. 2007). We recently demonstrated an 
alternative approach (Divochiy et al. 2008; Marsili et al. 2009a), the Parallel Nanowire 
Detector (PND), which uses spatial multiplexing on a subwavelength scale to provide a 
single electrical output proportional to the photon number. The device presented 
significantly outperforms existing PNR detectors in terms of simplicity, sensitivity, speed, 
and multiplication noise (Divochiy et al. 2008). Here we present the working principle of the 
device (section 2), its fabrication process (section 3), the results of the optical characterization 
(section 4), an analysis of the device operation and corresponding design guidelines (section 
5) and the first application of a PND to reconstruct an unknown incoming photon number 
statistics (section 6). 

2. Photon number resolution principle 
The structure of PNDs is the parallel connection of N superconducting nanowires (N-PND), 
each of which can be connected in series to a resistor R0 (N-PND-R, Figure 1a). The detecting 
element is a 4-6 nm thick, 100 nm wide NbN wire folded in a meander pattern. Each section 
acts as a nanowire superconducting single photon detector (SSPD) (Verevkin et al. 2002). In 
SSPDs, if a superconducting nanowire is biased close to its critical current, the absorption of 
a photon causes the formation of a normal barrier across its cross section, so almost all the 
bias current is pushed to the external circuit. In PNDs, the currents from different sections 
can sum up on the external load, producing an output voltage pulse proportional to the 
number of photons absorbed.  
The time evolution of the device after photon absorption can be simulated using the 
equivalent circuit of Figure 1b. Each section is modeled as the series connection of a switch 
which opens on the hotspot resistance Rhs for a time ths, simulating the absorption of a 
photon, of an inductance Lkin, accounting for kinetic inductance (Kadin) and of a resistor R0. 
The device is connected through a bias T to the bias current source I and to the input 
resistance of the preamplifier Rout. The n firing sections, in red, all carry the same current If 
and the N-n still superconducting sections (unfiring), in blue, all carry the same current Iu. 
Iout is the current flowing through Rout. Let IB be the bias current flowing through each 
section when the device is in the steady state. If a photon reaches the ith nanowire, it will 
cause the superconducting-normal transition with a probability ηi=η(IB/IC(i)), where η is the 
current-dependent detection efficiency and IC(i) is the critical current of the nanowire 
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(Verevkin et al. 2002) (the nanowires have different critical currents, being differently 
constricted (Kerman et al. 2007)). Because of the sudden increase in the resistance of firing 
nanowire, its current (If) is redistributed between the other N-1 unfiring branches and Rout. 
This argument yields that if n sections fire simultaneously (in a time interval much shorter 
than the current relaxation time), part of their currents sum up on the external load. 
 

 
Fig. 1. (a) Scanning electron microscope (SEM) image of a PND with N=6 and series resistors 
(6-PND-R) fabricated on a 4nm thick NbN film on MgO. The nanowire width is w=100 nm, 
the meander fill factor is f=40%. The detector active area is Ad=10x10 μm2. The devices are 
contacted through 70nm thick Au-Ti pads, patterned as a 50 Ω coplanar transmission line. 
The active nanowires (in color) of the PND-R are connected in series with Au-Pd resistors 
(in yellow). The floating meanders at the two edges of the PND-R pixel are included to 
correct for the proximity effect. (b) Circuit equivalent of a N-PND-R. The n firing sections, in 
red, all carry the same current If and the N-n still superconducting sections (unfiring), in 
blue, all carry the same current Iu. Iout is the current flowing through the input resistance Rout 
of the preamplifier. From (Marsili et al. 2009b). 

The device shows PNR capability if the height of the current pulse through Rout for n firing 

stripes 
( )n
outI  is n times higher than the pulse for one 

( )1
outI , i.e. if the leakage current drained by 

each of the unfiring nanowires δIlk=Iu-IB is negligible with respect to IB. The leakage current 
is also undesirable because it lowers the signal available for amplification and temporary 
increases the current flowing through the still superconducting (unfiring) sections, 
eventually driving them normal. Consequently, δIlk limits the maximum bias current 
allowed for the stable operation of the device and then the detection efficiencies of the 
sections. The leakage current depends on the ratio between the impedance of a section ZS 
and Rout and it can be reduced by engineering the dimensions of the nanowire (thus its 
kinetic inductance) and of the series resistor (see sec. 5). The design without series resistors 
simplifies the fabrication process, but, as ZS is lower, δIlk significantly limits the detection 
efficiency of the device. 

3. Fabrication 
NbN films 3-4 nm thick were grown on sapphire (substrate temperature TS=900°C 
(Gol'tsman et al. 2003; Gol'tsman et al. 2007)) or MgO (TS=400°C (Marsili et al. 2008)) 
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substrates by reactive magnetron sputtering in an argon–nitrogen gas mixture. Using an 
optimized sputtering technique, our NbN samples exhibited a superconducting transition 
temperature of TC =10.5 K for 40-Å-thick films. The superconducting transition width was 
ΔTC = 0.3 K.  
Both the designs with and without the integrated bias resistors were implemented. Detector 
size ranges from 5x5 μm2 to 10x10 μm2 with the number of parallel branches varying from 4 
to 14. The nanowires are 100 to 120 nm wide and the fill factor of the meander is 40 to 60%. 
The length of each nanowire ranges from 25 to 100 μm.  
For the devices on MgO, the three nanolithography steps needed to fabricate the structure 
have been carried out by using an electron beam lithography (EBL) system equipped with a 
field emission gun (acceleration voltage 100 kV, 20 nm resolution). In the first step e-beam 
lithography is used to define pads (patterned as a 50 Ω coplanar transmission line) and 
alignment markers on a 450nm-thick polymethyl methacrylate (PMMA, a positive tone 
electronic resist) layer. The sample is then coated with a Ti-Au film (60 nm Au on 10nm Ti) 
deposited by e-gun evaporation, which is selectively removed by lift-off from un-patterned 
areas. In the second step, a 160nm thick hydrogen silsesquioxane (HSQ FOX-14, a negative 
tone electronic resist) mask is defined reproducing the meander pattern. The alignment 
between the different layers is performed using the markers deposited in the first 
lithography step. All the unwanted material, i.e. the material not covered by the HSQ mask 
and the Ti/Au film, is removed by using a fluorine based (CHF3+SF6+Ar ) reactive ion 
etching (RIE). Finally, with the third step the series resistors (85nm AuPd alloy, 50%-each in 
weight), aligned with the two previous layers, are fabricated by lift off via a PMMA stencil 
mask. Our process is optimized to obtain both an excellent alignment between the different 
e-beam nanolithography steps (error of the order of 100 nm) and a nanowire with high 
width uniformity (less than 10% (Mattioli et al. 2007)).  
Details on the fabrication process of the devices on sapphire can be found in (Gol'tsman et 
al. 2007). 

4. Device optical characterization 
In this section we present the results of the optical characterization of PNDs and PND-Rs 
(Divochiy et al. 2008), i.e. their speed performance (section 4.2), the proof of their PNR 
capability and their detection efficiency at λ=1.3 μm (section 4.3). 

4.1 Measurement setup 
Electrical and optical characterizations have been performed in a cryogenic probe station 
with an optical window and in cryogenic dipsticks. The bias current was supplied through 
the DC port of a 10MHz-4GHz bandwidth bias-T connected to a low noise voltage source in 
series with a bias resistor. The AC port of the bias-T was connected to the room-
temperature, low-noise amplifiers. The amplified signal was fed either to a 1 GHz 
bandwidth single shot oscilloscope, a 40 GHz bandwidth sampling oscilloscope, or a 
150MHz bandwidth counter for time resolved measurements and statistical analysis. The 
devices were optically tested using a fiber-pigtailed, gain-switched laser diode at 1.3 μm 
wavelength (100ps-long pulses, repetition rate 26 MHz), a mode-lock Ti:sapphire laser at 700 
nm wavelength (40ps-long pulses, repetition rate 80 MHz), or an 850 nm GaAs pulsed laser 
(30 ps-long pulses, repetition rate 100 kHz). 
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In the cryogenic probe station (Janis) the devices were tested at a temperature T=5 K. 
Electrical contact was realized by a cooled 50 Ω microwave probe attached to a 
micromanipulator, and connected by a coaxial line to the room-temperature circuitry. The 
light was fed to the PNDs through a single-mode optical fiber coupled with a long working 
distance objective, allowing the illumination of a single detector. 
In the cryogenic dipsticks the devices were tested at 4.2 K or 2 K. The light was sent through 
a single-mode optical fiber either put in direct contact and carefully aligned with the active 
area of a single device or coupled with a short focal length lens, placed far from the plane of 
the chip to ensure uniform illumination. The number of incident photons per device area 
was estimated with an error of 5 %. 
Throughout the paper, the single photon detection efficiency of an N-PND ( �η ) or of one of 
its sections (η) are defined with respect to the photon flux incident on the area covered by 
the device (active area Ad, typically 10 x 10 µm2) or by one section (Ad/N), respectively. 

4.2 Speed performance 
Figure 2.a shows a single-shot oscilloscope trace of the photoresponse of a 8.6x8 μm2 5-PND 
under laser illumination (λ=700 nm, 80 MHz repetition rate). Pulses with five different 
amplitudes can be observed, corresponding to the transition of one to five sections. The 
measured 80 MHz counting rate represents an improvement of three orders of magnitude 
over most of the PNR detectors at telecom wavelength (Rosenberg et al. 2005; Fujiwara & 
Sasaki 2007; Jiang et al. 2007), with the only exception of the SSPD array (Dauler et al. 2007). 
 
 
 

 
 

 

Fig. 2. a. Single-shot oscilloscope trace during photodetection by a 8.6x8 μm2 5-PND. The 
device was tested under uniform illumination in a cryogenic dipstick dipped in a liquid He 
bath at 4.2 K. The light pulses at 700 nm form a mode-locked Ti:sapphire laser had a 
repetition rate of 80 MHz. b. Photoresponse transients taken with a 40 GHz sampling 
oscilloscope while probing a 10x10 μm2 4-PND-R in the cryogenic probe station under 
illumination with 1.3 μm, 100ps-long pulses from a laser diode, at a repetition rate of 
26MHz. The solid curves are guides to the eyes. From (Marsili et al. 2009b). 
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We investigated the temporal response of a 10x10 μm2 4-PND-R probed with light at 1.3 μm 
wavelength using a 40 GHz sampling oscilloscope (Figure 2.b). All four possible amplitudes 
can be observed. The pulses show a full width at half maximum (FWHM) as low as 660ps. 
In a traditional 10x10 μm2 SSPD, the pulse width would be of the order of 10 ns FWHM, so 
the recovery of the output current Iout through the amplifier input resistance is a factor ~42 
faster (see section 5.3), which agrees with results reported by other groups (Gol'tsman et al. 
2007; Tarkhov et al. 2008). As shown in section 5.3, the very attractive N2 scaling rule for the 
output pulse duration unfortunately does not apply to the device recovery time. 

4.3 Proof of PNR capability 
Let an N-PND be probed with a light whose photon number probability distribution is 
S=[S(m)]=[sm]. The probability distribution of the number of measured photons 
Q=[Q(n)]=[qn] is related to S by the relation:  

 ( ) ( )( ) |N

m
Q n P n m S m= ⋅∑  (1) 

where ( )NP n|m  is the probability that n photons are detected when m are sent to the device. 

To infer whether a PND is able to measure the number of incoming photons, it can be 
probed with a Poissonian distribution S(m)=μm·exp(-μ)/m! (μ: mean photon number). The 
limited efficiency η<1 of the detector is equivalent to an optical loss, and reduces the mean 
photon number to: μ*=ημ. In the regime μ*<<1, ( ) ( )m*S m ~ μ /m! , and for μ* low enough (1) 
can be written as: 

 ( ) ( ) ( )* *( ) ~ | / ! 1
n

Q n P n n S n n forμ μ⋅ ∝ <<  (2) 

Consequently, the probability Q(1) of detecting one photon is proportional to μ, Q(2) is 
proportional to μ2, and so on. 
A 10x10 μm2 5-PND-R was tested with the coherent light of GaAs pulsed laser (λ=850 nm, 
30 ps pulse width, 100kHz repetition rate), whose photon number distribution is close to a 
Poissonian. The photoresponse from the device was sent to a 150 MHz counter. The 
detection probabilities relative to one-, two- and three-photon absorption events are plotted 
for μ varying from 0.15 to 40 in Figure 3.a. As the mean single-photon detection  efficiency �η  
of the device (defined with respect to the photon flux incident on the total active area 
covered by the device Ad) is a few percent (Figure 3.b) and µ is a few tens, the condition 
ημ=μ*<<1 is verified and (2) is therefore valid. Indeed, the fittings clearly show that 
Q(1) μ∝ ,  2Q(μ,2) μ∝ and 3Q(μ,3) μ∝ , which demonstrates the capability of the detector to 
resolve one, two and three photons simultaneously absorbed. 
The device mean single-photon detection efficiency �η  at λ=1.3 μm and the dark-counts rate 
DK were measured as a function of the bias current at T= 2.2 K (Figure 3.b). The lowest DK 
value measured was 0.15 Hz for �η=2%  (yielding a noise equivalent power (Miller et al. 
2003) NEP=4.2x10-18 W/Hz1/2), limited only by the room temperature background radiation 
coupling to the PND. This sensitivity outperforms most of the other approaches by one-two 
orders of magnitude (with the only exception of transition-edge sensors (Rosenberg et al. 
2005), which require a much lower operating temperature). 
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Fig. 3. a. Detection probabilities of a 10x10 μm2 5-PND-R relative to the one (stars), two 
(squares) and three-photon (circles) absorption events as a function of the mean photon 
number per pulse μ. device was mounted in cryogenic dipstick dipped in a liquid He bath at 
2.2 K. A single-mode optical fiber was put in direct contact and aligned with the active area 
of the device. The power level was set with a variable fiber-based optical attenuator. b. 
Mean detection efficiency at 1.3 μm and dark-counts rate vs bias current of a 10x10 μm2 5-
PND-R. The device was fiber-coupled and mounted on a cryogenic dipstick dipped in a 
liquid He bath at 2.2 K. 

5. PND design 
In this section, we provide a detailed analysis of the device operation and guidelines for the 
design of PNDs with optimized performance in terms of efficiency, speed and sensitivity 
(see also (Marsili et al. 2009b)). 
The first step is to define the relevant parameter space. The width of the nanowire (w=100 
nm) and the filling factor (f=50%) of the meander are fixed by technology, the thickness of 
the superconducting film (t=4nm) is the optimum value yielding the maximum device 
efficiency and the active area (Ad=10 x 10 µm2) is fixed by the size of the core of single mode 
fibers to which the device must be coupled. We consider single-pass geometries (no optical 
cavity), but the same guidelines can be applied to cavity devices with optimized absorption 
(Rosfjord et al. 2006). The parameters of the PND-R that can be used as free design variables 
are: the number of sections in parallel N, the value of the series resistor R0 and  the value of 
the inductance of each section L0. The number of sections in parallel N can be chosen within 
a discrete set of values (N=2, 3, 4, 6, 7, 10, 17), which satisfy the constraints of w, f, size of the 
pixel and that the number of stripes in each sections is to be odd (we consider the geometry 
of Figure 1a). The value of L0 is the sum of the kinetic inductance of each meander Lkin and 
of a series inductance which can be eventually added. Lkin is not a design parameter, as it is 
fixed by w, t, f, Ad and N. If no series inductors are added (bare devices, L0=Lkin), the value 
of L0 for each N is listed in Table 1. 
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N L 0 S Q
2 2 2 5  nH 2 5 0 0
3 1 5 3  nH 1 7 0 0
4 1 1 7  nH 1 3 0 0
6 8 1  nH 9 0 0
7 6 3  nH 7 0 0

1 0 4 5  nH 5 0 0
1 7 2 7  nH 3 0 0  

Table 1. Inductance (L0) and number of squares (SQ) of each section for all possible values of 
N. The width of the nanowires is w=100 nm, the thickness is t=4 nm. The kinetic inductance 
per square was estimated (Lkin/□=90 pH) from the time constant of the exponential decay of 
the output current (τout=τf=Lkin/Rout, see sec. 5.3) for a standard 5x5µm2 SSPD (Marsili et al. 
2008). 

An additional free parameter, relative to the read-out, is the impedance seen by the device 
on the RF section of the circuit Rout, which is 50 Ω (of the matched transmission line) in the 
actual measurement setup (see section 4.1), but which can be varied from zero to infinite 
introducing a cold preamplifier stage. 
The target performance specifications are the single-photon detection efficiency (η), the 
signal to noise ratio (SNR) and the maximum repetition rate (speed), which must be 
optimized under the constraints that the operation of the device is stable and that it is 
possible to detect a certain maximum number of photons (nmax) dependent on the specific 
application. 
This section is organized as follows. First we present the electrical equivalent model of the 
device developed to study its working principle and to define design guidelines (section 
5.1). Then we define the figures of merit of the device performance in terms of efficiency 
(section 5.2), speed (section 5.3) and sensitivity (section 5.4) and we analyze their 
dependency on the design parameters (L0, R0, Rout, N). 

5.1 Electrical model 
Although a comprehensive description of PND operation should combine thermal and 
electrical modeling of the nanowires (Yang et al. 2007), it is possible to use a purely electrical 
model (see section 2 and Figure 1b) to make a reliable guess on how the device performance 
varies when moving in the parameter space (Marsili et al. 2009b). 
In this model, the dependence of Lkin on the current flowing through the nanowire was 
disregarded, and it was assumed constant. Furthermore, it has been shown (Yang et al. 
2007) that changing the values of the kinetic inductance of an SSPD or of a resistor 
connected in series to it results in a change of the hotspot resistance and of its lifetime, 
eventually causing the device to latch to the normal state. The simplified analysis presented 
here does not take into account these effects, and considers both Rhs and ths as constant 
(Rhs=5.5 kΩ, ths=250ps), and that device cannot latch. However, the results of this approach 
can still quantitatively predict the behavior of the device in the limit where the fastest time 
constant of the circuit τf (see section 5.3) is much higher than the hotspot lifetime (τf>>ths), 
and give a reasonable qualitative understanding of the main trends of variation of the 
performance of faster devices (τf~ths). 
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Fig. 4. (a) Simplified circuit of a N-PND-R, where the two sets of n firing and the N-n 
unfiring sections have been substituted by their Thévenin-equivalents. (b-d) Simulated time 
evolution of Iu (b), Iout (c) and If (d) for a 6-PND-R as n increases from 1 to 6. The parameters 
of the circuit are: L0=Lkin=81 nH, R0=50 Ω, Rout=50 Ω, Rhs=5.5 kΩ, and ths=250ps. From 
(Marsili et al. 2009b). 
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To gain a better insight on the circuit dynamics (see sec. 5.3) and to reduce the calculation 
time, the N+1 mesh circuit of Figure 1.b can be simplified to the three mesh circuit of Figure 
4.a applying the Thévenin theorem on the n firing sections and on the remaining N-n still 
superconducting (unfiring) sections, separately. Figure 4.b to d show the simulation results 
for the time evolution of the currents flowing through Rout and through the unfiring (Iu) and 
firing (If) sections of a PND with 6 sections and integrated resistors (6-PND-R) and for the 
number of firing sections n ranging from 1 to 6. As n increases, the peak values of the output 
current (Iout, Figure 4.b) and of the current through the unfiring sections (Iu, Figure 4.c) 
increase. The firing sections experience a large drop in their current (If, Figure 4.d), which is 
roughly independent on n. The observed temporal dynamics will be examined in the 
following sections. 

5.2 Current redistribution and efficiency 

Let 
( )n
lkδI  be the peak value of the leakage current drained by each of the still 

superconducting (unfiring) nanowires when n sections fire simultaneously. The stability 

requirement translates in the condition that for each unfiring section: max(n )
lkB CI  + δI I  ≤  (as the 

leakage current increases with n, max(n )
lkδI  represents the worst case). This limits the bias 

current and therefore the single-photon detection efficiency (η), which, for a certain 
nanowire geometry (i.e. w, t fixed), is a monotonically increasing function of IB/IC (Verevkin 
et al. 2002). For instance, to detect a single photon (at λ=1.3 μm, T=1.8K) in a section with an 
efficiency equal to 80% of the maximum value set by absorption (~32%, (Gol'tsman et al. 

2007)), max(n )
lkδI  should be made ≤33% of IB. Therefore the leakage current strongly affects the 

performance of the device and it is to be minimized, which makes it very important to 

understand its dependency from the design parameters: ( ) ( )
n

lk 0 0 outδI N,L ,R ,R . 
The leakage current can be investigated just in the case of n=1, as the design guidelines 
drawn from this analysis still apply to higher n (Marsili et al. 2009b). The dependency of 

( )1
lkδI  on N and L0 at fixed R0 and Rout (both equal to 50 Ω) is shown in Figure 5.a: an orange 

line highlights bare devices (L0=Lkin, see Table 1) and the colored bars are relative to devices 
which respect the constraints on the geometry of the structure (L0>Lkin), while the grey bars 
refer to purely theoretical devices which just show the general trend. For any N, the current 
redistribution increases with decreasing L0, as the impedance of each section decreases. 

Keeping L0 constant, ( )1
lkδI  decreases with increasing N, as the current to be redistributed is 

fixed and the number of channels draining current increases. For this reason also the 
increase of redistribution with decreasing L0 becomes weaker for high N. 

The dependency of ( )1
lkδI  on R0 and Rout (for the same N, L0) is very intuitive (Marsili et al. 

2009b). Indeed, the redistribution decreases as R0 increases because the impedance of each 

section increases with respect to the output resistance. For the same reason, ( )1
lkδI  is strongly 

reduced when Rout is decreased. 
In conclusion, the result of this simplified analysis is that, to minimize the leakage current 
and thus maximize the efficiency, N, L0 and R0 must be made as high as possible and Rout as 
low as possible. We note however that R0 cannot be increased indefinitely to avoid that the 
nanowire latches to the hotspot plateau before IB reaches IC (Marsili et al. 2008). 
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Fig. 5. Peak value of the leakage current 

( )1

lkδI  drained by each of the still superconducting 
(unfiring) nanowires (a) and of the output current 

( )

out

1

I  (b) when only one section fires 
plotted as a function of the number of sections in parallel N and of the value of the 
inductance of each section L0. The leakage current and the output current are expressed in % 
of the bias current IB because they are proportional to it. From (Marsili et al. 2009b). 

5.3 Transient response and speed 
Before proceeding to the analysis of the SNR and speed performances of the device, it is 
necessary to discuss the characteristic recovery times of the currents in the circuit. 
The transient response of the simplified equivalent electrical circuit of the N-PND (Figure 
4.a) to an excitation produced in the firing branch can be found analytically. Therefore, the 
transient response of the current through the firing sections If, through the unfiring sections 
Iu and through the output Iout after the nanowires become superconducting again (t≥ths) can 
be written as: 

 

( ) ( )
( ) ( )
( )

exp / exp /

exp / exp /

exp /

s f

s f

f

f

u

out

N n nI t t
N N

I t t

I t

τ τ

τ τ

τ

−⎧ ∝ − + −⎪
⎪⎪ ∝ − − −⎨
⎪
⎪ ∝ −
⎪⎩

 (3) 

where τs= L0/R0 and τf= L0/( R0+NRout) are the “slow” and the “fast” time constant of the 
circuit, respectively. This set of equations describes quantitatively the time evolution of the 
currents after the healing of the hotspot in the case τf>>ths, and it provides a qualitative 
understanding of the recovery dynamics of the circuit for shorter τf.  
The recovery transients (t≥ths) of Iout, δIlk and If for a 4-PND-R simulated with the circuit of 
figure Figure 4.a are shown in figure 6a, b, c, respectively (in blue) for different number of 
firing sections (n=1 to 4). As n increases from 1 to 4, the recoveries of Iout and δIlk change 
only by a scale factor. On the other hand, the transient of If depends on n and becomes faster 
increasing n, as qualitatively predicted by the first of equations (3). Indeed, If consists in the 
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sum of a slow and a fast contribution, whose balance is controlled by the number of firing 
sections n. To prove the quantitative agreement with the analytical model in the limit τf>>ths, 
the simulated transients of Iout, δIlk and If have been fitted (figure 6a, b, c, respectively, in 
red) using the set of equations (3), and four fitting parameters (τs, τf, a time offset t0 and a 
scaling factor K). The values of τs and τf obtained from the three fittings (of Iout, of δIlk and of 
the whole set of four If for n=1,…, 4) closely agree with the values calculated from the 
analytical expressions presented above and the parameters of the circuit (τs*=2.30 ns ,τf*=460 
ps). 
To quantify the speed of the device, we take f0=(treset)-1 as the maximum repetition 
frequency, where treset is the time that If needs to recover to 95% of the bias current after a 
detection event. According to the results presented above, which are in good agreement 
with experimental data (Figure 2.b), Iout decays exponentially with the same time constant 
for any n (τout=τf), which, for a bare N-PND, is N2 times shorter than a normal SSPD of the 
same surface (Gol'tsman et al. 2007; Tarkhov et al. 2008). This however does not relate with 
the speed of the device. Indeed, treset is the time that the current through the firing sections If 
needs to rise back to its steady-state value (If~IB). In the best case of n=N, If rises with the fast 
time constant τf, but in all other cases the slow contribution becomes more important as n 
decreases (see Figure 4.d and figure 6.c), until, for n=1, If~[1-exp(-t/τs)]. The speed 
performance of the device is then limited by the slow time constant (treset~3·τs), which means 
that an N-PND is only N times faster than a normal SSPD of the same surface, being as fast 
as a normal SSPD whose kinetic inductance is the same as one of the N section of the N-
PND. 

5.4 Signal to noise ratio 
The peak value and the duration of the output current pulse are a function of the design 
parameters (see below and section 5.3, respectively). As the output pulse becomes faster, 
amplifiers with larger bandwidth are required and thus electrical noise become more 
important. To assess the possibility to discriminate the output pulse from the noise, we 
define the signal to noise ratio (SNR) as the ratio between the maximum of the output 
current outI  and the rms value of the noise-current at the preamplifier input In, out nSNR=I /I . 
The peak value of the output current when n sections fire simultaneously (see Figure 4.b, 
relative to a 6-PND-R) can be written as: 

( ) ( )( ) ( ) ( )* *n n n
out B f lkI n I I N n Iδ= − − −  

where the starred values refer to the time t=t* when the output current peaks. 
As n=1 represents the worst case, to evaluate the performance of the device in terms of the 

SNR, the dependency of 
( )1
outI  from the design parameters is investigated: ( ) ( )

1
out 0 0 outI N,L ,R ,R . 

The dependency of 
( )1
outI  on N and L0 at fixed R0 and Rout (both equal to 50 Ω) is shown in 

Figure 5.b. Inspecting the values of 
( )1
outI  and 

( )1
lkδI  for the same device in Figure 5, it becomes 

clear that they add up to a value well above to IB, which is due to the fact that the output 
current and of the leakage current peak at two different times t* and tlk, respectively (Figure 
4.b, c). Furthermore, as tlk>t*, the output current is not significantly affected by 
redistribution, because Iout is maximum when δIlk is still beginning to rise. 
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Fig. 6. Recovery transients (t≥ths) of Iout (a), δIlk (b), and If (c) for a 4-PND-R as n increases 
from 1 to 4. The simulated transients are in blue, the fitted curves are in red. The parameters 
of the circuit used for the simulations are: L0=Lkin=117 nH, R0=50 Ω, Rout=50 Ω, Rhs=5.5 kΩ, 
and ths=250ps. The three sets of curves are fitted by equations (3) (multiplied by K, and 
shifted by t0), where the values of τs and τf are shown in the insets. From (Marsili et al. 
2009b). 
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The expression for tlk can be derived from (3): tlk= L0/(N·Rout)ln(1+N·Rout/R0), which means 
that increasing the device speed (decreasing L0 or R0, N or Rout) makes the redistribution 

faster and then 
( )1
outI  lower. 

So, for any given N, 
( )1
outI  decreases (Figure 5.b) with decreasing L0, both because 

( )1
lkδI  is 

higher and because tlk is lower. Keeping L0 constant, 
( )1
outI  decreases with increasing N 

because even though 
( )1
lkδI  decreases, the redistribution peaks earlier and the number of 

channels draining current increases. 

The redistribution speed-up explains the dependency of 
( )1
outI  on R0 (for the same N, L0). 

Indeed, even though 
( )1
lkδI  decreases as R0 increases (see section 5.2), the output current 

decreases due to the decrease of tlk: δIlk(1)* increases despite the decrease of the peak value of 
the leakage current. On the other hand, a decrease in Rout makes the redistribution much less 
effective, as tlk decreases slower with decreasing Rout than with increasing R0 (Marsili et al. 
2009b). 
In conclusion, to maximize the output current, N, R0 and Rout must be minimized, while L0 
must be made as high as possible. 
The rms value of noise-current at the preamplifier input In can be written as n nI = S Δf , 
where Sn is the noise spectral power density of the preamplifier and Δf is the bandwidth of 
the output current Iout, which is estimated as Δf=1/τout, where τout=τf= L0/(R0+NRout) is the 
time constant of the exponential decay of Iout (see sec. 5.3). In is then a function of the 
parameters of the device and of the read-out through Sn and τf, and like Iout it is minimized 
minimizing N, R0 and Rout and maximizing L0. 
 

 
Fig. 7.  SNR as a function of N and L0 relative to commercially available cryogenic (77 K 
working temperature, in blue) and room-temperature amplifiers (in yellow). For the 
cryogenic amplifiers the following noise figures were used, relative to different -3 dB 
bandwidths: F=0.44 dB (Δf=0.1-4 GHz), F=1.3 dB (Δf=0.5-20 GHz), F=1.8 dB (Δf=0.5-40 
GHz). For the room-temperature amplifiers: F=1.1 dB (Δf=0.1-4 GHz), F=2.13 dB (Δf=0.1-20 
GHz), F=5 dB (Δf=0.1-40 GHz). 
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The same optimization criteria apply then naturally to the SNR. The dependence of the SNR 
from N and L0 is shown in Figure 7 for cryogenic (77 K working temperature, in blue) and 
room-temperature amplifiers (in yellow). Amplifiers with different -3 dB bandwidths have 
been considered, depending on the bandwidth of the output current pulse that they were 
supposed to amplify. Depending on the amplifier bandwidth, noise figures of F=0.44 to 1.8 
dB (F=1.1 to 5 dB) have been considered in the calculation of Sn for the room-temperature 
(cryogenic) amplifier. The input resistance is Rout=50Ω. 
The main design guidelines which can be deduced from the analysis of sections 5.2 to 5.4 are 
summarized in Table 2. The type of dependency of lkδI , f0, outI  and In from the design 
parameters (L0, R0, Rout, N) is indicated. 
 

L0 R0 Rout N

δIlk ↘ ↘ ↗ ↘

f0 ↘ ↗ −− −−

Iout ↗ ↘ ↘ ↘

In ↘ ↗ ↗ ↗  
Table 2. Dependency of the figures of merit from the design parameters: increasing with 
increasing the parameter (↗), decreasing with increasing the parameter (↘), independent 
(−−). 

6. Application to the measurement of photon number statistics 
We wish to determine whether the PND can be used to measure an unknown photon 
number probability distribution S (see section 4.3). Indeed, the light statistics measured with 
a PND differ from the original one due to non-idealities such as the limited number of 
sections and limited and non-uniform efficiencies (ηi) of the different sections. 
In this section, we present the modeling tools (section 6.1) used to fully characterize the 
device (section 6.2) (Marsili et al. 2009a) and to develop an algorithm to estimate the photon 
number statistics of an unknown light (section 6.3) (Marsili et al. 2009b). 

6.1 Modeling and simulation 
Equation (1) may be rewritten in a matrix form as Q=PN·S, where ( )N N N

nmP = P n|m = p⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  is 

the matrix of the conditional probabilities of an N-PND. Assuming that the illumination of 
the device is uniform, the parallel connection of N nanowires can be considered equivalent 
to a balanced lossless N-port beam splitter, every channel terminating with a single photon 
detector (SPD) (Figure 8.a). Each incoming photon is then equally likely to reach one of the 
N SPDs (with a probability 1/N). Each SPD can detect a photon with a probability ηi 
(i=1,..,N) different from all the others, and gives the same response for any number (n≥1) of 
photons detected (Figure 8.b). The number of SPDs firing then gives the measured photon 
number. Two classes of terms in PN can be calculated directly, the others being derived from 
these by a recursion relation (Divochiy et al. 2008; Marsili et al. 2009a). These terms are the 
probabilities N

m,mp  that all the m≤N photons sent are detected and N
0,mp  that no photons are 

detected when m are sent. 
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Fig. 8. a. Optical equivalent of an N-PND. b. kth possible configuration of n firing (red) and 
N-n unfiring (green) sections. Each incoming photon is equally likely to reach one of the N 
SPDs (with a probability 1/N). Each SPD can detect a photon with a probability ηi (i=1,..,N) 
different from all the others, and it gives the same response for any number (n≥1) of photons 
detected. From (Marsili et al. 2009a). 

In the case of zero detections, N
0,mp  is given by: 
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(4)  

which assumes that a photon incident in the ith nanowire fails to be detected with an 
independent probability of (1-ηi). The sum in (4) accounts for all the possible combinations 
when taking m elements in an ensemble of N with order and with repetition (permutations 
with repetitions). This because more than one photon can hit the same stripe (which gives 
the repetition), and the photons are considered distinguishable (which gives the order).  
In the case that all the photons are detected, since m photons must reach m distinct 
nanowires: 

 1
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... form
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p m N
N N

ηη

= =
≠ ≠
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⎣ ⎦
∑  (5) 

The sum in (5) accounts for all the possible combinations when taking m elements in an 
ensemble of N with order and without repetition (permutations without repetitions). This 
because only one photon can hit the same stripe (which gives the non-repetition), and the 
photons are considered distinguishable (which gives the order). 
The recursion relation for N

nmp  is: 
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 (6) 

The first term on the right-hand side of (6) is the probability that n photons are detected 
when m-1 are sent, times the probability that the mth photon reaches one of the n nanowires 
already occupied (first term in the square brackets) or that it fails to be detected reaching 
one of the N-n unoccupied nanowires (second term in the square brackets). To clarify how 
the latter probability is derived, it is sufficient to consider a particular configuration k (see 
Figure 8.b) of n firing stripes (which have already detected a photon) and N-n unfiring 
stripes (still active). The probability that the incoming photon will not be detected when 
incident on any of the N-n unfiring stripes is then written as:  

 1
11

... N nii
kp

N N
ηη

−
−−

= + +  (7) 

where 1 N-ni ...i  are the N-n stripes active in the kth configuration of (n)firing-(N-n)unfiring 
stripes considered. So a mean must be calculated on all the possible (n)firing-(N-n)unfiring 
configurations for the N stripes. Let C be the number of all these configurations. The mean is 
then calculated summing C terms of the type (7), and dividing by C: C

kk=1
1/C p⋅ ∑ . C is the 

number of permutations without repetitions of N-n elements in an ensemble of N, and it is 
given by the binomial coefficient: ( )( )C=N!/ N- N-n !=N!/n! . The second term on the right-
hand side of (6) is the probability that n-1 photons are detected when m-1 are sent times the 
probability that the mth photon reaches one of the N-(n-1) unoccupied nanowires and it is 
detected. 
To prove the consistency of the analytical model, the probability distribution of the number 
of measured photons Q calculated from PN by (1) was cross-checked with the QMC resulting 
from a Monte Carlo simulation (Marsili et al. 2009a). The input parameters of the simulation 
are the incoming photon number probability distribution S, the number of parallel stripes N, 
and the vector of the single-photon detection efficiencies of the different sections of the 
device η=[ηi]. 

6.2 Matrix of conditional probabilities 
It has been shown (Achilles et al. 2004; Lee et al. 2004) that an unknown incoming photon 
number distribution S can be recovered if Q and PN are known. 
Let an N-PND be probed with a light whose photon number probability distribution is S, 
and its output be sampled H times. The result of the observation can be of N+1 different 
types (i.e. 0,..., N stripes firing), so an histogram of the H events can be constructed, which 
can be represented by a (N+1)-dimensional vector r=[ri], where ri is the number of runs in 
which the outcome was of the ith type. The expectation value of the statistics obtained from 
the histogram is E[Qex=r/H]=Q. Considering equations (4) to (6), it is clear that the matrix of 



Recent Optical and Photonic Technologies 358 

the conditional probabilities of a N-PND depends only on the vector of the N single-photon 
detection efficiencies of the different sections of the device η=[ηi]. The vector η can be 
determined from the statistics Qex measured when probing the device with a light of known 
statistics S as described in the following. 
A 5-PND (Ad=8.6x8 μm2) was tested with the coherent emission from a mode-locked 
Ti:sapphire laser under uniform illumination, whose photon number probability 
distribution is close to a Poissonian and could be fully characterized by the mean photon 
number μ with a power measurement. To determine Qex, histograms of the photoresponse 
voltage peak Vpk were built for values of μ ranging from ~1 to ~100. The signal from the 
device was sent to the 1 GHz oscilloscope, which was triggered by the synchronization 
generated by the laser unit. The photoresponse was sampled for a gate time of 5ps, making 
the effect of dark counts negligible. The discrete probability distribution Qex was 
reconstructed from the continuous probability density q(Vpk) fitting the histograms to the 
sum of 6 Gaussian distributions (corresponding to the five possible pulse levels plus the 
zero level) and calculating their area (Figure 9). 
 

 
Fig. 9. Histograms of the photoresponse voltage peak. The 5-PND was tested in a dipstick 
dipped in a liquid He bath at 4.2 K. The light pulses at 700nm form the mode-lock 
Ti:sapphire laser were 40ps wide (after the propagation in the optical fiber) and the 
repetition rate was 80MHz. The average input photon number per pulse μ was set with a 
free space variable optical attenuator. Increasing μ, form 1.5 (a) to 64.9 (l), the shape of the 
histograms changes as the probability to observe higher response amplitudes increases. The 
solid lines are the experimental histograms. The dashed lines represent the fitted Gaussian 
distribution of each possible pulse level. From (Marsili et al. 2009a). 
The probability distribution of the number of measured photons Q (expressed by(1)) was 
then fitted to the experimentally measured distribution Qex using η as a free parameter 
(Figure 10). The resulting η and matrix of the conditional probabilities are shown in Figure 
11. The fitted efficiencies are rather uniform (2.9±0.5%), indicating a high-quality fabrication 
process. The value of η obtained from the fitting was then used as an input parameter of 
Monte Carlo simulations (see above) used to calculate QMC for each value of μ. The three 
sets of values for the photocount statistics of six levels are in good agreement over almost 
two orders of magnitude of μ, confirming the validity of the analytical model. 
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Fig. 10. Experimental (Qex), fitted (Q) and simulated (QMC) probability distributions of the 
number of measured photons. The experimental probability distribution Qex (orange bins) 
was estimated from the continuous probability density q(Vpk) of Figure 9. The 5-PND was 
probed with several incident mean photon numbers μ: 1.5, 2.8, 4.3, 5.3, 7.7, 12.5, 15.9, 26.9, 
33.6, 64.9. The experimental values for Qex were then fitted (blue bins) using a genetic 
algorithm to recover the vector of detection efficiencies η. The value of η obtained was used 
to calculate QMC for each value of μ by Monte Carlo simulations (green bins). From (Marsili 
et al. 2009a). 
 

 
Fig. 11. Conditional probability matrix for a 8.6x8 μm2 5-PND (with no integrated series 
resistors), calculated from the vector η of the 5 single-photon detection efficiencies (relative 
to T=4.2 K, λ=700nm) of the different sections of the device (inset). From (Marsili et al. 
2009b). 
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6.3 Maximum-Likelihood (ML) estimation 
i. ML method 
The PN matrix provides a full description of the detector. Once PN is known, several 
approaches can be used to reconstruct S from the histogram r. In the case no assumptions on 
the form of S are made, the maximum likelihood (ML) method is the most suitable, as it is 
the most efficient in solving this class of problems (Eadie et al.). 
Let R= R0,…, RN be the random vector of the populations of the (N+1) different bins of the 
histogram after H observations. The joint probability density function L(r|Q) for the 
occurrence of the particular configuration r=r0,…, rN of R is called the likelihood function of 
r and it is given by (Eadie et al.): 

 ( )
0

!
!

irN
i

i i

qL H
r=

= ∏r Q  (8) 

where Q=[qi] is the probability distribution of the number of measured photons, i.e. the 
vector of the probabilities to have an outcome in the bin i (i=0,…, N) in a single trial. 
Considering Q as a function of S through (1), we can rewrite the likelihood function of the 
vector r, depending on the parameter S: 
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∑
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which is then the probability of the occurrence of the particular histogram r when the 
incoming light has a certain statistics S. 
As r is measured and then it is known, L(r|S) can be regarded as a function of S only, i.e. 
L(r|S) is the probability that a certain vector S is the incoming probability distribution when 
the histogram r is measured. The best estimate of the incoming statistics which produced the 
histogram r according to the ML method is the vector Se which maximizes L(r|S), where r is 
treated as fixed. So, the estimation problem can in the end be reduced to a maximization 
problem. 
ii. Description of the algorithm 
For numerical calculations, it is necessary to limit the maximum number of incoming 
photons to mmax (in the following calculations, mmax=21). As S is a vector of probabilities, the 
maximization must be carried out under the constraints that the sn are positive and that they 
add up to one. The positivity constraint can be satisfied changing variables: 2

n ns =σ . Instead 
of L, we maximize the logarithm of L: 

 ( ) ( )( ) ( )
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i i m m
i m
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= =
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⎝ ⎠
∑ ∑Σ  (10) 

where Σ=[σn] and C is a constant. The condition that the sn add up to one can be taken into 

account using the Lagrange multipliers method: ( ) ( )
maxm

2
m

m=0
F Σ,α =l Σ -α σ -1

⎛ ⎞
⎜ ⎟
⎝ ⎠
∑ . 

After developing (Banaszek 1998) the set of mmax+2 gradient equations ( )F Σ,α =0∇ , we 
obtain that α=H and that the set of mmax+1 nonlinear equations to be solved respect to Σ is: 
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for l=0,…, mmax. The set of equations (11) can be solved by standard numerical methods. 
iii. ML reconstruction 
To test the effectiveness of the reconstruction algorithm, a 8.6x8 μm2 5-PND was tested with 
the coherent emission from a mode-locked Ti:sapphire laser. Qex was determined as 
described in section 6.2. 
The device was already characterized in terms of its conditional probability matrix P5 
(Figure 11), so it was possible to carry out the ML estimation of the different incoming 
distributions with which the device was probed. Because of the bound on the number of 
incoming photons which is possible to represent in our algorithm (mmax=21) and as, for a 
coherent state, losses simply reduce the mean of the distribution, the ML estimation was 
performed considering µ*=µ/10 and η*=10η (the efficiency of each section being lower than 
10%). 
Figure 12 shows the experimental probability distribution of the number of measured 
photons Qex obtained from the histograms measured when the incoming mean photon 
number is µ=1.5, 2.8, 4.3 photons/pulse (Figure 12.a, b, c respectively, in red), from which 
the incoming photon number distribution is reconstructed. The ML estimate of the incoming 
probability distribution Se is plotted in Figure 12.d, e, f, (green), where it is compared to the 
real incoming probability distribution S (blue). The estimation is successful only for low 
photon fluxes (µ=1.5, 2.8 Figure 12.d, e) and it fails already for µ=4.3 (Figure 12.f). In Figure 
12.a, b, c, Qex (red) is compared to the ones obtained from S and Se through relation (1) (Q, 
Qe in blue and green, respectively). 
The main reasons why the reconstruction fails are not the low efficiencies of the sections of 
the PND or the spread in their values, but rather the limited counting capability (N=5) and a 
poor calibration of the detector, i.e. an imperfect knowledge of its real matrix of conditional 
probabilities. This assessment is supported by the following argument. If we generate Qex 
with a Monte Carlo simulation (see section 6.1) using the same η vector of Figure 11 and a 
Poissonian incoming photon number distributions and then we run the ML reconstruction 
algorithm (using the same P5, which this time describes perfectly the detector), S can be 
estimated up to much higher mean photon numbers (μ≥16, see Figure 13). Additional 
simulations will be needed to evaluate the performance of PNDs for the measurement of 
other, nonclassical photon number distributions. However, to alleviate this problem, a self-
referencing measurement technique might be used (Achilles et al. 2006). 

7. Discussion on the counting capability 
Several factors may limit the counting capability (Mmax) of a PNR detector. 
One is the detection efficiency. From (5), assuming the detector saturation is negligible 
(n<<N) and that all the branches are equal (ηi=η), the probability Q(n) of detecting n photons 
is proportional to ηn. In the PND tested �η~2%  at 1.3 μm (section 4.3), which we attribute to 
unoptimised film thickness and device design. This obviously prevents the application of 
the present device to n-photon states measurement for n>>1. Nevertheless, the η of SSPDs, 
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Fig. 12. a, b, c. Probability distribution of the number of measured photons obtained from 
experimental data Qex (red) from S (Q, in blue) and Se (Qe, in green) through relation (1), for 
µ=1.5, 2.8, 4.3 photons/pulse, respectively. d, e, f. Real incoming probability distribution S 
(blue) and its ML estimate Se (green) for µ=1.5, 2.8, 4.3 photons/pulse, respectively. From 
(Marsili et al. 2009b). 
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Fig. 13. Real incoming probability distribution S (blue) and its ML estimate MC

eS  (green), 
reconstructed from a Qex generated with a Monte Carlo simulation (see section 6.1) using the 
same η vector of Figure 11 for µ=2 (a), 4 (b), 8 (c), 16 (d) photons/pulse. 

which are based on the same detection mechanism, can be increased up to ~60% (Rosfjord et 
al. 2006), and could potentially exceed 90% using optimized optical cavities. We also stress 
that uniform illumination of the wires is needed to achieve the optimum performance. 
The second limitation is the intrinsic noise of the detector. As the currents from the sections 
of the PND are summed up to build the output, pulse height discrimination is used to 
achieve photon number resolution. This makes the noise performance of the device critical 
for its counting capability, as independent noisy signals are summed. Indeed, photon-
number discrimination can be performed as long as the noise on the signal amplitude 
remains lower than the height of the one-photon pulse. The noise properties of any 
avalanche-based photon counting device are limited by its inner multiplication noise. In 
other avalanche PNR detectors (Waks et al. 2003; Waks et al. 2004; Zambra et al. 2004; 
Yamamoto et al. 2006; Fujiwara & Sasaki 2007; Gansen et al. 2007; Kardynal et al. 2007) the 
amplitude of the output signal is directly proportional to the number of carriers generated 
by single photon absorption events through a multiplication process which is intrinsically 
noisy. The noise on the multiplication gain is then completely transferred to the signal, 
which is then affected by a fluctuation of the same order. In contrast, with PNDs, the noisy 
avalanche carrier-multiplication process (Semenov et al. 2001) causes a fluctuation only in 
the resistance Rhs of the branch driven normal after the absorption of a photon and not in the 

0 1 2 3 4 5
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

d)

 

 :SMC
e (m)

 :S(m)

Pr
ob

ab
ili

ty

Incoming photon number (m)

μ=16

0 1 2 3 4 5
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

c)

 

 :SMC
e (m)

 :S(m)

Pr
ob

ab
ili

ty

Incoming photon number (m)

μ=8

0 1 2 3 4 5
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

b)

 

 :SMC
e (m)

 :S(m)

Pr
ob

ab
ili

ty

Incoming photon number (m)

μ=4

0 1 2 3 4 5
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

a)

 

 :SMC
e (m)

 :S(m)

Pr
ob

ab
ili

ty

Incoming photon number (m)

μ=2



Recent Optical and Photonic Technologies 364 

output current. Indeed, the amplitude of the photocurrent peak is determined by the 
partition between the fluctuating resistance Rhs of few kΩ and a resistance Rout almost 2 
orders of magnitude lower, which is of fixed value. Comparing the broadening of the 
histogram peaks relative to different numbers of detected photons n (Figure 9), no 
multiplication noise buildup is observable, as the variance of the peak does not increase 
with n. The broadening of the peaks is then exclusively due to electrical noise originating 
from amplifiers and is not a fundamental property of the detector. To a good approximation 
the excess noise factor F (McIntyre 1966) of the PND is then close to unity and is not limiting 
Mmax, which is not the case for most of the other approaches to PNR detection (Waks et al. 
2003; Waks et al. 2004; Zambra et al. 2004; Rosenberg et al. 2005; Yamamoto et al. 2006; 
Fujiwara and Sasaki 2007; Gansen et al. 2007; Kardynal et al. 2007). 
In PNDs, a third limitation to Mmax arises from the leakage current δIlk, which limits the bias 
current and therefore η. However, as discussed in section 5.2, this issue can be overcome 
with a careful design of the device. 

8. Conclusions 
A new PNR detector, the Parallel Nanowire Detector, has been demonstrated (Divochiy et 
al. 2008; Marsili et al. 2009a), which significantly outperforms existing approaches in terms 
of sensitivity, speed and multiplication noise in the telecommunication wavelength range. In 
particular, it provides a repetition rate (80 MHz) three orders of magnitude larger than any 
existing detector at telecom wavelength (Rosenberg et al. 2005; Fujiwara & Sasaki 2007; Jiang 
et al. 2007), and a sensitivity (NEP=4.2x10-18 W/Hz1/2) one-two orders of magnitude better, 
with the exception of transition-edge sensors (Rosenberg et al. 2005) (which require a much 
lower operating temperature). 
An electrical equivalent model of the device was developed to study its operation and to 
perform its design (Marsili et al. 2009b). In particular, we found that the leakage current 
significantly affects only the PND detection efficiency, while it has a marginal effect on its 
signal to noise ratio. To gain a better insight on the device dynamics, the (N+1)-mesh 
equivalent circuit of the N-PND was simplified and reduced to a three mesh circuit, so that 
the analytical expression of its transient response could be easily found. With this approach, 
we could predict a physical limit to the recovery time of the PND, which is slower than that 
previously estimated. Furthermore, the figures of merit of the device performance in terms 
of efficiency, speed and sensitivity ( lkδI , f0, SNR) were defined and their dependency on the 
design parameters (L0, R0, Rout, N) was analyzed.  
To prove the suitability of the PND to reconstruct an unknown light statistics by ensemble 
measurements, we developed modeling tools to fully characterize the device and a 
maximum likelihood estimation algorithm (Marsili et al. 2009a; Marsili et al. 2009b). Testing 
a 5-PND with a Poissonian light we found that the reconstruction of the incoming photon 
number probability distribution to be successful only for low photon fluxes, most likely due 
to the limited counting capability (N=5) and the poor calibration (i.e. the imperfect 
knowledge of the real matrix of conditional probabilities) of the detector used, and not to its 
low detection efficiency ( �η 3%∼ ). Additional simulations will be needed to evaluate the 
performance of our detector for the measurement of other, nonclassical photon number 
distributions. Finally, despite the high sensitivity and speed of PNDs, their present 
performance in terms of detection efficiency (η=2% at λ=1.3µm) does not allow their 
application to single shot measurements, as required for linear-optics quantum computing 
(Knill et al. 2001), quantum repeaters (Sangouard et al. 2007) and conditional-state 
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preparation (Sliwa & Banaszek 2003). Nevertheless, the η of SPDs based on the same 
detection mechanism can be increased to ~60% (Rosfjord et al. 2006), and could potentially 
exceed 90% using optimized optical cavities. 
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1. Introduction    
Micro- and nanoparticle manipulation capabilities can benefit researchers in a wide variety 
of fields, from biological research to semiconductor physics. Optoelectronic tweezers (OET) 
is a novel technique that complements existing manipulation technologies. OET provides 
optically-controlled manipulation at the single-particle level. It is a dynamic, reconfigurable, 
minimally-invasive tool capable of massively parallel manipulation. In this chapter, the 
operating principle of OET will be explained, along with device design considerations and 
operational regimes. The capabilities of OET will be showcased in the context of 
applications in biological cell handling and micro- and nanoparticle assembly. 

1.1 Methods of micro- and nanoparticle manipulation 
Many research fields benefit from the ability to address particles in the micro- and nanoscale 
regimes. For example, biologists have traditionally studied cell behavior by observing the 
bulk response of a population of cells. However, it can be desirable to observe the behavior 
of a single cell. This information is useful for studying phenomena such as cell-cell 
interactions, cell signaling pathways, mutations or genetic damage among a population, or 
the differentiation of stem cells. In addition, the response of a single cell can be observed, 
instead of the average response of an entire population. Certain cells in a homogeneous 
population may exhibit behavior that deviates from the average response; single-cell 
observation may provide more insight into the cause of the deviant response. Thus, studies 
at the single-cell level are greatly facilitated by the ability to manipulate individual cells.  
Non-biological particle manipulation is also of interest for engineering fields. 
Nanostructures that exhibit quantum-mechanical behavior are interesting to researchers 
studying nanoscale physics, or to engineers that are exploiting the unique properties of 
nanomaterials for improved devices. However, an obstacle to nanostructure research is the 
difficulty in addressing and assembling these extremely small particles. 
Micro- and nanoscale manipulation can be achieved with a variety of forces, including 
mechanical, magnetic, fluidic, optical, and electrokinetic forces. These forces are controlled 
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by a wide variety of devices. Perhaps the most intuitive devices are the mechanical 
manipulators, such as microgrippers for cells (Kim et al., 1992; Chronis & Lee, 2005) or 
atomic-force microscope tips for nanoparticle positioning (Avouris et al., 1999). However, 
non-contact methods are often preferred by biologists. In addition, it is difficult to scale up 
the number of mechanical manipulators in order to increase the parallel manipulation 
capabilities of the device.  
Magnetic forces are not invasive, but this technique requires particles to be attached to 
magnetic beads, unless the particle has an intrinsic magnetic response. This limits the type 
of particles that can be manipulated by magnetic fields (Gosse & Croquette, 2002).  
Furthermore, tag-free protocols that do not require attaching cells to magnetic beads or 
other particles are more attractive to most biologists.  
Microfluidic devices are another non-contact method of cellular manipulation (West et al., 
2008). However, it is difficult to target a specific single cell in current microfluidic devices, 
although they are suitable for sorting heterogeneous cell populations.  
Optical tweezers provides dynamic, flexible manipulation of specific single cells. Optical 
tweezers uses the gradient force of light to trap particles using a highly-focused laser beam 
(Ashkin et al., 1986), and has been used in many research applications, such as measuring 
cell motility (Maier et al., 2004), sorting colloidal particles (MacDonald et al., 2003), sorting 
cells (Paterson et al., 2005), and trapping and assembling nanowires (Pauzauskie et al., 
2006). In addition, the basic single-beam optical trap has been extended to multiple traps 
from a single laser source using holographic imaging (Grier, 2003), evanescent-wave traps 
(Garces-Chavez et al., 2005), and plasmonic-enhanced traps (Miao & Lin, 2007; Grigorenko, 
et al., 2008). 
The basic single-beam optical tweezers trap is formed when a laser beam is highly focused.  
Near the focal point, lateral trapping forces are created due to the gradient force of the light.  
Along the axial direction of the laser, a force due to radiation pressure also exists. Thus, the 
trap is only stable in three dimensions if the axial gradient force near the focal point is 
stronger than the forces from radiation pressure. A typical optical trap requires an intensity 
of approximately 107 mW/cm2, which requires high-power lasers, and can damage some 
types of particles, including cells (Konig et al., 1996, Neuman et al., 1999; Mohanty et al., 
2002). In addition, the generation of sufficient optical gradients requires high numerical 
aperture objective lenses to focus the laser; this results in a limited optical manipulation 
area, reducing parallel manipulation capabilities, especially for larger microscale particles 
such as cells.  

1.2 Dielectrophoresis 
Electrokinetic forces are capable of non-contact, non-invasive parallel manipulation. These 
forces include electrophoresis and dielectrophoresis. Electrophoresis is the movement of 
charged particles within an electric field, and is commonly used to separate DNA molecules 
by size. Dielectrophoretic manipulation is more attractive, as it is capable of acting on 
neutral particles as well as charged particles.   
Dielectrophoresis (DEP) is the electrical analog of optical tweezers. This phenomena relies 
on the gradient force of an electric field rather than an optical field (Pohl, 1958). The induced 
dipole of a particle experiences a force due to the electric field gradient, resulting in 
dielectrophoretic force. Dielectrophoresis acts on a variety of particles, including non-
conductive particles, conductive particles, particles that have a net electric charge, or 
particles that are charge-neutral. DEP forces are also capable of trapping nanoparticles 
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(Muller et al., 1996) through the use of microfabricated electrodes. DEP-based devices have 
been demonstrated in applications ranging from cell trapping and cell sorting (Gascoyne et 
al., 1997; Cheng et al., 1998; Huang et al., 2003; Gascoyne et al., 2004; Pethig et al., 2003) to 
carbon nanotube separation (Krupke et al., 2003) and nanowire assembly (Evoy et al., 2004).  
Electrode-based DEP devices have parallel manipulation capabilities, but the trapping 
patterns are fixed, and it is difficult to isolate a single particle of interest. This capability can 
be achieved by creating dynamic DEP cages via CMOS control (Fuchs et al., 2006).  
However, this device is limited by the pitch of the CMOS circuitry, and is currently limited 
to microscale manipulation.  

2. Optoelectronic Tweezers (OET) 
Optoelectronic tweezers (OET) enables the optically-controlled, parallel manipulation of 
single micro- and nanoscale particles. This device, first developed by Wu, et al. (Chiou et al., 
2005) integrates the flexibility and control of optical manipulation with the parallel 
manipulation and sorting capabilities of dielectrophoresis, resulting in optically-induced 
dielectrophoresis. The OET device uses a photosensitive surface to allow an optical pattern 
to control the electric field landscape within an OET device. The resulting non-uniform 
electric field then generates a DEP force on particles. Unlike optical tweezers, the optical 
energy is not directly used for trapping, so much lower optical intensities can be used: 10 to 
1000 mW/cm2.  These optical intensities can be achieved by a computer projector or an LED, 
allowing the creation of complex optical manipulation patterns (Ohta et al., 2007c). In 
addition, the optical gradient force is no longer required, relaxing the focusing requirements 
and allowing the use of low numerical aperture lenses. As a result, the effective 
manipulation area of OET can be over 500 times larger than that of a typical optical tweezers 
setup. Furthermore, since the manipulation patterns are controlled optically, OET retains the 
flexibility and dynamic control enjoyed by optical tweezers. Unlike electrode-based DEP, 
OET is capable of trapping a specific single particle from a larger population. In addition to 
the advantages presented by optically-controlled manipulation, OET also retains the 
properties of DEP. Different cells experience varying DEP forces, allowing the separation of 
cells based on the DEP response. 
OET manipulation has been demonstrated on a variety of microparticles, including 
polystyrene beads (Chiou et al., 2005; Ohta et al., 2007a), E. coli bacteria (Chiou et al., 2004), 
red and white blood cells (Ohta et al., 2007c; Hwang et al., 2008a), HeLa cells (Ohta et al., 
2007a; Neale et al., 2009a), Jurkat cells (Ohta et al., 2007a), yeast cells (Lu et al., 2005), and 
protozoa (Choi et al., 2008).  In addition, OET is capable of manipulating semiconducting 
and metallic nanowires (Jamshidi et al., 2008).   
The basic OET device consists of two electrodes (Figure 1a). The upper transparent electrode 
consists of a 100-nm-thick layer of indium tin oxide (ITO), a transparent conductive 
material, on a glass substrate. The lower photosensitive electrode typically consists of 
featureless layers of ITO and intrinsic amorphous silicon (a-Si) on a glass substrate. The two 
electrodes are separated by spacers, creating a chamber between the electrodes that is 
typically 100 µm in height. An aqueous solution containing the cells or particles under 
manipulation is introduced into the chamber between the electrodes.  An electric field is 
created in the device by applying an ac bias across the top and bottom electrodes. 
The OET device is placed under a microscope for observation of the particles under 
manipulation.  Optical patterns are focused onto the photosensitive surface, typically using 
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a microscope objective lens. The optical source is flexible. A low-power laser can be used, or 
an incoherent light source such as a halogen or mercury lamp, or a light-emitting diode 
(LED). Optical patterns are created using spatial light modulators, such as Texas 
Instrument’s digital micromirror device (DMD), a MEMS mirror array, or Hamamatsu’s 
liquid-crystal-based spatial light modulator. The optical source and the optical patterning 
system can also be integrated by focusing the output of a computer projector (Ohta et al., 
2007c) or LCD display (Choi et al., 2007; Hwang et al., 2008a) onto the OET device. 

 

 
Fig. 1. The optoelectronic tweezers (OET) device. (a) Physical structure of the OET device, 
consisting of a transparent electrode and a photosensitive electrode. The illuminated areas 
create optically-defined electrodes on the photosensitive surface, creating electric field 
gradients that generate optically induced dielectrophoretic force. (b) Simplified equivalent 
circuit model. (c) Simulation of the gradient of the square of the electric field in the liquid 
layer of an OET device, which is proportional to the induced dielectrophoretic force.  The 
areas of highest gradients correspond to a spot illuminated by an optical source. 

2.1 Operating principle 
The OET device relies on optically-induced dielectrophoresis to impart a force on the 
particles under manipulation. The dielectrophoretic force is controlled by optical patterns 
that are projected on the photosensitive surface of the device. 
Amorphous silicon, the material used in the photosensitive electrodes of OET, has its 
conductivity modulated by the intensity of the light that is absorbed in the material. Under 
ambient lighting conditions, the a-Si film has a low conductivity. However, when 
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illuminated with light, photogenerated charge carriers are produced in the a-Si. As a result, 
the conductivity of the a-Si layer increases by a few orders of magnitude. The a-Si layer thus 
has two states; a low-conductivity dark state, and high-conductivity illuminated state.  
These two states allow the a-Si layer to act as an optically-controlled and optically-defined 
electrode. The resolution of the optically-defined electrode has been shown to be a function 
of the size and intensity of the optical patterns (Ohta et al., 2007c; Neale et al., 2007). 
The importance of the a-Si photoconductive layer can be seen by modeling the OET devices 
with a simplified equivalent circuit model (Figure 1b). In the dark state, the impedance of 
the a-Si, ZPC, is larger than the impedance of the liquid layer, ZL. Thus, in areas with no 
illumination, most of the applied ac voltage drops across the high impedance of the a-Si 
layer. However, in the illuminated areas, ZPC becomes significantly lower, allowing a 
significant voltage drop to occur in the liquid layer. In this manner, an electric field gradient 
is set up between the illuminated and dark areas in the OET device (Figure 1c).  
The electric field gradients in the OET and LOET devices result in an optically-induced 
dielectrophoretic force. This DEP force results from the interaction of a non-uniform electric 
field and the induced dipole of a particle within the electric field. The forces at each at end of 
the particle’s dipole are unequal due to the non-uniform field, resulting in a net force. This 
force can be described by the following equation:  

 F p E= ⋅∇  (1) 

where p  is the dipole moment of the particle, and E  is the first term of the Taylor series 
expansion of the electric field (Jones, 1995). If the particle is a homogeneous dielectric sphere 
(e.g. a polystyrene bead), then the time-averaged DEP force reduces to: 

 3 22 Re[ ( )]DEP OET m rmsF F r K Eπ ε ω= = ∇  (2) 

where r is the particle radius, εm is the permittivity of the medium surrounding the particle, 
Erms is the root-mean-square electric field strength, and Re[K(ω)] is the real part of the 
Clausius-Mossotti factor, given by: 
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+
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where ε is the permittivity of the particle or medium (denoted by a subscript p or m), σ is the 
conductivity of the particle or medium, and ω is the angular frequency of the electric field 
(Jones, 1995). The magnitude of Re[K(ω)] varies with frequency, resulting in a frequency-
dependence of the dielectrophoretic force. Positive values of Re[K(ω)] result in particle 
attraction to electric field maxima (positive DEP, referred to here as positive OET). For 
negative values of Re[K(ω)], particles are repelled from field maxima (negative DEP, 
referred to here as negative OET). Applying an AC electric field thus allows the tuning of 
the type of DEP force induced on a particle, as well as negating any electrophoretic effects, 
or particle movement due to its surface charge. 
If the particle under manipulation is non-homogeneous, like biological cells, Equation 3 
must be modified. A single-shell model is typically used to determine the frequency-
dependent Clausius-Mossotti factor for mammalian cells. The permittivity and conductivity 
of the cell membrane and interior are used to determine an effective complex permittivity 
that can then be used in Equation 3.  This effective permittivity is given by: 
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where *
intε  is the complex internal conductivity of the cell, assuming that the thickness of the 

cell membrane, d, is much less than the radius of the cell interior, r (Gascoyne et al., 1997). 
The membrane capacitance, *

memC , is given by: 
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Many cell types are uniquely distinguishable by the real part of the Clausius-Mossotti factor. 
This enables the separation of different cell types using DEP force. 

2.2 Operational modes of Optoelectronic Tweezers 
In addition to optically-induced dielectrophoresis, several other effects can occur in the OET 
device (Valley et al., 2008).  Most of these are undesirable parasitic effects, but some of these 
operational modes can be used to obtain expanded functionality in the OET device. 
One of the parasitic effects in the OET device is electrolysis: the breakdown of water molecules 
into hydrogen and oxygen gas due to an electric current. This is undesirable, as the bubble 
formation can rupture cell membranes and interfere with OET operation. In addition, if the 
bubble formation process is violent enough, the a-Si film can crack, or pinholes can form. 
Electrolysis is more prevalent when using electric fields at a frequency of 1 kHz or less. 
Another undesirable effect is electrothermal heating, as elevated temperatures can cause cell 
death or even boiling of the liquid media. The electrothermal heating is caused by phonon 
generation in the a-Si layer or joule heating in the a-Si and liquid layers. As a result, 
gradients in the electrical conductivity and permittivity of the liquid media arise, resulting 
in a liquid flow. However, these effects are only significant under high optical intensities 
(greater than 100 W/cm2). 
Light-induced AC electroosmosis (LACE) is another operational regime of the OET device, 
typically occurring at low bias frequencies of approximately 1 kHz.  Unlike the other effects, 
LACE is a useful operating mode of the OET device. The LACE effect is an optically-
patterned control of fluid flow in the OET device. The optical patterns control the zeta 
potential at the liquid-photoconductor interface as well as the electric field profile, creating 
localized fluid flows surrounding the illuminated areas. The LACE flows have been used to 
trap polystyrene beads with diameters of 2 µm down to 50 nm, λ-phage DNA molecules, 
and quantum dots (Chiou et al., 2008), and to separate 1-µm-diameter beads from 6-µm-
diameter beads (Hwang & Park, 2009a).   
A figure of merit has been developed to quantify the contribution of these other effects 
relative to the strength of the optically-induced DEP force.  This is expressed as a ratio, β:  

 DEP

DEP EXT BROWNIAN

X
X X X

β =
+ +

 (6) 

where  DEPX ,  EXTX , and BROWNIANX  represent the distance a particle travels in 1 s due to 
optically-induced DEP, all other external forces, and Brownian motion, respectively (Valley 
et al., 2008).  If β is averaged over an area, a new figure of merit is obtained: 
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A

B dxdy
A

β= ∫       , , 0,x r r y d∈ − ∈⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  (7) 

where r is the maximum radius from the center of the optical pattern that particle 
perturbation is expected, d is the thickness of the liquid layer, and A is the area of 
integration, where A = 2rd.  Thus, B represents the percentage of particle perturbation in the 
OET device due to optically-induced DEP.  For applied bias frequencies of greater than 50 
kHz and optical intensities of less than 100 W/cm2 (typical OET operating parameters), 
optically-induced DEP is indeed the dominant force (Figure 2).  
 

 
Fig. 2. Dominant effects in the OET device. Theoretical simulations are shown as dashed 
lines, and empirically-determined effects are shown as data points. The liquid solution has a 
conductivity of 1 mS/m. The applied voltage is at a frequency of 100 kHz, with amplitudes 
of (a) 20 Vpp and (b) 10 Vpp. Reprinted with permissions from Valley et al., 2008. Copyright 
2008, IEEE. 

2.3 Other Optoelectronic Tweezers devices 
Thus far, the standard configuration of the OET device has been discussed. In addition to 
this standard configuration, there are other variants on the OET device, which are described 
here. 
One modification is the substitution of alternate materials for the amorphous silicon 
photosensitive electrode. The amorphous silicon is deposited using plasma-enhanced vapor 
deposition (PECVD). If PECVD equipment is unavailable or infeasible, an alternative is to 
use photosensitive polymers in lieu of amorphous silicon. One suitable polymer blend 
material is a mixture of regioregular poly (3-hexylthiophene) (rr-P3HT) and phenyl-C61-
butyric acid methyl ester (PCBM), forming a P3HT/PCBM blend, which is also used in 
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plastic solar cells (Padinger et al., 2003).  OET devices fabricated with P3HT/PCBM polymer 
films in place of amorphous silicon have similar functionality to standard OET devices 
(Wang et al., 2009). 
Another alternate photosensitive material is cadmium sulphide (CdS), which is another 
photoconductive semiconductor. The bandgap of CdS is larger than that of a-Si, so OET 
made of CdS films are actuated using blue light (Higuchi et al., 2008).  Functionality is also 
similar to the standard OET device, although a chemical process can be used for the CdS 
deposition, as opposed to PECVD for a-Si. 
The OET device can also be reconfigured physically. One form is the use of amorphous-
silicon-coated surfaces for both the upper and lower electrodes (Hwang et al., 2008b). This 
configuration is designed to reduce nonspecific particle adhesion when manipulation 
objects that experience negative OET forces, such as polystyrene beads. In the standard OET 
device, polystyrene beads can be levitated by the vertical component of the electric field 
gradient, bringing them into contact with the upper ITO-coated electrode. More than 50% of 
these particles adhere to the ITO-coated electrode, rendering them immovable by OET 
forces. By using a-Si for both electrodes, the forces due to the vertical electric field gradients 
are cancelled out, and the polystyrene beads remain at a metastable position that is 
approximately midway between the two electrode surfaces. In this version of the OET 
device, nonspecific adhesion is reduced to less than 20% of the particles (Hwang et al., 
2008b). However, optical microscopy through the a-Si coated electrodes may present some 
viewing issues for certain types of particles, such as biological cells. 
Another type of OET device combines the two discrete electrode surfaces onto a single 
substrate. This version of OET uses an interdigitated array of amorphous silicon electrodes 
to enable optical control of an electric field using a single substrate (Figure 3a). In this 
device, the electric field direction is primarily parallel to the surface of the substrate, so this 
configuration is known as lateral-field optoelectronic tweezers (LOET) (Ohta et al., 2007a) 
(Figure 3b). Using LOET, anisotropic particles such as microdisks (Tien et al., 2009) and 
nanowires (Ohta et al., 2007b; Ohta et al., 2008; Neale et al., 2009b) align with their long axis 
parallel to the surface of the LOET device, unlike in the conventional OET device (Jamshidi 
et al., 2008). In addition, the LOET device can be more easily integrated with other 
microdevices, as there is only one substrate.   
Electrowetting-on-dielectric (EWOD) devices are an example of microsystems that can 
benefit from OET integration. EWOD devices can achieve complicated droplet-based 
manipulation (Cho et al., 2003; Srinivasan et al., 2004), but it is difficult to address objects 
within a droplet.  OET functionality integrated with EWOD can create a platform capable of 
single-cell assays. In order to achieve OET integration with EWOD, an EWOD device and a 
LOET device were built on separate substrates, then sandwiched together to create a 
composite device that can perform droplet actuation as well as move cells within a droplet 
(Shah et al., 2009) (Figure 3c).   
If the goal is droplet manipulation, another variant of the OET device can be used. The 
floating-electrode OET device is designed to manipulate aqueous droplets in oil for droplet-
based assays (Park et al., 2008).  In this device, electrodes are placed on top of an amorphous 
silicon layer, and the device is coated with a 15-µm-thick layer of polydimethylsiloxane 
(PDMS) polymer (Figure 3d). Optical patterns on the a-Si surface alter the applied electric 
field, producing a DEP force on the droplets suspended in oil. Movement of aqueous 
droplets was demonstrated at velocities of over 400 µm/s (Park et al., 2008).  
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Fig. 3. Alternate OET configurations. (a) Lateral-field optoelectronic tweezers (LOET), which 
consist of an interdigitated array of a-Si electrodes. (b) Simulation of the electric field profile 
in the LOET device.  The low-conductivity areas correspond to illuminated areas.  
(c) Integrated EWOD-LOET device for simultaneous droplet and cell manipulation. The 
LOET device is fabricated on the lower substrate, and the EWOD electrodes are fabricated 
on the upper substrate. Reprinted with permission from Shah et al., 2009. Copyright 2009, 
Royal Society of Chemistry. (d) Floating-electrode OET for the manipulation of droplets in 
oil. Reprinted with permission from Park et al., 2008. Copyright 2008, American Institute of 
Physics. 

3. Cell manipulation using Optoelectronic Tweezers 
3.1 Single-cell trapping 
The most straightforward biological application of optoelectronic tweezers is for the 
trapping and transport of cells. OET trapping of many cell types using a variety of optical 
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patterns has been demonstrated, including E. coli bacteria (Chiou et al., 2004), red and white 
blood cells (Ohta et al., 2007c; Hwang et al., 2008a), HeLa cells (Ohta et al., 2007a; Neale et 
al., 2009a), Jurkat cells (Ohta et al., 2007a), yeast cells (Lu et al., 2005), and protozoa (Choi et 
al., 2008). One issue that arises when trapping mammalian cells is that of surface fouling, 
where cells nonspecifically adhere to the surface of OET devices. Cellular adhesion forces 
extend into the nanonewton range, whereas OET forces are typically tens to hundreds of 
piconewtons. Thus, once cells are fully adhered, it becomes difficult or impossible to actuate 
them by OET force. 
In order to enable more reliable cellular trapping, OET devices were coated with a layer of 
poly(ethylene glycol) (PEG), a common antifouling polymer (Lau et al., 2009). The addition 
of the PEG coating resulted in 30 times less nonspecific adhesion as compared to uncoated 
OET devices, as tested with HeLa cells over the course of an hour. The PEG-coated devices 
allow reliable trapping and positioning of cells using OET manipulation. This was 
demonstrated by the formation of a 5 x 5 array of Jurkat cells on a PEG-coated OET device 
(Figure 3). 
 

 
Fig. 3. Jurkat cell patterning on a PEG-coated OET device. (a) Initial random distribution of 
cells. (b) Formation of the array using OET manipulation. (c) Completed array. (d) Array 
with the optical manipulation pattern removed, for clarity. Reprinted with permission from 
Lau et al., 2009. Copyright 2009, Royal Society of Chemistry. 

3.2 Cell separation 
As described earlier, dielectrophoretic force is a function of the frequency-dependent 
electrical properties of the cells under manipulation. As different cell types exhibit dissimilar 
electrical properties, DEP can be used to sort between cell types, or even between widely 
varying cells of the same type (Gascoyne et al., 1997; Cheng et al., 1998; Huang et al., 2003; 
Gascoyne et al., 2004; Pethig et al., 2003). As OET uses DEP force, this capability can be used 
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to selectively concentrate live human B cells from dead B cells, and to spatially discriminate 
a mixed population of Jurkat and HeLa cells. 
In a live cell, the semi-permeable cell membrane allows a cell to maintain an ion differential 
between its interior and the surrounding liquid medium. In these OET experiments, cells are 
suspended in a low-conductivity isotonic buffer (8.5% sucrose and 0.3% dextrose), so the 
cells have internal conductivities greater than the liquid. However, once a cell dies, this ion 
differential is no longer maintained, and the conductivity of the cell interior becomes similar 
to that of the surrounding liquid. Thus, the Clausius-Mossotti factor is different for live and 
dead cells, assuming that the internal permittivity and conductivity of a dead cell is equal to 
that of the surrounding media, while all other parameters remain the same as a live cell 
(Figure 4a). These simulated results predict that for applied frequencies greater than 
approximately 60 kHz, live B cells will experience a positive OET force, while dead B cells 
will experience a negative OET force. 
The difference in DEP response between live and dead B cells is used to selectively 
concentrate live B cells at an applied frequency of 120 kHz (Chiou et al. 2005). The selective 
collection pattern is a series of broken concentric rings (Figure 4b). As the concentric rings 
shrink, the live cells are focused to the center of the pattern by positive OET.  In contrast, the 
dead cells experience negative OET, and slip through the gaps in the ring patterns.  Dead B 
cells are verified by adding 0.4% Trypan blue dye, which is excluded by the live cells, and 
absorbed by the dead cells.  In these images, the live cells appear clear, and the dead cells 
appear dark.  
 

 
Fig. 4. Selective concentration of live and dead B cells. Reprinted with permission from 
Chiou et al., 2005.  Copyright 2005, Nature Publishing Group. 

OET force is also sensitive enough to distinguish between normal and abnormal live cells, 
which can improve the yield of in vitro fertilization procedures. This was demonstrated by 
the manipulation of oocytes cultured under standard condition and oocytes that had been 
kept in a nutrient-free solution for three days (Hwang et al., 2009b). By modelling oocytes 
using a protoplast structure, simulations predict that as cytoplasm conductivity decreases, 
the induced OET force also decreases. Hwang et al. hypothesize that this is the physical 
cause for different induced OET forces between the normal and nutrient-starved abnormal 
oocytes.  It was observed that normal oocytes could be moved using OET patterns at 
approximately 12 µm/s, while the abnormal oocytes were unresponsive to OET manipulation 
(Hwang et al., 2009b). 
In addition to differentiating between varying cells of the same type, OET force can be used 
to discriminate between different cell types. This ability is demonstrated through the spatial 
discrimination of live Jurkat and HeLa cells using OET. 
In this experiment, cultured Jurkat cells were labeled with a green fluorescent dye. The 
labeled Jurkat cells and cultured HeLa cells are suspended in isotonic solution (Figure 5a).  
Culture media was added to adjust the conductivity of the cell solution to approximately 2 



 Recent Optical and Photonic Technologies 

 

378 

mS/m.  Both cell types experience a positive OET force, and are attracted towards the 
optical manipulation patterns. However, the strength of the OET force varies according to 
the cell type, and also as a function of frequency (Ohta et al., 2007a). At an applied voltage of 
10 Vpp at 100 kHz, sufficient variation in the OET force exists to differentiate between the 
two cell types using a scanning line optical pattern. A 15-μm-wide leading line and a 23-μm-
wide trailing line are separated by ~40 μm, and are simultaneously scanned at a rate of 13 
μm/s (Figure 5b). The leading line produces a weaker OET force than the thicker trailing 
line, as the manipulation velocity of cells exhibits a dependence on the width of the optical 
pattern (Ohta et al., 2007a; Ohta et al., 2007c). Thus, as the two lines are scanned across the 
OET device, the Jurkat cells, which experience a stronger OET force, are held by the leading 
line. The leading line does not produce sufficient force to transport the HeLa cells against 
the viscous drag, which are subsequently attracted to and transported by the trailing line. 
After the scan is completed, the cells retain a spatial separation equal to the spacing of the 
two scanning lines (Figure 5c). Fluorescent imaging is used to verify that the cells on the 
leading line pattern are the fluorescent-labeled Jurkat cells (Figure 5d).   
 

 
Fig. 5. Separation of live Jurkat and HeLa cells using OET. (a) Initial cell positions before the 
optical pattern is scanned from right to left across the field-of-view. (b) Cells are attracted to 
the leading line. The HeLa cell is starting to lag the scanning line. (c) Cells showing spatial 
separation after the scan is completed. An additional HeLa cell has moved into the field-of-
view during the scan. (d) Fluorescent image of the cells in (c), verifying that the leading cells 
are the fluorescent-labeled Jurkat cells. The unlabeled HeLa cells do not appear in the 
fluorescent image. Reprinted with permissions from Ohta et al., 2007a. Copyright 2007, 
IEEE. 

3.3 Light-induced electroporation 
Other electric-field induced cellular operations can also be performed by the OET device.  
This includes electroporation, where electric pulses are used to temporarily open pores in 
the cellular membrane, allowing the introduction of molecules into cells. Currently, 
electroporation can be performed in a bulk procedure (Neumann et al., 1982) on thousands 
or millions of cells, restricting selectivity, or at the individual cell level (Lundqvistet al., 
1998), in a time- and labor-intensive procedure.  Although microfabricated devices have the 
potential to achieve electroporation at the single-cell level, with increased throughput (He et 
al., 2007; Khine et al., 2007; MacQueen et al., 2008; Yamada et al., 2008; Adamo & Jensen, 
2008), this goal has not yet been achieved. 
The OET device can be utilized as a platform to perform selective individual cell 
electroporation in parallel (Valley et al., 2009). The OET functionality allows single-cell 
resolution and selectivity of any cell within the OET manipulation area. In addition, the 
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electroporation can be performed in parallel, increasing throughput as compared to other 
single-cell electroporation techniques. 
The parallel selective electroporation of HeLa cells was demonstrated using Propidium 
Iodide (PI) dye (Valley et al., 2009). The PI dye is normally membrane-impermeable.  
However, in the prescence of nucleic acids, the dye fluoresces red. Thus, a red fluorescent 
signal is evidence that cells have been successful electroporated, introducing PI dye into the 
cellular interior. Initially, OET manipulation is used to position the cells to be electroporated 
(Figure 6). Following this, two cells in the array corners are selectively illuminated by OET 
patterns, creating high electric field regions. An electroporation bias is briefly applied (1.5 
kV/cm at 100 kHz for 5 s), electroporating only the illumated cells. This is verified by 
fluorescent microscopy, where only the illuminated cells show uptake and expression of the 
PI dye. A subsequent selective electroporation is performed to electroporate the remaining 
cells. 
 

 
Fig. 6. Light-induced electroporation. Top row: Bright field microscopy of cells and optical 
patterns. Bottom row: Fluorescent microscopy showing PI dye. First, cells are arrayed using 
OET, which does not cause electroporation.  Two cells on the diagonal are illuminated 
under the electroporation bias conditions (1.5 kV/cm). These cells fluoresce after uptaking 
PI dye (image taken 5 minutes following electroporation). Finally, the remaining two cells 
are electroporated, resulting in the fluorescence of all cells (image taken 5 minutes following 
electroporation). Reprinted with permission from Valley et al., 2009.  Copyright 2009, Royal 
Society of Chemistry. 

4. Micro- and nanoparticle assembly using Optoelectronic Tweezers 
Optoelectronic tweezers is capable of assembling semiconducting and metallic micro- and 
nanoparticles for the creation of electronic and optoelectronic devices.  This is demonstrated 
by the assembly of III-V semiconductor microdisk lasers on silicon for the integration of 
optical interconnects with CMOS circuits, and the assembly of semiconducting and metallic 
nanowires for nanowire-based devices. 
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4.1 Microdisk laser assembly on silicon 
As the data transfer rates in computers increase, optical interconnects become attractive 
replacements for copper wiring. Silicon photonics provides an inexpensive method of  
integrating of CMOS electronics and optoelectronic components such as modulators and 
photodetectors for optical interconnects. However, on-chip optical sources are needed for 
most applications, necessitating the integration of semiconductor lasers with CMOS circuits 
on a silicon wafer. Silicon Raman lasers have been demonstrated (Boyraz & Jalali, 2004; 
Rong et al., 2005), but these require external optical pumps.  Electrically-pumped lasers are 
only possible with compound semiconductor materials. Heteroepitaxy can grow compound 
semiconductor lasers directly on Si, but the growth temperature (> 400 °C) is usually too 
high for post-CMOS processing (Balakrishnan et al., 2006). To circumvent this issue, low 
temperature (300 °C) wafer bonding techniques have been used to integrate compound 
lasers on silicon wafers (Fang et al., 2006; Van Campenhout et al., 2007). However, 
integrating lasers on fully-processed CMOS wafers presents additional challenges as the 
silicon bonding surfaces are buried underneath up to ten layers of electrical interconnects.  
One approach is to build electrical interconnects and photonic circuits on separate Si wafers, 
bond the Si wafers, and then use flip-chip bonding to secure the III-V semiconductor 
materials on the Si wafers (Hattori et al., 2006). Another method to avoid any wafer bonding 
steps and enable simultaneous heterogeneous integration is an post-CMOS, optofluidic 
assembly process using LOET. 
As the major axis of an anisotropic particle such as a microdisk aligns with the electric field 
lines, LOET must used to place the microdisks parallel to the surface of the device (standard 
OET would cause the disks to align with the major axis perpendicular to the OET surface).  
The microdisks used for the creation of on-chip lasers consist of an InGaAs/InGaAsP 
multiple-quantum-well structure, sandwiched by two larger-bandgap optical confinement 
layers, for a total thickness of 0.2 μm. Microdisks with diameters of 5 and 10 μm are 
fabricated from an InP epitaxial wafer, and suspended in ethanol for assembly by LOET.  
The LOET electrodes create an optically-induced dielectrophoretic force, which is controlled 
by voltage applied across the electrodes and the position of optical patterns on the light-
sensitive a-Si layer (Ohta et al., 2007a). The highest forces are in the illuminated areas near 
the electrode edges. Microdisks in solution are attracted to illuminated areas, and self-align 
in the gap between the electrodes (Figure 7). The optical patterns allow transportation of the 
microdisks along the length of the electrodes using an applied AC voltage of 1 to 10 Vpp at 
200 kHz. Once the disks are aligned over a pedestal, the applied voltage is increased to 20 
Vpp to hold the disks in place as the solution dries (Figure 7b, e). Ethanol is used to 
minimize surface tension forces during drying. After drying, the a-Si layer is removed by 
XeF2 etching at 40 °C, so that the a-Si does not interfere with the optical mode of the 
microdisk. Subsequent SEM images show that the disks are aligned with an accuracy of 
approximately ± 0.25 μm (Figure 7c,f). This can be further improved by optimizing the 
optical imaging system. 
Optical pumping of the assembled microdisk lasers show that at room temperature the 5- 
and 10-μm-diameter microdisks achieve single-mode lasing at wavelengths of 1558.7 nm 
and 1586 nm, at effective threshold pump powers of 0.34 mW and 1.0 mW, respectively 
(Tien et al., 2009).  The threshold power for microdisks on the native InP wafer are similar to 
the threshold power of the assembled microdisks, indicating that the assembly process does 
not damage the disks. 
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Fig. 7. III-V microdisk assembly. Assembly of a 5-µm-diameter microdisk (a, b) and a 10-µm-
diameter microdisk (d, e) onto silicon pedestals. The target pedestals are indicated by 
arrows. (c, f) SEM images of the assembled microdisks. 

4.2 Nanoparticle manipulation and assembly 
Optoelectronic tweezers trapping works well for micron-scale objects, but the forces 
generated with OET typically are overcome by thermal (Brownian) fluctuations when 
particles are much smaller than 1 μm, as DEP force scales with r3 (Equation 2). However, 
OET trapping is still possible when two dimensions of the particle are less than 100 nm, as 
long as the third dimension is on the order of micrometers. This anisotropy strengthens the 
particle dipole, increasing the DEP force. This effect is further enhanced for materials that 
are more polarizable than the liquid media, such as semiconductors or metals. As a result, 
OET is capable of exerting strong trapping forces both semiconducting and metallic 
nanowires with diameters as small as 20 nm (Jamshidi et al., 2008). 
Nanowires experience a torque in addition to the DEP force, which aligns the long-axis of 
the nanowire with the electric field in the OET device. Therefore, the nanowire is aligned 
normal to the photoconductive electrode surface of the OET device. (If necessary, LOET can 
be used to manipulate nanowires parallel to the surface of the OET device [Ohta et al., 
2007b; Ohta et al., 2008; Neale et al., 2009b]).   
Once a nanowire is contained in an OET trap, the Brownian motion is significantly reduced.  
Without OET trapping, the nanowire covers an area of 28.9 µm2; while in the OET trap, the 
nanowire is localized to an area of 0.22 µm2, corresponding to a trap stiffness of 0.16 pN/µm 
(Jamshidi et al., 2008). Normalizing trap stiffness with respect to optical power results in 
1.6×10-6 N/(m×mW), which is approximately 2 orders of magnitude larger than for an 
optical tweezers nanowire trap (Jamshidi et al., 2008). Maximum trapping speeds for an 
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individual silicon nanowire with 100 nm diameter and 5 μm length approach 135 μm/s with 
a peak-to-peak trapping voltage of 20V, which is approximately 4 times the maximum speed 
achievable by optical tweezers (Pauzauskie et al., 2006) and is reached with 5-6 orders of 
magnitude less optical power density than optical tweezers.  
In addition to the trapping of single nanowires, OET can be used to perform the parallel 
assembly of nanowires using real-time dynamic trapping. The formation of an individually-
addressable 5×5 array of single silver nanowires has been demonstrated (Figure 8a). In 
addition, large-scale arrays of nanowires can be formed using appropriate optical patterns.  
The density of the trapped silver nanowires can also be tuned by varying the size of a 
rectangular trapping pattern in real-time (Figure 8b). The trapping density is ultimately 
limited by the strength of the dipole-dipole interactions between the nanowires. 
Once the nanowires have been trapped, it is possible to preserve the position and 
orientation of the wires trapped with OET using a photocurable polymer solution such as 
PEGDA, enabling immobilization of nanowires in the polymer matrix within seconds by 
exposing the manipulation area to an ultra-violet source (Jamshidi et al., 2008).  The ability 
to preserve the position and orientation of OET-trapped nanowires enables subsequent post-
processing steps. 
 

 
Fig. 8. Nanowire manipulation using OET.  (a) Positioning silver nanowires into a 5 x 5 
array. The top image shows a conceptual diagram; the bottom images show the microscope 
image, with the trapped nanowires circled for clarity. (b) Control of nanowire density by 
adjusting the size of the trapping pattern.  More than 80 silver nanowires are concentrated 
from an area of approximately 3,000 µm2 to 2,000 µm2. Reprinted with permission from 
Jamshidi et al., 2008. Copyright 2008, Nature Publishing Group. 

5. Future directions 
New versions of the OET device are being developed.  One promising device promises to 
improve OET manipulation of live cells.  Currently, efficient OET operation requires cells to 
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be suspended in a low-conductivity, isotonic media. This is beneficial for separating live and 
dead cells, as it results in OET forces of opposing polarities.  However, isotonic media is not 
ideal for long-term cell viability or for fragile cells. In these cases, it is desirable to 
manipulate cells in their nature culture media. Unfortunately, typical cell culture media 
contains high concentrations of ions, resulting in an inefficient switching between the “on” 
and “off” states of the optically-defined OET electrodes.  In order to observe OET actuation, 
prohibitively high optical intensities must be used. 
One way to improve OET operation in high-conductivity cell culture media is to improve 
the illuminated photoconductivity of the OET device. This can be accomplished by replacing 
the a-Si material with a single-crystal silicon phototransistor structure. This phototransistor-
based OET device (Ph-OET) manages to enhance the photoconductive response by more 
than 2 orders of magnitude as compared to a-Si, enabling OET operation in cell culture 
media (Hsu et al., 2009). The Ph-OET device provides more than 2 orders of magnitude of 
photoconductivity compared to a-Si under same illumination and bias, thanks to the high 
phototransistor gain and the high electron mobility of single crystalline silicon. The Ph-OET 
device can be actuated with an optical intensity of 1 W/cm2.  At these optical intensities, a-
Si-based OET devices can only be actuated in low-conductivity media.  Thus, the Ph-OET 
device promises to enable new applications of OET manipulation on live cells. 

6. Summary 
Optoelectronic tweezers and its variants are versatile devices for the manipulation of 
microparticles, nanoparticles, and cells. This chapter presented the theory and operation of 
the OET device and its variants, along with descriptions of various applications, including 
cell trapping and sorting, cell electroporation, microdisk laser assembly, and nanoparticle 
manipulation and assembly. Currently, the most promising fields for applications are 
biological research and micro- and nanoassembly. However, as OET is a relatively new tool, 
more applications are being developed that take advantage of the many capabilities of OET. 
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1. Introduction 
Since the advent of the magneto-optical trap (MOT) in 1987 (Raab et al., 1987), it has been 
intensively studied and widely used as a pre-cooled atomic source for various experiments 
(Metcalf & van der Straten, 1999). In addition, there have been intensive studies on the MOT 
itself such as cold collisions (Walker & Feng, 1994), nonlinear optics (Tabosa et al., 1991), 
existence of sub-Doppler force (Wallace et al., 1994), or limit of density (Townsend et al., 
1995). Nevertheless MOT itself is far from quantitative understanding and still keeps 
providing surprises as unexplored characteristics and applications are being developed. In 
the perspective of nonlinear dynamics in a MOT, there were several reports as follows: 
Sesko et al. observed several variations of atomic spatial distribution and abrupt change 
between the distributions when there exist laser beam misalignment, intensity imbalance or 
radiation trapping (Walker et al., 1990; Sesko et al., 1991). They explained the phenomena by 
optical torques exerted by the misaligned trapping lasers. Based on the studies of Sesko et 
al., Bagnato et al. have observed the limit cycles and some abrupt changes of atomic spatial 
distributions (Bagnato et al., 1993; Dias Nunes et al., 1996). Recently, Wilkowski et al. found 
the instability phenomena in a MOT and explained them by means of shadow effect 
(Wilkowski et al., 2000; di Stefano et al, 2003). In addition, MOT exhibits very unique 
collective effects and critical behaviors when the number of atoms increases such as 
instability-induced pulsation (Labeyrie et al., 2006), and plasma oscillations of ultracold 
neutral plasma (Kulin et al., 2000).  
In this article we present experimental and theoretical works on the applications of the 
magneto-optical trap by modifying the trap conditions, which is termed as an asymmetric 
magneto-optical trap (AMOT). This article is composed of three parts: In Sec. 2, we describe 
the parametric resonance achieved by the modulation of the trap laser intensities. When the 
modulation frequency is near twice the natural frequency of the trap and the modulation 
amplitude exceeds a threshold value, the parametric resonance can be excited; i.e., the 
trapped atoms are divided into two parts and oscillate in opposite directions. The various 
theoretical and experimental studies are presented. Section 3 is devoted to measurement of 
trap parameters by the method of parametric resonance and transient oscillation. By 
decreasing the modulation amplitude of the parametric excitation down to its threshold 
value one can measure the trap frequency. In the case of transient oscillation, the trap 
frequency and damping coefficient were obtained by measuring the trajectory of the atoms 
returning to the original trap center, after the applied uniform magnetic field, used for 
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displacing the trap center, was turned off. In Sec. 4, we discusses adjustable trap where the 
trap-laser frequencies are unequal to one another. When the detuning of the laser along the 
symmetric axis is different from those of the transverse lasers, an array of several sub-
Doppler traps with adjustable separations between the traps which are proportional to the 
relative laser-detuning difference. 

2. Parametric resonance in a magneto-optical trap 
The parametric resonances are ubiquitous phenomena: e.g., we can find them in vertically 
driven pendulum, fluid mechanics, ion trap such as a Paul trap or a Penning trap, optical 
dipole trap, and a lot of different fields (Landau & Lifshitz, 1976; Nayfeh & Moore, 1979). In 
an optical lattice or a dipole trap, the modulation of the potential depth was often used to 
measure the vibrational frequencies (Friebel et al., 1998). In a Paul trap, the observation of 
higher order resonance up to n = 10 has been reported (Razvi et al., 1998). Above all, our 
study is very analogous to parametrically-pumped electron oscillators in the Penning trap 
(Tan & Gabrielse, 1991; 1993; Tseng et al., 1999; Lapidus et al., 1999). The simple observed 
features of electrons in the cylindrical Penning trap are related to the cooperative behavior 
and nonlinear dynamics. The electron oscillators exhibit a rich and varied nonlinear 
dynamics which our systems also manifested. 
In this section, we present the theoretical and experimental results of the parametrically driven 
MOT by using the modulation of the MOT potential, especially the cooling laser intensity (Kim 
et al., 2003; 2004). When we modulate the intensity of the cooling laser at about twice the 
resonant frequency of the trap, the atoms in the MOT are divided into two parts and oscillate 
reciprocally with the finite amplitude due to nonlinearity of the trap. The amplitude of 
oscillation and the phase with respect to the modulation of cooling laser are measured with the 
images of atomic cloud and compared to the theoretical calculations. Direct observation of the 
sub-Doppler trap in the parametrically driven MOT is also described (Kim et al., 2004). 

2.1 Theory 
The atomic motion in a parametrically-driven MOT can be described in terms of simple 
Doppler cooling theory. In the MOT the σ +(σ –) polarized light propagates from the –z(+z) 
axis, while the σ –(σ +) polarized light propagates from the –x(+x) and –y(+y) axis. Also the 
inhomogeneous magnetic field is applied, which is given by 

ˆ ˆ ˆ ,
2 2

⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

G x yB b x y zz  

where b is the magnetic field gradient for z-axis. The laser intensities are modulated to excite 
the parametric resonance. Although intensities of all laser beams are simultaneously 
modulated with the frequency ω, we can excite the resonance for one specific axis by 
controlling the parameters such as laser intensity or the detuning. In this study we only 
excite the parametric resonance for z-axis. 
The atomic motion for z-axis can be described by the following equation for a two-level 
atom (Metcalf & van der Straten, 1999), 

 = ( , , ),mz F z z t�� �  (1) 

with 
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where k is the wave vector, μB is Bohr magneton, m is the mass of an atom, Γ is the decay 
rate of the excited state (=2π×5.9 MHz), and δ(= ωL – ωA) is the detuning of the laser 
frequency ωL relative to the atomic resonance frequency ωA. Here s0(= I/Is) is the 
unmodulated saturation parameters with I being the laser intensity of a laser beam for z-axis 
and Is (=1.62 mW/cm2) being the saturation intensity for a 85Rb atom, and the term 
(1+hcosωt) describes the modulated laser intensity, where h is the modulation amplitude 
and ω is the modulation frequency. 
In addition to the Doppler force in Eq. (2), we need to include the sub-Doppler force and the 
random force (Chang & Minogin, 2002). The sub-Doppler force describes the tight 
confinement in the vicinity of the origin of velocity or position and explains the bright and 
small trap at the origin. In the former part of Sec. 2, we ignore this force, since we do not 
consider the small trap and describes the motion with large amplitude. The random force 
which stems from the recoil of the emitted photon from atoms contributes to the 
determination of the width of trap and the transitions between the stable attractors. As far as 
the center of motion is concerned, however, we do not need to include this force. When we 
discuss the simulations about the width of oscillating clouds, we will include this force. 
We present analytic solutions from the approximation of Eq. (1) in order to have concrete 
understanding of the system. When we expand the Eq. (1) up to third orders in position (z) 
and velocity ( z� ), Eq. (1) can be approximately written by 
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where the natural frequency (ω0), the damping coefficient (β), and the nonlinear coefficient 
(A0) are given by 
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respectively. Here we have assumed that h 1 and the damping is weak, that is, β ω0. 
When we neglect the nonlinear term in Eq. (3), i.e., the term in the right hand side of Eq. (3), 
it becomes 

 2
0 (1 cos ) = 0,z z h t zβ ω ω+ + +�� �  (5) 

which is a well-known Mathieu equation (Landau & Lifshitz, 1976; Nayfeh & Moore, 1979). 
The solutions of Mathieu equation exhibit the parametric resonance which occurs when the 
modulation frequency is ω = 2ω0/n, where n is the integers. In practice, it is hardly possible 
to observe higher order resonances (n > 1). In the absence of damping of the system (β = 0), 
the parametric resonance occurs in the range 

 0 0 0
1 1< 2 < ,
2 2

h hω ω ω ω− −  (6) 

which is expressed as dotted lines in Fig. 1(a). Here the horizontal axis is the modulation 
amplitude (h), and the vertical axis is the modulation frequency normalized to the trap 
frequency (ω/ω0). When the modulation frequency lies inside this region, the solution 
diverges and shows instability. If we take into account the damping, the parametric 
resonance range slightly changes from Eq. (6) to ω1 < ω < ω2 as shown in Fig. 1(a) (solid 
curve), where the characteristic frequencies, ω1 and ω2, are given by 
  

 
                                                  (a)                                                                 (b) 

 
                                               (c)                                                                  (d) 

Fig. 1. (a) The instability region of the parametrically driven MOT. (b) The numerically 
calculated map from Eq. (1) as solid curves, while the result with the linearized Mathieu 
equation is plotted as a dotted line or curves. The calculated amplitude R (c) and the phase 
ψ (d) of the limit cycle at the modulation amplitude of h = 0.7. 
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Here a threshold value (hT) of the modulation amplitude above which the parametric 
resonance can occur is given by hT = 2β/ω0. 
Including the nonlinear terms, Eq. (3) can be analytically solved by means of usual 
averaging method (Nayfeh & Moore, 1979; Strogatz, 2001). In this case, the stability map is 
changed (Fig. 1(b)). In the steady-state regime in the rotating frame with the angular 
frequency ω/2, the nontrivial solutions of Eq. (3) can be written by 

 ( ) = ( )cos ( ) ,
2

z t R t t tω ψ⎡ ⎤+⎢ ⎥⎣ ⎦
 (8) 

where the amplitude R(t) and the phase ψ(t) satisfy the following equations: 
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The solution in Eq. (8) is called a limit cycle motion, which comes from the reduction of the 
divergent solution to the finite one owing to the nonlinear term in Eq. (3). 
The steady state solutions can be obtained by equating dR/dt =0 and dψ/dt =0 in Eq. (9). We 
immediately notice that there exists a trivial solution R = 0. As well, we have the nontrivial 
steady-state solutions for Eq. (9) as 

( )2 2 2 2 2 2
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h h h h
h h

ψ η η− + − −
+

∓  (10) 

 

where the upper (lower) sign denotes the stable (unstable) solutions and η(= ω/ω0) is the 
normalized modulation frequency. The calculated results for the amplitude and phase are 
shown in Fig. 1(c) and 1(d), respectively, for h =0.7. In Figs. 1(c) and 1(d), the stable 
(unstable) solutions are represented as solid (dotted) lines. We can see that there exist three 
characteristic frequencies (ω1, ω2 and ω3) which characterize the existence of solutions. The 
frequencies ω1 and ω2 are already defined in Eq. (7) and the new frequency ω3 is given by 

 2
3 0= 1 4 .

2 T
T

h h
h

ω ω
⎛ ⎞

+ +⎜ ⎟
⎝ ⎠

 (11) 

The frequency ω3 does not exist for solutions of the Mathieu equation and arises when the 
nonlinear term is included. As shown in Fig. 1(b) (dotted line), the frequency ω3 is linearly 
dependent on the modulation amplitude h. 
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In Figs. 1(c) and 1(d), for the frequency range ω1 < ω < ω2 (Region I), as well as an unstable 
solution (R = 0), there exist two stable solutions. This is because for a given amplitude R, we 
have two solutions of the phase with the difference of 180° (Fig. 1(d)). When the nonlinear 
terms are neglected, the solution in this region exhibits instability. Due to the nonlinear 
terms, however, the solution ceases to diverge and have a finite value, which is called a limit 
cycle. When the frequency lies at the range ω2 < ω < ω3 (Region II), we have three stable 
(solid line and curves) and two unstable solutions (dotted curves). Of three stable solutions, 
one is a stable attractor at the origin (R = 0) and the others are limit cycles with phase 
difference of 180°. In the other frequency region (ω < ω1 or ω > ω3), there exists one stable 
attractor at the origin. As can be seen in the experiment, while a limit cycle motion is 
presented as oscillating clouds with the frequency of ω/2, the stable attractor at the origin is 
represented by a stationary trap. 
When the modulation frequency increases, a trivial solution (stable attractor at the origin) 
converts to the limit cycle motion at the frequency ω = ω1, which is called a super-critical 
Hopf bifurcation (Strogatz, 2001). In contrast, when the frequency decreases from the larger 
frequency region, the combination of a stable attractor at the origin and the limit cycle 
motions changes to the limit cycle motions alone at the frequency ω = ω2, which is called a 
sub-critical Hopf bifurcation (Strogatz, 2001). In general we observe the hysteresis: when we 
increase the frequency across the frequency ω2 we follow the nontrivial solution at Region II 
in Fig. 1(c). On the contrary, when we sweep down the frequency crossing the frequency ω3, 
the solution is merely a trivial solution (R = 0). In reality, however, it is not possible to 
observe this normal hysteresis effect, which will be explained later. Comparison of 
numerical calculations of Eq. (1) with the results with the analytic solutions are shown in 
Fig. 1(b). In Fig. 1(b), the dotted curve denotes the results of Fig. 1(a). That is, they were 
obtained for the linearized Mathieu equation (Eq. (5)). Also the solid curve is the result of 
the numerical calculation. We can notice that ω1 and ω2 are slightly shifted towards smaller 
values. 
The atomic motion can be described more clearly in the rotating frame with the angular 
velocity of ω/2. In that frame, Eq. (9) can be transformed to the following equations: 

( )2 21 0
1 2= 1 ,

2 2 2
dq hq q q q
dt
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where the dimensionless amplitudes are defined by q1 = q cosψ and q2 = q sinψ, with 
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The calculated stability regions in the rotating frame are plotted in Fig. 2(a) for ω/ω0 = 2.0 
(Region I in Fig. 1(c)) and Fig. 2(b) for ω/ω0 = 2.5 (Region II in Fig. 1(c)). In Fig. 2 the stable 
(unstable) points are denoted by the filled circles (triangles). In Fig. 2(a), there are two 
stability regions, which are divided by two spiral-shaped regions. We have two stable points 
inside the regions and one unstable point at the border of two regions. An atom with initial 
condition in one specific region converges to a stable point which belongs to that region. In 
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Fig. 2(b), there exist three stable points and two unstable points. The regions are divided by 
three spiral-shaped regions. The behaviors of atomic motions are analogous to those in Fig. 
2(a). 
 

 
                                                   (a)                                                             (b) 
Fig. 2. The stability regions for the frequency Region I (a) and Region II (b). 

When the modulation frequency corresponds to Region II in Fig. 1(b) or Fig. 1(c), in the 
experiment, the initial conditions of trapped atoms reside in the central spiral-shaped region 
in Fig. 2(a). Thus we only observe a stationary trap when the frequency is swept down 
across ω3. On the contrary, when we sweep up the frequency crossing ω2, we only observe 
the two limit cycle motions, because the initial conditions reside in the two large spirals. 
That is to say, we may observe hysteresis. However, in Region II, as will be seen in the next 
subsection, we can always observe the limit cycle motions as well as the central trap 
independent of the direction of the frequency sweeping. There are two reasons for the 
disappearance of the hysteresis effect. The first one is the fact that the atoms are always 
loaded from background atoms and lost due to the collisions with them. Thus the initial 
conditions cover the broad regions including three spiral-shaped regions. As a result, both 
the central trap and the limit cycle motions can be observed simultaneously in the 
experiment. The second reason is the existence of the diffusion. In the experiment there 
always exists diffusion which provokes atoms to make transition from the fixed point to the 
limit cycle motions. Therefore, although the frequency is swept downwards crossing ω3, we 
can observe the limit cycles as well as the stationary trap. In reality, both reasons exist 
simultaneously, and contribute to the disappearance of the hysteresis effect. 

2.2 Experimental and simulation results 
We study parametric resonance of atoms in a standard vapor-cell MOT where the intensity 
of cooling laser is modulated. We used the first order diffracted laser beam by an acousto-
optic modulator (AOM), which can vary the laser power in accordance with the applied 
voltage. The 85Rb atoms in the MOT have three dimensional confinements with the natural 
frequency ω0 (ω0/ 2 ) for z (x or y)-axis, where ω0 is defined in Eq. (4a). In order to observe 
the parametric resonance and limit cycle motion in the MOT, the s0 should be very small (< 
0.1). In the experiment we excite parametric resonance for z-axis (the axis of anti-Helmholtz 
coils). For z-axis, s0 = 0.042 (or 0.05), b = 9 G/cm, δ = –2.9 Γ, and h = 0.9 (or 0.7). Accordingly, 
ω0 = 2π × 31.5(34.3) s–1 and hT = 0.40 (or 0.44). Thus the modulation amplitude should be 
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greater than 0.40 (0.44) to excite parametric resonance, even if the modulation frequency is 
exactly twice the resonance frequency. On the other hand, the normalized laser intensity for 
x- or y-axis is about 5s0. Accordingly the corresponding threshold modulation amplitude is 
0.9, which is not smaller than the modulation amplitude in the experiment. This is why only 
in the z-axis there occurs parametric resonance, although the cooling laser intensities for all 
three directions are modulated at the same frequency and modulation amplitude. 
When the intensity of the cooling laser is modulated at about twice of its natural frequency, 
the atoms are divided into two parts and oscillate in opposite directions with the finite 
amplitudes. The typical photos of oscillating atomic clouds are shown in Fig. 3. The images 
of the cloud are taken at every 1 ms for 1/2400 s of exposure time. Here s0 = 0.042, and the 
modulation frequency is 75 Hz (ω/ω0 = 2.38) for (a) and 95 Hz (ω/ω0 = 3.02) for (b). In all 
cases the modulation amplitude is 0.9. The modulation frequencies for the results in Figs. 
3(a) and 3(b) belong to Region I and Region II in Fig. 1(b) or Fig. 1(c), respectively. As 
explained in the previous subsection, we have two stable points (limit cycles) in Region I 
(Fig. 3(a)) and three stable points (one fixed point and two limit cycles) in Region II (Fig. 
3(b)). The bright spot in Fig. 3(b) is due to this sub-Doppler force (see Sec. 2.3). Figure 4 
shows the series of signals measured for Region I (a) and Region II (b). The whole period is 
2π/ω, which is the period of modulation signal and half the period of atomic oscillations, 
and the signals are equally separated in time. We can clearly see that the atomic clouds are 
divided into two parts and oscillate in opposite directions. 
 

 
Fig. 3. The typical images of oscillating atomic clouds. The modulation frequency is 75 Hz 
for (a) and 95 Hz for (b). 

The experimental results for the dependence of the amplitude and phase of limit cycles on 
the modulation frequency [amplitude] are presented in Fig. 5(a) and Fig. 5(b) [Fig. 5(c) and 
Fig. 5(d)], respectively. In Figs. 5(a) and (b), h = 0.7 and 0.9. Figs. 5(a) and (b), the solid 
[dotted] lines and curves are calculated results from the Eq. (1) while the filled squares 
[hollow circles] denote the experimental results at the modulation amplitude of h=0.9 [0.7]. 
In Figs. 5(c) and (d), the modulation frequency is ω = 2π × 65 Hz. The threshold amplitude 
(hT) is 0.40, but we need at least h = 0.6 to observe the parametric resonance. In Fig. 5, we can 
clearly see the good agreement between the experiments and the calculations. 
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Fig. 4. Profiles of the oscillating clouds at the various phases with respect to the modulations 
at the frequency of Region I (a) and Region II (b). 
 

 
                                                    (a)                                                      (b) 

 
                                                     (c)                                                       (d) 

Fig. 5. The dependence of amplitude (a) [(c)] and phase (b) [(d)] of limit cycles on the 
modulation frequency [amplitude]. 
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2.3 Observation of sub-Doppler trap 
In this subsection we describe the direct observation of sub-Doppler part of the MOT 
through the parametric resonance (Kim et al., 2004). Typical experimental parameters are as 
follows: in the z-axis, s0 = 0.05, b = 9 G/cm, the amplitude of modulation h = 0.9, and δ/Γ = –
2.9. Thus ωdop is about 2π× 34.3 Hz, and ωsub (will be explained later) is 2π× 460 Hz. The full 
width of MOT beams at the e–1/2 intensity point is 2.5 cm in order to cover the whole range 
of atomic motion (2R). The total number of atoms in the unmodulated MOT is about 2 × 108 
and that in the modulated MOT is about 8 ×107. Figure 6 shows the photos of parametrically 
excited atoms at the modulation frequency of 80 Hz (a) and 95 Hz (b). Both frequencies 
belong to region I and II in Fig. 1(c), respectively. We can easily notice that the broad and 
large trap in Fig. 6(b) is attributable to the third fixed point at the origin of the magnetic field 
with the Doppler theory. On the other hand, the narrow and sharp traps in Fig. 6(a) and (b) 
have a different origin, which can be very well understood by including the sub-Doppler 
cooling theory (Chang & Minogin, 2002; Jun et al, 1999). 
 

 
                                        (a)                                                                                  (b) 

Fig. 6. The typical appearance of (a) double and (b) triple fixed points in experiments. The 
modulation frequency is 80 Hz (a) and 95 Hz (b). 
There exist two kinds of trap in a normal MOT: One is due to one photon process, that is, 
Doppler cooling theory, and the other is due to two photon process, which makes sub-
Doppler temperature (Jun et al, 1999). Thus the force exerted on an atom is given by 

 dop sub( , , ) = ( , , ) ( , , ),F z v t F z v t F z v t+  (13) 

where the Doppler force (Fdop(z,v, t)) is given in Eq. (2) and the sub-Doppler force for a  
F = 1 → F’= 2 atomic transition line is analytically given by (Jun et al, 1999) 

 sub ( , , ) = .g Bg bzkvF z v t f
μ⎛ ⎞

+⎜ ⎟Γ Γ⎝ ⎠=
 (14) 

Here the function f (x) is given by 

2

22 2 2 2

120 ( ) | / |( ) = ,
17 ( ) 5 4( / ) 2112 1 4( / )

k s t xf x
s t x

δ

δ δ

Γ Γ
−

⎡ ⎤ ⎡ ⎤+ Γ + + Γ⎣ ⎦ ⎣ ⎦

=  

with gg the g–factor of the ground state and s(t) = s0(1 + hcosωt). Fig. 7(a) shows the typical 
calculation of the total force and Fig. 7(b) shows the same force for the detailed region for F 
= 1 → F’= 2 atomic transition line. We can see that the sub-Doppler force exists only near the 
origin. Although the sub-Doppler force for other transition lines can be calculated 
numerically (Walhout et al., 1992), we used Eq. (14) for the sub-Doppler force the transition 
F = 3→F’= 4 of 85Rb atoms with gg = 1/3. The trap frequency can be derived from Eq. (14) as 
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with the coefficients P1 = 24/17 and P2 = 4/5 for 1→2, P1 = 6.84 and P2 = 2.72 for 2→3, and P1 

= 12.5 and P2 = 3.57 for 3→4 transition line. 
 

 
                                                       (a)                                                      (b) 
Fig. 7. The calculated total force in the enlarged (a) and detailed region (b). 
 

 
                                                      (a)                                                   (b) 

Fig. 8. Upper and Lower panels of (a)[(b)] is the profile of Fig. 6(a)[(b)] along α and β-line, 
respectively. In each panel, the left one is the measured profile and the right one is the 
simulation result. 

The profiles of Fig. 6 are compared to the Monte-Calro simulations with and without 
considering the sub-Doppler force. Upper [Lower] panel of Figure 8(a) and 8(b) is the profile 
of Fig. 6(a) and 6(b), respectively along the α [β]-line. In the figures the left one is the 
experimental data and the right one is the simulation result. In Fig. 8(a), the experimental 
(simulation) result of width (twice the standard deviation in the Gaussian distribution) of 
broad peaks is approximately 2.1 mm (2.2 mm). Also the experimental (simulation) width of 
central peak is 0.45 mm (0.28 mm). In Fig 8(b), the experimental (simulation) width of 
oscillating broad peak, central broad peak, and the central sharp peak is 1.7 (1.9) mm, 5.6 
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(5.2) mm, and 0.68 (0.26) mm, respectively. We can see the good agreements between the 
experimental and simulation results. We used the combined force (Eq.(13)) in the 
simulation. In addition, we also take into account the random recoil force, fr, from the 
spontaneously emitted photons. The random force is related with the momentum diffusion 
via the following equation: 

 < ( ) ( ) >= 2 ( ) ( ) ,r r zzf t f t D t t tδ′ ′−  (16) 

where Dzz(t) is the momentum diffusion coefficient for z-axis and the left-hand side of Eq. 
(16) denotes the average of product of the force at the different time over long time. The 
momentum diffusion coefficients for various transition lines are presented in Fig. 9(a) 
(Walhout et al., 1992), where we have assumed the unmodulated laser intensity, i.e., s(t) = s0. 
In Fig. 9(a) the result for F = 0→ F’ = 1 corresponds to that of Doppler theory. The calculated 
results for the detailed region are shown in Fig. 9(b). Near the center of the velocity, there 
exists a sharp dip, which exhibits the feature of two-photon resonance, that is, sub-Doppler 
laser cooling theory. In the simulation we have used the calculated momentum diffusion 
coefficient in the sub-Doppler cooling theory for F = 3→ F’ = 4 transition line. 
 

 
                                                   (a)                                                                 (b) 

Fig. 9. (a) The calculated momentum diffusion coefficients for various atomic transition 
lines. (b) The detailed plots near the origin. 

3. Measurement of trap parameters 
3.1 Parametric resonance method 
Since the spring constant is one of the basic parameters of a MOT, there has been much 
effort to measure the spring constant, inferred from the measured spatial profile and the 
temperature by means of the equi-partition theorem (Drewsen et al., 1994; Wallace et al., 
1994), by using the beam imbalance (Wallace et al., 1994; Steane et al., 1992) or by using the 
imposed oscillating magnetic field (Kohns et al., 1993; Hope et al., 1993). Authors in Ref. (Xu 
et al., 2002) have used the method of free oscillation of atoms after rapid turning-off the 
constant pushing laser beam and study the three-dimensional Doppler cooling theory for 
two-level atoms. In Sec. 3, we present two methods to measure the trap parameters of the 
MOT such as the trap frequency and the damping coefficient. The first method, described in 
this subsection, is based on the parametric resonance described in the preceding section 
(Kim et al., 2005). The second is the method of transient oscillation of atomic trajectory (Kim 
et al., 2005), which is presented in the next subsection. 
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With a larger modulation amplitude, the parametric resonance occurs at a wider range of 
the modulation frequency. However, when the modulation amplitude decreases towards its 
threshold value, the amplitude becomes a Gaussian-like shaped function centered at twice 
the natural frequency. Therefore, one can accurately measure the trap frequency and thus 
the spring constant as well. In the experiment, the laser intensity in the z-axis was Iz = 0.099 
mW/cm2, while the intensities along the transverse directions were Ix = Iy = 5Iz. The 
modulation amplitude is decreased down to h = 0.5 to observe the trap frequency accurately. 
The full width of laser beams at the e–1/2 intensity point is 2.5 cm to cover the whole atomic 
motion. When atoms are parametrically excited, the number of atoms decreases to about 8 
×107. The laser detuning is about Δ = –2.3Γ, where Γ = 2π × 5.9 MHz is the decay rate of the 
excited state. In the experiment we vary the magnetic field gradient to study the dependence 
of the spring constant on the magnetic field gradient. 
By varying the modulation amplitude, we measure the amplitudes of limit cycle motions as 
presented in Fig. 10(a). When h is large, two oscillating clouds with the phase difference of π 
can be clearly seen. As h decreases, two peaks approach each other and merge into a single 
cloud. In Fig. 10(a), the modulation frequency is f = 84 Hz. Figure 10(b) shows the typical 
experimental results for three values of the magnetic field gradients (b). For a given b, we 
vary the modulation frequency ( f ) and measure the width of single-merged cloud. Varying 
f , the amplitude has a peak at a certain frequency, which is approximately given by f = 2 f0. 
 

 
                                         (a)                                                                             (b) 

Fig. 10. (a) The measured profiles of limit cycle motions at the various modulation 
amplitudes h ( f = 84 Hz). (b) The measured profiles as functions of the modulation 
frequency for three magnetic filed gradients. 

The measured trap frequencies (filled squares) for several magnetic field gradients are 
shown in Fig. 11(a). The curves in Fig. 11(a) are the theoretical results. The curves A and C 
are the results calculated by Eq. (4a) with the normalized saturation intensities s0 = Iz/Is and 
s0 = Iz/(Is)av, respectively. Here (Is)av = 3.78 mW/cm2 is the averaged saturation intensity 
(Wallace et al., 1994). With the averaged saturation intensity, the result agrees well with 
experimental results. The curves B and D are the calculated results based on the rate 
equation model for Fg = 0 → Fe = 1 and Fg = 3 → Fe = 4 transition lines, respectively. We can 
see that the results of line C and D are almost equal and agree with the experimental results. 
The details of calculation using the rate equation model are presented in Ref. (Kim et al., 
2005). The results for κ/b for the varying the intensities of Ix + Iy are shown in Fig. 11(b), 
where κ = m 2

0ω  is the spring constant. Since the spring constant is proportional to the 
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magnetic field gradient (b), we have a constant value for all experimental data. As the laser 
intensity for the transverse directions increases, κ0/b decreases. In Fig. 11(b), we find that 
the use of the averaged saturation intensity ((Is)av) is a good approximation at the broad 
range of the transverse laser intensities. 
 

 
                                             (a)                                                                       (b) 

Fig. 11. (a) The measured trap frequencies versus the the magnetic field gradients (filled 
squares). (b) The spring constants divided by the magnetic filed gradient. 

3.2 Transient oscillation method 
In this subsection, we present measurement of the trap frequency as well as the damping 
coefficient by detecting the temporal oscillatory behavior of the pushed atomic cloud as the 
magnetic field gradient or the laser detuning is varied (Kim et al., 2005). The atomic motion 
in the MOT is simply given by a damped harmonic oscillator model with the damping 
coefficient β and the trap frequency f0. When a uniform magnetic field (Bz) is applied to the 
MOT, the position of the trap center is shifted by Bz/b, where b is the magnetic field gradient 
in the z-axis of the MOT. When the uniform magnetic field is suddenly turned off, the 
atomic cloud returns to the original trap center. In case of the underdamped motion, one can 
extract the trap parameters by measuring the trajectory of the released atomic cloud. The 
trajectory of the atomic cloud center is simply given by 

 0 0 0
0

( ) = exp( / 2) cos2 sin 2 ,
4

z t z A t f t f t
f

ββ π π
π

⎛ ⎞
+ − +⎜ ⎟

⎝ ⎠
 (17) 

where f0 = ω0/(2π) is the trap frequency, β is the damping coefficient, z0 is the equilibrium 
position, and A is the initial displacement from equilibrium. 
Figure 12(a) shows the contour-plot of the typical absorption signals of the 16-channel 
photodiode array versus time (taken at 1/5000 s time interval), superposed by a curve 
corresponding to the maximum brightness. Here the vertical axis shows the position of the 
photodiode array and horizontal axis represents the time elapsed after switch off of the 
magnetic field. Figure 12(b) shows the same curve as in Fig. 12(a) and its fitted result using 
Eq. (17) for the region after elapse of one period, which is shown in the lower panel. From 
the fit presented in Fig. 12(b) one can obtain the trap frequency and the damping coefficient. 
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                                                       (a)                                                                        (b) 

Fig. 12. (a) The contour plot of the signals showing a typical oscillating motion of atomic 
cloud. (b) The same curve as in (a) and the fitted curve obtained by Eq. (17). The detailed 
plot after one period is shown in the lower panel. 

We have measured the trap parameters by varying the laser intensity, detuning, and 
magnetic field gradient. The results are presented in Figs. 13. Fig. 13 shows the dependence 
of trap frequency (a)[(c)] and damping coefficient (b)[(d)] on the magnetic field gradient 
[detuning]. In Figs. 13(a) and (b), Δ = –2.71Γ, and Iz = 0.10 mW/cm2 (filled square), 0.13 
mW/cm2 (filled circle) and 0.17 mW/cm2 (filled triangle), respectively. Note that the laser 
intensities in the transverse directions (Ix = Iy) are 0.62 mW/cm2. The solid, dashed, and 
dashed-dotted lines in the figure are the calculated results from a theoretical model. In Figs. 
13(c) and (d), Iz = 0.17 mW/cm2, Ix = Iy = 0.62 mW/cm2, and b = 10 G/cm. Note that the solid 
line is obtained from the rate equation for the Doppler theory, whereas the dashed line is 
from the simple Doppler theory for two level atom where the saturation intensity is  
 
 

 
Fig. 13. The dependence of the trap frequency (a)[(c)] and damping coefficient (b)[(d)] on the 
magnetic field gradient [detuning]. 
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substituted by the averaged value (Is)av = 3.78 mW/cm2. As shown in Fig. 13, the trap 
frequencies are in good agreement with the theoretical values. The damping coefficients, on 
the other hand, are about twice larger than the simple theoretical predictions. We provide a 
quantitative description of the theoretical model and explain the discrepancy found in the 
damping coefficient. 
The summary of the data of Fig. 13 is presened in Fig. 14. The damping coefficient and the 
trap frequency are presented as a function of s0δ/(1+4δ2)2 and 0bs δ /(1+4δ2), respectively. 
 

 
Fig. 14. The damping coefficient versus s0δ/(1 + 4δ2)2 [filled circles, experimental data; 
dashed line, calculated results; dashed-dotted line, calculated results multiplied by 1.76] and 
the trap frequency versus 0bs δ /(1 + 4δ2) [filled squares, experimental data; solid line, 
calculated results]. 

One can observe that the measured trap frequencies are in excellence agreement with the 
calculated results. On the other hand, one has to multiply the simply calculated damping 
coefficients by a factor 1.76 to fit the experimental data. We find that the discrepancy in the 
damping coefficients results from the existence of the sub-Doppler trap described in Sec. 2.3. 
In order to show that the existence of the sub-Doppler force affects the Doppler-cooling 
parameters, we have performed Monte-Carlo simulation with 1000 atoms. In the simulation, 
we used sub-Doppler forces and momentum diffusions described in Sec. 2.3. The results are 
presented in Fig. 15. Here we averaged the trajectories for 1000 atoms by using the same 
parameters as used in Fig. 12. We have varied the intensity (I) associated with Fsub without 
affecting the intensity for the Doppler force, and obtained the averaged trajectory, where 
Iexpt =0.17 mW/cm2 is the laser intensity used in the experiment [Fig. 13]. We then infer the 
damping coefficient and the trap frequency by fitting the averaged trajectory with Eq. (17). 
The fitted results for the damping coefficient and the trap frequency are shown in Fig. 15(b). 
While the trap frequency remains nearly constant, the damping coefficient increases with 
the intensity. Note that to obtain an increase of factor 1.76 as shown in Fig. 14, one should 
use I/Iexpt = 1.6. The reason for the increase of the damping coefficient can be well explained 
qualitatively from the simulation. 
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                                             (a)                                                               (b) 
Fig. 15. The Monte-Carlo simulation results. (a) The averaged trajectories for 1000 atoms 
together with the fitted curves obtained from Eq. (17). (b) The damping coefficient (filled 
square) and the trap frequency (filled circle) as a function of the laser intensity. 

4. Adjustable magneto-optical trap 
When the detuning and intensity of the longitudinal (z-axis) lasers along the symmetry axis 
of the anti-Helmholtz coil of the MOT are different from those of the transverse (x and y 
axis) lasers, one can realize an array of several sub-Doppler traps (SDTs) with adjustable 
separations between traps (Heo et al., 2007; Noh & Jhe, 2007). As shown in Fig. 16(a), it is 
similar to the conventional six-beam MOT, except that the detunings (δx and δy) and 
intensities (Ix and Iy) of the transverse lasers can be different from those of the longitudinal 
ones (δz and Iz). In the case of usual MOT, one obtains a usual Doppler trap superimposed 
with a tightly confined SDT at the MOT center, exhibiting bimodal velocity as well as spatial 
distributions (Dalibard, 1988; Townsend et al., 1995; Drewsen et al., 1994; Wallace et al., 
1994; Kim et al., 2004). Under equal detunings but unequal intensities (Ix, Iy  Iz), which 
typically arise in the nonlinear dynamics study of nonadiabatically driven MOT (Kim et al., 
2003; 2006), one still obtains the bimodal distribution. However, as the transverse-laser 
detuning δt (≡ δx = δy) is different from the longitudinal one δz with the same configuration of 
laser intensity, the SDT at the center becomes suppressed with the usual Doppler trap still 
present. The existence of the central SDT, available at equal detunings, contributes not only 
to the lower atomic temperature but also to the larger damping coefficients than is expected 
 

 
                                           (a)                                                                    (b) 

Fig. 16. (a) Schematic of the asymmetric magneto-optical trap. (b) Measured damping 
coefficients versus normalized laser-detuning differences. 
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by the Doppler theory. In order to confirm the enhanced damping, we have measured the 
damping coefficients of MOT versus the laser detuning differences, δt – δz, by using the 
transient oscillation method described in Sec. 3.2 (Kim et al., 2005). As is shown in Fig. 16(b), 
one can observe a ‘resonance’ behaviour; the damping coefficient is suppressed by more 
than a factor of 2 and approaches the usual Doppler value at unequal detunings, which is 
directly associated with the disappearance of the central SDT. 
When the transverse laser intensity is increased above a certain value at unequal detunings, 
we now observe the appearance of novel SDTs. In Fig. 17, the fluorescence images of the 
trapped atoms, obtained with It ≡ Ix + Iy = 11.4Iz fixed, are presented for various values of  
δt – δz. The central peak, corresponding to the usual SDT, becomes weak when the detunings 
are different, as discussed in Fig. 16(b). However, the two side peaks, associated with the 
novel SDTs, are displaced symmetrically with respect to the MOT center, in proportion to δt 
– δz. In addition to these two adjustable side SDTs, there also exist another two weak SDTs 
located midway between each side SDT and the central one, which will be discussed later. 
 

 
Fig. 17. (a) Fluorescence images that show two adjustable side SDTs for several values of δt –
δz. (b) SDT pictures plotted in series with the increasing detuning differences. 

In Fig. 18(a), we plot the positions of the two side SDTs for various values of δt – δz, 
represented by filled squares, which are also shown in Fig. 17(b). Attributed to the 
coherences between the ground-state magnetic sublevels with Δm = ±1 transitions (see Fig. 
18(b)), the two side SDTs appear at the positions ( ) ( )= /S t z g Bz g bδ δ μ± −=  and thus their 
separation satisfies, 

 = ,S

B g

z h
bgν μ

Δ
±

Δ
 (18) 

where Δν = (δt – δz)/(2π) and μB is the Bohr magneton. Since the ground-state g-factor is gg = 
1/3 for 85Rb atoms and the magnetic field gradient is b = 0.17 T/m, the calculated value 
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(solid line) is Δz/Δν = 1.26 mm/MHz, which agrees well with the experimental result of 1.25 
(±0.12) mm/MHz, considering 10% error of position measurements. On the other hand, the 
two weak SDTs, resulting from the coherences due to Δm = ±2 transitions (refer to Fig. 
18(b)), are located midway at zM = zS/2, as shown in Fig. 18(a) (open circles). The fitted result 
is 0.61 mm/MHz, which is almost half the value given by Eq. (18), in good agreement with 
the ‘doubled’ energy differences of the Δm = ±2 transitions with respect to the Δm = ±1 ones, 
responsible for the side SDTs. 
 

 
                                                             (a)                                                (b) 
Fig. 18. Measured positions of available SDTs versus negative detuning differences. 
In order to have a qualitative understanding of the detuning-difference dependence, we 
have calculated the cooling and trapping forces in two dimension by using the optical Bloch 
equation approach (Dalibard, 1988; Chang & Minogin, 2002; Noh & Jhe, 2007). In Fig. 19(a), 
we present the calculated forces F(z,v = 0) for Fg = 3→ Fe = 4 atomic transition. In the 
presence of the transverse lasers, the ground-state sublevels with Δm = ±1 transitions can be 
coupled by a π photon from the transverse lasers in combination with a σ ± photon from the 
longitudinal lasers (see Fig. 18(b)). As a result, for unequal detunings, there exists a position 
where the Zeeman shift compensates the laser-frequency difference, such that 
 

 
                                                    (a)                                                              (b) 

Fig. 19. (a) Calculated forces F(z,v =0) for various detuning differences. The maximum forces 
at 0.3 Γ corresponds to 5 × 10–3 = kΓ. Here δz = –2.7Γ, Iz = 0.11 mW/cm2, and It = 5.6Iz. (b) 
Five SDTs, including two weak SDTs midway between the two side SDTs and the central 
one, for δt – δz = –0.24Γ. 
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 = .z t g Bg bzω ω μ− ±= =  (19) 

At this position, atoms can feel the sub-Doppler forces associated with the Δm = ±1 
coherences and thus the novel SDT is obtained at two positions of ± = (δx – δz)/(ggμBb), as 
confirmed in Fig. 18(a). As shown in Fig. 19(b), the two weak midway SDTs arise because 
the weak σ ± photons, in addition to the dominant π ones, from the transverse lasers can 
contribute to the atomic coherences in the z-direction. Therefore, besides the Δm = ±1 
transitions responsible for the side SDTs, the two-photon-assisted Δm = ±2 coherences (here, 
each σ ± photon comes from the longitudinal and the transverse laser, as shown in Fig. 18(b)) 
can be generated, and atoms at the position zM, satisfying the relation = ωt – = ωz = 
±2ggμBbzM, feel this additional coherence. As a result, the midway SDTs can be obtained at 
zM = zS/2 (see Fig. 18(a)). The typically observed image and the calculated force are 
presented in Fig. 19(b). 

5. Conclusions 
In this article we have presented experimental and theoretical works on the asymmetric 
magneto-optical trap. In Sec. 2, we have studied parametric resonance in a magneto-optical 
trap. We have described a theoretical aspect of parametric resonance by the analytic and 
numerical methods. We also have measured the amplitude and phase of the limit cycle 
motions by changing the modulation frequency or the amplitude. We find that the results 
are in good agreement with the calculation results, which are based on simple Doppler 
cooling theory. In the final subsection we described direct observation of the sub-Doppler 
part of the MOT without the Doppler part by using the parametric resonance which. We 
compared the spatial profile of sub-Doppler trap with the Monte-Carlo simulation, and 
observed they are in good agreements. 
In Sec. 3, we have presented two methods to measure the trap frequency: one is using 
parametric resonance and the other transient oscillation method. In the case of parametric 
resonance method, we could measure the trap frequency accurately by decreasing the 
modulation amplitude of the parametric excitation down to its threshold value. While only 
the trap frequency were able to be obtained by the parametric resonance method, we could 
obtain both the trap frequency and the damping coefficient by the transient oscillation 
method. We have made a quantitative study of the Doppler cooling theory in the MOT by 
measuring the trap parameters. We have found that the simple rate-equation model can 
accurately describe the experimental data of trap frequencies. 
In Sec. 4, we have demonstrated the adjustable multiple traps in the MOT. When the laser 
detunings are different, the usual sub-Doppler force and the corresponding damping 
coefficient at the MOT center is greatly suppressed, whereas the novel sub-Doppler traps are 
generated and exist within a finite range of detuning differences. We have found that π and 
σ ±atomic transitions excited by the transverse lasers in the longitudinal direction are 
responsible for the strong side and the weak middle sub-Doppler traps, respectively. The 
adjustable array of sub-Doppler traps may be useful for controllable atom-interferometer-
type experiments in atom optics or quantum optics. 
The AMOT described in this article can be used for study of nonlinear dynamics using cold 
atoms such as critical phenomena far from equilibrium (Kim et al., 2006) or a nonlinear 
Duffing oscillation (Nayfeh & Moore, 1979; Strogatz, 2001). 
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1. Introduction 
Over the last 20 years the advances of laser technology have permitted the development of 
an entire new field in optics: the field of optical trapping and manipulation. The focal spot of a 
highly focused laser beam can be used to confine and manipulate microscopic particles 
ranging from few tens of nanometres to few microns (Ashkin, 2000; Neuman & Block, 2004). 
 

 
Fig. 1. PFM setups with detection using forward (a) and backward (b) scattered light.  

Such an optical trap can detect and measure forces and torques in microscopic systems – a 
technique now known as photonic force microscope (PFM). This is a fundamental task in 
many areas, such as biophysics, colloidal physics and hydrodynamics of small systems. 



 Recent Optical and Photonic Technologies 

 

412 

The PFM was devised in 1993 (Ghislain & Webb, 1993). A typical PFM comprises an optical 
trap that holds a probe – a dielectric or metallic particle of micrometre size, which randomly 
moves due to Brownian motion in the potential well formed by the optical trap – and a 
position sensing system. The analysis of the thermal motion provides information about the 
local forces acting on the particle (Berg-Sørensen & Flyvbjerg, 2004). The PFM can measure 
forces in the range of femtonewtons to piconewtons. This range is well below the limits of 
techniques based on micro-fabricated mechanical cantilevers, such as the atomic force 
microscope (AFM). 
However, an intrinsic limit of the PFM is that it can only deal with conservative force-fields, 
while it cannot measure the presence of a torque, which is typically associated with the 
presence of a non-conservative (or rotational) force-field. 
In this Chapter, after taking a glance at the history of optical manipulation, we will briefly 
review the PFM and its applications. Then, we will discuss how the PFM can be enhanced to 
deal with non-conservative force-fields, leading to the photonic torque microscope (PTM) 
(Volpe & Petrov, 2006; Volpe et al., 2007a). We will also present a concrete analysis 
workflow to reconstruct the force-field from the experimental time-series of the probe 
position.  Finally, we will present three experiments in which the PTM technique has been 
successfully applied: 
1.  Characterization of singular points in microfluidic flows. We applied the PTM to 

microrheology to characterize fluid fluxes around singular points of the fluid flow 
(Volpe et al., 2008). 

2.    Detection of the torque carried by an optical beam with orbital angular momentum. We used the 
PTM to measure the torque transferred to an optically trapped particle by a Laguerre-
Gaussian beam (Volpe & Petrov, 2006). 

3.    Quantitative measurement of non-conservative forces generated by an optical trap. We used the 
PTM to quantify the contribution of non-conservative optical forces to the optical 
trapping (Pesce et al., 2009). 

2. Brief history of optical manipulation 
Optical trapping and manipulation did not exist before the invention of the laser in 1960 
(Townes, 1999). It was already known from astronomy and from early experiments in optics 
that light had linear and angular momentum and, therefore, that it could exert radiation 
pressure and torques on physical objects. Indeed, light’s ability to exert forces has been 
recognized at least since 1619, when Kepler’s De Cometis described the deflection of comet 
tails by sunrays. 
In the late XIX century Maxwell’s theory of electromagnetism predicted that the light 
momentum flux was proportional to its intensity and could be transferred to illuminated 
objects, resulting in a radiation pressure pushing objects along the propagation direction of 
light. 
Early exciting experiments were performed in order to verify Maxwell’s predictions. Nichols 
and Hull (Nichols & Hull, 1901) and Lebedev (Lebedev, 1901) succeeded in detecting 
radiation pressure on macroscopic objects and absorbing gases. A few decades later, in 1936, 
Beth reported the experimental observation of the torque on a macroscopic object resulting 
from interaction with light (Beth, 1936): he observed the deflection of a quartz wave plate 
suspended from a thin quartz fibre when circularly polarized light passed through it. These 
effects were so small, however, that they were not easily detected. Quoting J. H. Poynting’s 
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presidential address to the British Physical Society in 1905, “a very short experience in 
attempting to measure these forces is sufficient to make one realize their extreme 
minuteness – a minuteness which appears to put them beyond consideration in terrestrial 
affairs.” (Cited in Ref. (Ashkin, 2000)) 
Things changed with the invention of the laser in the 1960s (Townes, 1999). In 1970 Ashkin 
showed that it was possible to use the forces of radiation pressure to significantly affect the 
dynamics of transparent micrometre sized particles (Ashkin, 1970). He identified two basic 
light pressure forces: a scattering force in the direction of the incident beam and a gradient 
force in the direction of the intensity gradient of the beam. He showed experimentally that, 
using just these forces, a focused laser beam could accelerate, decelerate and even stably 
trap small micrometre sized particles. 
Ashkin considered a beam of power P  reflecting on a plane mirror: /P hν  photons per 
second strike the mirror, each carrying a momentum /h cν , where  h is the Planck constant, 
ν  is the light frequency and c  the speed of light. If they are all reflected straight back, the 
total change in light momentum per second is ( ) ( )2 / / 2 /P h h c P cν ν⋅ ⋅ = , which, by 
conservation of momentum, implies that the mirror experiences an equal and opposite force 
in the direction of the light. This is the maximum force that one can extract from the light. 
Quoting Ashkin (Ashkin, 2000), “Suppose we have a laser and we focus our one watt to a 
small spot size of about a wavelength 1 mμ≅ , and let it hit a particle of diameter also of 
1 mμ . Treating the particle as a 100% reflecting mirror of density 31 /gm cm≅ , we get an 
acceleration of the small particle 3 12 9 2/ 10 /10 10 /A F m dynes gm cm sec− −= = = = . Thus, 

610A g≅ , where 3 210 /g cm sec≅ , the acceleration of gravity. This is quite large and should 
give readily observable effects, so I tried a simple experiment. [...] It is surprising that this 
simple first experiment [...], intended only to show forward motion due to laser radiation 
pressure, ended up demonstrating not only this force but the existence of the transverse 
force component, particle guiding, particle separation, and stable 3D particle trapping.” 
In 1986, Ashkin and colleagues reported the first observation of what is now commonly 
referred to as an optical trap (Ashkin et al., 1986): a tightly focused beam of light capable of 
holding microscopic particles in three dimensions. One of Ashkin’s co-authors, Steven Chu, 
would go on to use optical tweezing in his work on cooling and trapping atoms. This 
research earned Chu, together with Claude Cohen-Tannoudji and William Daniel Phillips, 
the 1997 Nobel Prize in Physics. 
In the late 1980s, the new technology was applied to the biological sciences, starting by 
trapping tobacco mosaic viruses and Escherichia coli bacteria. In the early 1990s, Block, 
Bustamante and Spudich pioneered the use of optical trap force spectroscopy, an alternate 
name for PFM, to characterize the mechanical properties of biomolecules and biological 
motors (Block et al., 1990; Finer et al., 1994; Bustamante et al., 1994). Optical traps allowed 
these biophysicists to observe the forces and dynamics of nanoscale motors at the single-
molecule level. Optical trap force spectroscopy has led to a deeper understanding of the 
nature of these force-generating molecules, which are ubiquitous in nature.  
Optical tweezers have also proven useful in many other areas of physics, such as atom 
trapping (Metcalf & van der Straten, 1999) and statistical physics (Babic et al., 2005). 

3. The photonic force microscope 
One of the most prominent uses of optical tweezers is to measure tiny forces, in the order of 
100s of femtonewtons to 10s of piconewtons. A typical PFM setup comprises an optical trap 
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to hold a probe - a dielectric or metallic particle of micrometer size - and a position sensing 
system. In the case of biophysical applications the probe is usually a small dielectric bead 
tethered to the cell or molecule under study. The probe randomly moves due to Brownian 
motion in the potential well formed by the optical trap. Near the centre of the trap, the 
restoring force is linear in the displacement. The stiffness of such harmonic potential can be 
calibrated using the three-dimensional position fluctuations. To measure an external force 
acting on the probe it suffices to measure the probe average position displacement under the 
action of such force and multiply it by the stiffness. 
In order to understand the PFM it is necessary to discuss these three aspects: 
1. the optical forces that act on the probe and produce the optical trap; 
2. the position detection, which permits one to track the probe position with nanometre 

resolution and at kilohertz sampling rate; 
3. the statistics of the Brownian motion of the probe in the trap, which are used in the 

calibration procedure. 

3.1 Optical forces 
It is well known from quantum mechanics that light carries a momentum: for a photon at 
wavelength λ  the associated momentum is /p h λ= . For this reason, whenever an atom 
emits or absorbs a photon, its momentum changes according to Newton’s laws. Similarly, an 
object will experience a force whenever a propagating light beam is refracted or reflected by 
its surface. However, in most situations this force is much smaller than other forces acting 
on macroscopic objects so that there is no noticeable effect and, therefore, can be neglected. 
The objects, for which this radiation pressure exerted by light starts to be significant, weigh 
less than 1 gμ  and their size is below 10s of microns. 
A focused laser beam acts as an attractive potential well for a particle. The equilibrium 
position lies near – but not exactly at – the focus. When the object is displaced from this 
equilibrium position, it experiences an attractive force towards it. In first approximation this 
restoring force is proportional to the displacement; in other words, optical tweezers force 
can generally be described by Hooke’s law: 

 ( )0 ,x xF k x x= − −  (1) 

where x is the particle’s position, x0 is the focus position and kx is the spring constant of the 
optical trap along the x -direction, usually referred to as trap stiffness. In fact, an optical 
tweezers creates a three-dimensional potential well, which can be approximated by three 
independent harmonic oscillators, one for each of the x -, y- and z-directions. If the optics are 
well aligned, the x and y spring constants are roughly the same, while the z spring constant 
is typically smaller by a factor of 5 to 10. 
Considering the ratio between the characteristic dimension L of the trapped object and the 
wavelength λ  of the trapping light, three different trapping regimes can be defined:  
1. the Rayleigh regime, when L λ<< ; 
2. an intermediate regime, when L  is comparable to λ ; 
3. the geometrical optics regime, when L λ>> . 
In Fig. 2 an overview of the kind of objects belonging to each of these regimes is presented, 
considering that the trapping wavelength is usually in the visible or near-infrared spectral 
region. In any of these regimes, the electromagnetic equations can be solved to evaluate the 
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force acting on the object. However, this can be a cumbersome task. For the Rayleigh regime 
and geometrical optics regime approximate models have been developed. However, most of 
the objects that are normally trapped in optical manipulation experiments fall in the 
intermediate regime, where such approximations cannot be used. In particular, this is true 
for the probes usually used for the PFM: typically particles with diameter between 0.1 and 
10 micrometres. 
 

 
Fig. 2. Trapping regimes and objects that are typically optically manipulated: from cells to 
viruses in biophysical experiments, and from atoms to colloidal particles in experimental 
statistical physics. The wavelength of the trapping light is usually in the visible or near-
infrared. 

3.2 Position detection 
The three-dimensional position of the probe is typically measured through the scattering of 
a light beam illuminating it. This can be the same beam used for trapping or an auxiliary 
beam. 
Typically, position detection is achieved through the analysis of the interference of the 
forward-scattered (FS) light and unscattered (incident) light. A typical setup is shown in Fig. 
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1(a). The PFM with FS detection was extensively studied, for example, in Ref (Rohrbach & 
Stelzer, 2002). 
In a number of experiments, however, geometrical constraints may prevent access to the FS 
light, forcing one to make use of the backward-scattered (BS) light instead. This occurs, for 
example, in biophysical applications where one of the two faces of a sample holder needs to 
be coated with some specific material or in plasmonics applications where a plasmon wave 
needs to be coupled to one of the faces of the holder (Volpe et al., 2006). A typical setup that 
uses the BS light is presented in Fig. 1(b). The PFM with BS detection has been studied 
theoretically in Ref. (Volpe et al., 2007b) and experimentally in Ref. (Huisstede et al., 2005). 
Two types of photodetectors are typically used. The quadrant photodetector (QPD) works 
by measuring the intensity difference between the left-right and top-bottom sides of the 
detection plane. The position sensing detector (PSD) measures the position of the centroid of 
the collected intensity distribution, giving a more adequate response for non-Gaussian 
profiles. Note that high-speed video systems are also in use, but they do not achieve the 
acquisition rate available with photodetectors. 

3.3 Brownian motion of an optically trapped particle 
Assuming a very low Reynolds number regime (Happel & Brenner, 1983), the Brownian 
motion of the probe in the optical trap is described by a set of Langevin equations: 

 ( ) ( ) 2 ( ),t t D tγ γ′ + =r K r h  (2) 

where [ ]( ) ( ), ( ), ( ) Tt x t y t z t=r  is the probe position, 6 Rγ π η=  its friction coefficient, R its 
radius, η  the medium viscosity, K the stiffness matrix, 2 ( ), ( ), ( )

T

x y zD h t h t h tγ ⎡ ⎤⎣ ⎦  a vector of 
independent white Gaussian random processes describing the Brownian forces, /BD k T γ=  
the diffusion coefficient, T the absolute temperature and Bk  the Boltzmann constant. The 
orientation of the coordinate system can be chosen in such a way that the restoring forces 
are independent in the three directions, i.e. ( )diag , ,x y zk k k=K . In such reference frame the 
stochastic differential Eqs. (2) are separated and, without loss of generality, the treatment 
can be restricted to the x-projection of the system. 
When a constant and homogeneous external force ,ext xf  acting on the probe produces a shift 
in its equilibrium position in the trap, its value can be obtained as:  

 , ( ) ,ext x xf k x t=  (3) 

where ( )x t  is the probe mean displacement from the equilibrium position. 
There are several straightforward methods to experimentally measure the trap parameters – 
trap stiffness and conversion factor between voltage and length – and, therefore, the force 
exerted by the optical tweezers on an object, without the need for a theoretical reference 
model of the electromagnetic interaction between the particle and the laser beam. The most 
commonly employed ones are the drag force method, the equipartition method, the potential 
analysis method and the power spectrum or correlation method (Visscher et al., 1996; Berg-
Sørensen & Flyvbjerg, 2004). The latter, in particular, is usually considered the most reliable 
one. Experimentally the trap stiffness can be found by fitting the autocorrelation function 
(ACF) of the Brownian motion in the trap obtained from the measurements to the theoretical 
one, which reads 
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4. The photonic torque microscope 
The PFM measures a constant force acting on the probe. This implies that the force-field to 
be measured has to be invariable (homogeneous) on the scale of the Brownian motion of the 
trapped probe, i.e. in a range of 10s to 100s of nanometres depending on the trapping 
stiffness. In particular, as we will see, this condition implicates that the force-field must be 
conservative, excluding the possibility of a rotational component. 
 

 
Fig. 3. Examples of physical systems that produce force-fields that cannot be correctly 
probed with a classical PFM, because they vary on the scale of the Brownian motion of the 
trapped probe (a possible range is indicated by the red bars): (a) forces produced by a 
surface plasmon polariton in the presence of a patterned surface on a 50nm radius dielectric 
particle (adapted from Ref. (Quidant et al., 2005)); (b) trapping potential for 10nm  diameter 
dielectric particle near a 10nm wide gold tip in water illuminated by a 810nm 
monochromatic light beam (adapted from Ref. (Novotny et al., 1997)); and (c) force-field 
acting on a 500nm radius dielectric particle in the focal plane of a highly focused Laguerre-
Gaussian beam (adapted from Ref. (Volpe & Petrov, 2006)). 
However, there are cases where these assumptions are not fulfilled. The force-field can vary 
in the nanometre scale, for example, considering the radiation forces exerted on a dielectric 
particle by a patterned optical near-field landscape at an interface decorated with resonant 
gold nanostructures (Quidant et al., 2005) (Fig. 3 (a)), the nanoscale trapping that can be 
achieved near a laser-illuminated tip (Novotny et al., 1997) (Fig. 3(b)), the optical forces 
produced by a beam which carries orbital angular momentum (Volpe & Petrov, 2006) (Fig. 
3(c)), or in the presence of fluid flows (Volpe et al., 2008). In order to deal with these cases, 
we need a deeper understanding of the Brownian motion of the optically trapped probe in 
the trapping potential.  
In the following we will discuss the Brownian motion near an equilibrium point in a force-
field and we will see how this permits us to develop a more powerful theory of the PFM: the 
Photonic Torque Microscope (PTM). Full details can be found in Ref. (Volpe et al., 2007a). 
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4.1 Brownian motion near an equilibrium position 
In the presence of an external force-field ( )( )ext tf r , Eq. (2) can be written in the form: 

 ( )( ) ( ) 2 ( ),t t D tγ γ′ + =r f r h  (5) 

where the total force acting on the probe ( ) ( )( ) ( ) ( )extt t t= −f r f r Kr  depends on the position of 
the probe itself, but does not vary over time. 
The force ( ) ( ) ( )( ) ( ) , ( )

T

x yt f t f t⎡ ⎤= ⎣ ⎦f r r r  can be expanded in Taylor series up to the first order 
around an arbitrary point r0: 

 ( ) ( )
( )

( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( ) ,

x x

x

y y y

f f
x yf

t t o t
f f f

x y

∂ ∂
∂ ∂

∂ ∂
∂ ∂

⎡ ⎤
⎢ ⎥⎡ ⎤ ⎢ ⎥= + − + −⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥⎣ ⎦

0 0

0
0 0

0 0 0

r r
r

f r r r r r
r r r

 (6) 

where 
0r

f  and 
0r

J  are the zeroth-order and first-order expansion coefficients, i.e. the force-
field value at the point 0r  and the Jacobian of the force-field calculated in 0r . In the 
following we will assume, without loss of generality, 0=0r . 
In a PFM the probe is optically trapped and, therefore, it diffuses due to Brownian motion in 
the total force-field (the sum of the optical trapping force and external force-fields). If 

0≠
0r

f , the probe experiences a shift in the direction of the force and, after a transient time 
has elapsed, the particle settles down in a new equilibrium position of the total force-field, 
such that 0=

0r
f . As we have already seen, the measurement of this shift allows one to 

evaluate the homogeneous force acting on the probe in the standard PFM and, therefore, the 
zeroth order term of the Taylor expansion. In the following we will assume this to be null 
and study the statistics of the Brownian motion near the equilibrium point can be analyzed 
in order to reconstruct the force-field up to its first-order approximation. 

4.2 Conservative and rotational components of the force-field 
The first order approximation to Eq. (5) near an equilibrium point of the force-field, 0=r , is: 

 1( ) ( ) 2 ( ),t t D tγ −′ = +0r J r h  (7) 

where [ ]( ) ( ), ( ) Tt x t y t=r , ( ) ( ), ( )
T

x yt h t h t⎡ ⎤= ⎣ ⎦h  and 0J  is the Jacobian calculated at the 
equilibrium point. 
According to the Helmholtz theorem, any force-field can be separated into its conservative 
(irrotational) and non-conservative (rotational or solenoidal) components. With simple 
algebraic passages, the Jacobian J0 can be written as the sum of two matrices: 

 ,= +0 c ncJ J J  (8) 
where 

                                           

( )( ) ( )1
2

( ) ( )( )1
2

yx x

y yx

ff f
x y x

f ff
x y y

∂∂ ∂
∂ ∂ ∂

∂ ∂∂
∂ ∂ ∂

⎡ ⎤⎛ ⎞
+⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠= ⎢ ⎥⎛ ⎞⎢ ⎥+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

c

00 0

J
0 00

                                     (9) 
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and 
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.
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yx
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ff
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It is easy to show that Jc is the conservative component of the force-field and that Jnc is the 
rotational component. 
The two components can be easily identified if the coordinate system is chosen such that 

( )( ) yx
ff

y x
∂∂

∂ ∂
= −

00 . In this case, the Jacobian J0 normalized by the friction coefficient γ  reads: 

 1 ,x

y

φ
γ

φ
−

− Ω⎡ ⎤
= ⎢ ⎥−Ω −⎣ ⎦

0J  (11) 

where /x xkφ γ= , /y ykφ γ= , ( )x
x

fk
x

∂
∂

= −
0 , 

( )y
y

f
k

y
∂
∂

= −
0

 and Ω = 1 ( )xf
y

∂
γ

∂
− =

0 1 ( )yf
x

∂
γ

∂
−−

0
. 

In Eq. (11) the rotational component, which is invariant under a coordinate rotation, is 
represented by the non-diagonal terms of the matrix: Ω is the value of the constant angular 
velocity of the probe rotation around the z-axis due to the presence of the rotational force-
field. The conservative component, instead, is represented by the diagonal terms of the 
Jacobian and is centrally symmetric with respect to the origin. Without loss of generality, it 
can be imposed that the stiffness of the trapping potential is higher along the x-axis, i.e. 

x yk k>  and, therefore, x yφ φ> . 

4.3 Stability study 
The conditions for the stability of the equilibrium point are 

 ( )
( )

2 2 2Det 0
,

Tr 2 0
φ φ

φ
⎧ = − Δ + Ω >⎪
⎨ = − <⎪⎩

0

0

J
J

 (12) 

where ( ) 2x yφ φ φ= +  and ( ) 2x yφ φ φΔ = − . The fundamental condition required to achieve 

the stability is 0φ > . Assuming that this condition is satisfied, the behaviour of the optically 
trapped probe can be explored as a function of the parameters /φΩ  and /φ φΔ . The 
stability diagram is shown in Fig. 4(a). 
The standard PFM corresponds to 0φΔ =  and 0Ω = . When a rotational term is added, i.e. 

0Ω ≠  and 0φΔ = , the system remains stable. When there is no rotational contribution to 
the force-field ( 0Ω = ) the equilibrium point becomes unstable as soon as φ φΔ ≥ . This 
implicates that 0yφ <  and, therefore, the probe is not confined in the  y -direction any more. 
In the presence of a rotational component ( 0Ω ≠ ) the stability region becomes larger; the 
equilibrium point now becomes unstable only for 2 2φ φΔ ≥ −Ω . 
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Fig. 4. (a) Stability diagram. Assuming φ > 0, the stability of the system is shown as a 
function of the parameters /φΩ  and /φ φΔ . The white region satisfies the stability 
conditions in Eq. (12). The dashed lines represent the | |φΔ = Ω  and φ φΔ =  curves. The dots 
represent the parameters that are further investigated in Figs. 4(b) and 5. (b) Brownian 
motion near an equilibrium point. The arrows show the force-field vectors for various 
values of the parameters /φΩ  and /φ φΔ . The shadowed areas show the probability 
distribution function (PDF) of the probe position in the corresponding force-field. 
 

Some examples of possible force-fields are presented in Fig. 4(b). When 0Ω =  the probe 
movement can be separated along two orthogonal directions. As the value of φΔ  increases, 
the probability density function (PDF) of the probe position becomes more and more 
elliptical, until for φ φΔ ≥  the probe is confined only along the x-direction and the 
confinement along the y-direction is lost. 
If   Δφ = 0, the increase in Ω induces a bending of the force-field lines and the probe 
movements along the  x - and  y -directions are not independent any more. For values of 
Ω≥φ , the rotational component of the force-field becomes dominant over the conservative 
one. This is particularly clear when  Δφ ≠ 0: the presence of a rotational component masks 
the asymmetry in the conservative one, since the PDF assumes a more rotationally 
symmetric shape. 

4.4 The photonic torque microscope 
The most powerful analysis method to characterize the stiffness of an optical trap is based 
on the study of the correlation functions - or, equivalently, of the power spectral density - of 
the probe position time-series. In order to derive the theory for the PTM, the correlation 
matrix for the general case of Eq. (5) will be first derived in the coordinate system 
considered in the previous section, where the conservative and rotational components are 
readily separated. Then, the same matrix will be given in a generic coordinate system and 
some invariant functions that are independent on its orientation will be identified. 
Correlation matrix. The correlation matrix of the probe motion near an equilibrium position 
can be calculated from the solutions of Eq. (5). The full derivation is presented in Ref. (Volpe 
et al., 2007a). The correlation matrix results: 
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+ Ω − Δ
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is a dimensionless parameter,  
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In Fig. 5(a) these correlation functions are plotted for different ratios of the force-field 
conservative and rotational components. 
For the case 0φΔ = , the auto-correlation functions (ACFs) are ( )xxr tΔ =  ( )yyr tΔ =  

( )| |costDe tφ φ− Δ ΩΔ  and cross-correlation functions (CCFs) are ( )xyr tΔ =  ( )yxr t− Δ =  

( )| |sintDe tφ φ− Δ ΩΔ . Their zeros are at /t n πΔ = Ω  and ( )0.5 /t n πΔ = + Ω  respectively, with 
n  integer. However, when the rotational term is smaller than the conservative one ( φΩ < ), 
the zeros are not distinguishable due to the rapid exponential decay of the correlation 
functions. As the rotational component becomes greater than the conservative one ( φΩ > ), 
a first zero appears in the ACFs and CCFs and, as Ω  increases even further, the number of 
oscillation grows. Eventually, for φΩ >>  the sinusoidal component becomes dominant. The 
conservative component manifests itself as an exponential decay of the magnitude of the 
ACFs and CCFs. 
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Fig. 5. (a) Autocorrelation and cross-correlation functions. Autocorrelation and cross-
correlation functions for various values of the parameters /φΩ  and  Δφ/φ : ( )xxr tΔ  (black 
continuous line), ( )yyr tΔ  (black dotted line), ( )xyr tΔ  (blue continuous line) and ( )yxr tΔ  
(blue dotted line). (b) Invariant functions: ( )ACFS tΔ  and ( )CCFD tΔ . These functions, 
independent from the choice of the reference system, are presented for various values of the 
parameters /φΩ  and /φ φΔ : ( )ACFS tΔ  (black line) and ( )CCFD tΔ  (blue line). 
 

When 0Ω = , the movements of the probe along the  x - and  y -directions are independent. 

The ACFs are ( ) | |x t
xx xr t De φ φ− ΔΔ =  and ( ) | |y t

yy yr t De φ φ− ΔΔ = , while the CCFs are null, 

( ) ( ) 0xy yxr t r tΔ = Δ = . In Fig. 4(a) this case is represented by the line 0Ω = . 

When both Ω  and φΔ  are zero, the ACFs are ( ) ( ) | |t
xx yyr t r t De φ φ− ΔΔ = Δ =  and the CCFs are 

null, i.e. ( ) ( ) 0xy yxr t r tΔ = Δ = . The corresponding force-field vectors point towards the centre 
and are rotationally symmetric. 
When both Ω  and φΔ  are nonvanishing, the effective angular frequency that enters the 

correlation functions is given by 2 2| |φΩ − Δ . This shows that the difference in the stiffness 
coefficients along the x- and y-axes effectively influences the rotational term, if this is 
present. A limiting case is when | | φΩ = Δ . This case presents a pseudo-resonance between 
the rotational term and the stiffness difference. 
Correlation matrix in a generic coordinate system. The expressions for the ACFs and CCFs in Eq. 
(13) were obtained in a specific coordinate system, where the conservative and rotational 
component of the force-field can be readily identified. However, the experimentally 
acquired time-series of the probe position required for the calculation of the ACFs and CCFs 
are usually given in a different coordinate system, rotated with respect to the one 
considered in the previous subsection. If a rotated coordinate system is introduced, such 
that  

 ( ) ( ) ( ),t tθ θ=r R r  (17) 

where ( ) ( ), ( )
T

t x t y tθ θ θ⎡ ⎤= ⎣ ⎦r , [ ]( ) ( ), ( ) Tt x t y t=r  and 
cos sin

( )
sin cos

θ θ
θ

θ θ
−⎡ ⎤

= ⎢ ⎥
⎣ ⎦

R , the correlation 

functions in the new system are given by 
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which in general depend on the rotation angle θ . 
However, it is remarkable that the difference of the two CCFs, ( ) ( ) ( )CCF xy yxD t r t r tθ θΔ = Δ − Δ , 

and the sum of the ACFs, ( ) ( ) ( )ACF xx yyS t r t r tθ θΔ = Δ + Δ , are invariant with respect to θ : 
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These functions are presented in Fig. 5(b). 
Other two combinations of the correlation functions, which are also useful for the analysis of 
the experimental data, namely the sum of the CCFs, ( ) ( ) ( ),CCF xy yxS t r t r tθ θθΔ = Δ + Δ , and the 

difference of the ACFs, ( ) ( ) ( ),ACF xx yyD t r t r tθ θθΔ = Δ − Δ , depend on the choice of the reference 
frame: 
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and 
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In particular, they deliver information on the orientation θ  of the coordinate system. 

4.5 Torque detection using brownian fluctuations 
We have seen that any force-field acting on a Brownian particle can be readily separated 
into its irrotational and rotational components. The last one, in particular, is completely 
defined by the value of the constant angular velocity Ω  of the probe rotation around the z -
axis. Such a rotation can be produced by the action of mechanical torque acting on the 
particle.  
Once the value of Ω  is known, the torque can be quantified. The constant angular velocity 
Ω  results from a balance between the torque applied to the particle and the drag torque: 

( )τ γ γ= × = × = × ×Ωdrag dragr F r v r r , where r  is the particle position and v  is its linear 
velocity. Hence, the force acting on the particle from the torque source is given by 

γ= ×ΩF r , which depends on the position of the particle. A time average of the torque 
exerted on the particle can then be expressed as 

 
   
τ = γ r × r ×Ω( ) = γΩ r 2  (23) 
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where 2r  is the mean square displacement of the sphere in the plane orthogonal to the 
torque. 
With Eq. (23) we were able to measure torques in the range between 10s to 100s fN mμ . The 
value of the measured torques (e.g. 4 fN mμ in Ref. (Volpe & Petrov, 2006)) is lower than the 
ones previously reported: 50 fN mμ  for DNA twist elasticity (Bryant et al., 2003), 

35 10 fN mμ⋅  for the movement of bacterial flagellar motors (Berry & Berg, 1997), 
320 10 fN mμ⋅  for the transfer of orbital optical angular momentum (Volke-Sepulveda et al., 

2002), or 25 10 fN mμ⋅  for the transfer of spin optical angular momentum (La Porta & Wang, 
2004). 

5. Data analysis workflow 
The experimental position time-series need to be statistically analyzed in order to 
reconstruct all the parameters of the force-field, i.e. φ , φΔ  and Ω , and the orientation of 
the coordinate system θ . 
Supposing to have the probe position time-series in the experimental coordinate system 

( ) ( ), ( )
Te e et x t y t⎡ ⎤= ⎣ ⎦r , the data analysis procedure consists of three steps: 

1. Evaluation of the parameters φ , Δφ  and Ω; 
2. Orientation of the coordinate system; 
3. Reconstruction of the total force-field and subtraction of the trapping force-field to 

retrieve the external force-field under investigation. 
In order to illustrate this method we proceed to analyze some numerically simulated data. 
The main steps of this analysis are presented in Fig. 6. In Fig. 6(a) the PDF is shown for the 
case of a probe in a force-field with the following parameters: 137sφ −= , 19.3sφ −Δ =  
(corresponding to 43 /xk pN mμ=  and 26 /yk pN mμ= ), 0Ω =  and 30θ = . The PDF is 
ellipsoidal due to the difference of the stiffness along two orthogonal directions. In Fig. 6(b) 
the PDF for a force-field with the same φ , φΔ  and orientation, but with 137s−Ω =  is 
presented. The two time-series are chosen to have the same value of the parameters, except 
for Ω , in order to show not only how the method can obtain reliable estimates for the 
parameters, but also how it can distinguish between completely different physical 
situations, such as the absence or the presence of a non-conservative effect. The presence of 
the rotational component in the force-field produces two main effects. First, the PDF is more 
rotationally-symmetric and its main axes undergo a further rotation. Secondly, ( )CCFD tΔ  is 
not null (Fig. 6(d)).  

5.1 Estimation of the parameters 
In order to evaluate the force-field parameters φ , φΔ  and Ω  the first step is to calculate the 
correlation matrix in the coordinate system where the experiment has been performed. 

( )CCFD tΔ  is invariant with respect to the choice of the reference system and it is different 
from zero only if 0Ω ≠ . The results are shown in Fig. 6(c) and Fig. 6(d) for the cases of the 
data shown in Fig. 6(a) and Fig. 6(b) respectively. The three aforementioned parameters can 
be found by fitting the experimental ( )CCFD tΔ  to its theoretical shape. 
When 0Ω = , the ( )CCFD tΔ  is null, as it can be seen also in Fig. 6(c), and, therefore, it cannot 
be used to find the two remaining parameters. For 0Ω = , the other invariant function, 
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( )ACFS tΔ  can be used to evaluate φ  and φΔ . In general, ( )ACFS tΔ  can also be used for the 
fitting of all the three parameters, but cannot give information on the sign of Ω , which must 
be retrieved from the sign of the slope at 0tΔ =  of ( )CCFD tΔ . 
 

 
Fig. 6. Data analysis of numerically simulated time-series. (a-b) Probability density function 
for a Brownian particle under the influence of the force-field (simulated data 30s  at 
16kHz ); in (a) the force-field is purely conservative, while in (b) it has a rotational 
component. (c-d) Invariant function, ( )CCFS tΔ  (black line) and ( )CCFD tΔ  (red line) calculated 
from the simulated data and (e-f ) reconstructed force-fields. 
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5.2 Orientation of the coordinate system 
Although the values of the parameters φ , φΔ  and Ω  are now known, the directions of the 
force vectors are still missing. In order to retrieve the orientation of the experimental 
coordinate system, the orientation dependent functions ( ),CCFS t θΔ  and ( ),ACFD t θΔ  can be 
used. The best choice is to evaluate the two functions for 0tΔ = , because the signal-to-noise 
ratio is highest at this point. The solution of this system delivers the value of the rotation 
angle θ : 

 ( )
( ) ( )

22

0, 0,
sin 2 .

1 2

ACF CCFD S

D

θ θ
φθ

α φ
φ φ φ

Ω
−

=
⎛ ⎞Δ Ω− ⎜ ⎟
⎝ ⎠

 (24) 

If 0φΔ = , the value of θ  is undetermined as a consequence of the PDF radial symmetry. In 
this case any orientation can be used. If 0Ω = , the orientation of the coordinate system 
coincides with the axis of the PDF ellipsoid and, although Eq. (24) can still be used, the 
Principal Component Analysis (PCA) algorithm applied on the PDF is a convenient means 
to determine their directions. 

5.3 Reconstruction of the force-field 
Now everything is ready to reconstruct the unknown force-field acting on the probe around 
the equilibrium position. From the values of φ  and φΔ , the conservative forces acting on 

the probe result in ( ) ( ), x x y yx y k x k y= − +cf e e  and, from the values of Ω , the rotational force 

is ( ) ( ),r x yx y y x= Ω −f e e . The total force-field is, therefore, 

 ( ) ( ) ( ) ( ) ( ), , ,r x x y yx y x y x y k x y k y x= + = − +Ω + − −Ωcf f f e e  (25) 

 

in the rotated coordinate system (Figs. 6(e) and 6(f )). Eq. (17) can be used to have the force-
field in the experimental coordinate system. The unknown component can be easily 
reconstructed by subtraction of the known ones, such as the optical trapping force-field. 

6. Applications: characterization of microscopic flows 
The experimental characterization of fluid flows in micro-environments is important both 
from a fundamental point of view and from an applied one, since for many applications, 
such as lab-on-a-chip devices, it is required to assess the performance of microfluidic 
structures. Carrying out this kind of measurements can be extremely challenging. In 
particular, due to the small size of these environments, wall effects cannot be neglected. 
Additional difficulties arise studying biological fluids because of their complex rheological 
properties. 
Following the data workflow presented in the previous section, the Brownian motion of an 
optically trapped polystyrene sphere in the presence of an external force-field generated by 
a fluid flow is analyzed (Volpe et al., 2008). Experimentally, two basic kinds of force-field – 
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namely a conservative force-field and a purely rotational one – are generated using solid 
spheres made of a birefringent material (Calcium Vaterite Crystals (CVC) spheres, radius 

1.5 0.2R mμ= ± ), which can be made spin through the transfer of light orbital angular 
momentum (Bishop et al., 2004). 
 
 

 
 

 

Fig. 7. Conservative force-field. (a) Experimental configuration with two spinning beads and 
(b) hydrodynamic component of the force-field (from hydrodynamic theory). (c) 
Experimental invariant functions ( )ACFS tΔ  (black line) and ( )CCFD tΔ  (red line) and their 
respective fitting to the theoretical shapes (dotted lines). (d) Experimental probability 
density function and reconstructed total force-field; inset: reconstructed hydrodynamic 
force-field. 
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Fig. 8. Rotational force-field. (a) Experimental configuration with four spinning beads and 
(b) hydrodynamic component of the force-field (from hydrodynamic theory). (c) 
Experimental invariant functions ( )ACFS tΔ  (black line) and ( )CCFD tΔ  (red line) and their 
respective fitting to the theoretical shapes (dotted lines). (d) Experimental probability 
density function and reconstructed total force-field; inset: reconstructed hydrodynamic 
force-field. 

6.1 Conservative force-field 
In order to produce a conservative force-field, two CVCs are placed as shown in Fig. 7(a). In 
Fig. 7(b) the generated hydrodynamic force-field is presented as it is theoretically expected 
to be from hydrodynamic simulations. In Fig. 7(c), the invariant functions, ( )ACFS tΔ  and 

( )CCFD tΔ  and their respective fitting to the theoretical shapes are presented. Since ( )CCFD tΔ  
is practically null, we see that in this case 0Ω = , while the fitting to ( )ACFS tΔ  allows one to 
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find the values of 118sφ −=  and 16sφ −Δ = . The value of the rotation of the coordinate system 
in this case is 32θ = . 
The total force-field can now be reconstructed: 225 /xk fN mμ=  and 112 /yk fN mμ= . This 
force-field is presented in Fig. 7(d). The hydrodynamic force-field can now be retrieved by 
subtracting the optical force-field ( 118 /optk fN mμ=  approximately constant in all 
directions), which can be measured in absence of rotation of the spinning particles (inset in 
Fig. 7(d)). This experimentally measured force-field corresponds very well to the 
theoretically predicted one (Fig. 7(b)). 

6.2 Rotational force-field 
In order to produce a rotational force-field, four CVCs are placed as shown in Fig. 11(a), 
which should theoretically produce the force-field presented in Fig. 8(b). In Fig. 8(c), the 
invariant functions, ( )ACFS tΔ  and ( )CCFD tΔ  and their respective fitting to the theoretical 
shapes are presented. Now ( )CCFD tΔ  is not null any more and, therefore, it can be used to fit 
the three parameters: 111sφ −= , 0φΔ ≈  and 15rads−Ω = . As already mentioned, ( )ACFS tΔ  
can be used for this purpose as well; however, using the latter, the sign of Ω  stays 
undetermined.  
The total force-field can now be reconstructed: 100 /x yk k fN mμ≈ = . This force-field is 
presented in Fig. 8(d). The hydrodynamic force-field can be obtained by subtracting the 
optical force-field ( 78 /optk fN mμ= approximately constant in all directions), which can be 
measured in absence of rotation of the spinning particles (inset in Fig. 8(d)). Again, this 
experimentally measured force-field corresponds very well to the theoretically predicted 
one (Fig. 8(b)). 

7. Applications: measuring orbital angular momentum 

A beam that carries an orbital angular momentum can induce a torque on the particle, 
which can be measured using the PTM. In the experiment fully presented in Ref. (Volpe & 
Petrov, 2006) the probe is trapped by a 785nm beam (Fig. 9(a)). We produced the Laguerre-
Gaussian (LG) beam from a linearly polarized 532nm CW beam transformed by a 
holographic mask that generates a 10l =  order LG beam of power 3P mW= . The beam 
carries the flux of orbital angular momentum 18/ 7.5 10OAM lP Nmτ ω −= = ⋅ , where 

154 10 Hzω = ⋅  is the light frequency. Only about 1% of the total flux of the orbital angular 
momentum is transferred to the dielectric sphere and only in the portion of the beam that 
overlaps the sphere. We estimate that in our experiments the beam transfers the torque 

217.5 10S Nmτ −= ⋅  to the sphere. A Dove prism can be inserted in the optical path to reverse 
the handedness of the helical phase front and therefore the sign of the orbital angular 
momentum without changing the direction or polarization of the beam. 
In the absence of the 785nm optical trap (Fig. 9(b)) the 532nm beam moves the sphere towards 
the upper coverslip due to its radiation pressure and the gradient forces in the perpendicular 
plane do not allow the sphere to escape. In such conditions we can observe the clockwise and 
anti-clockwise rotation of the sphere depending on the handedness of the beam. 
When the trapping 785nm beam power and therefore the trap stiffness are increased 
(    100μW ,    16 fN/μm ), the sphere is more confined to the centre of the trapping beam (Fig. 
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Fig. 9. Torque measurement setup. (a) Experimental setup: HM holographic mask, DP Dove 
prism, M mirror, DM dichroic mirror, O1 focusing objective, O2 collector objective, QPD 
quadrant photodetector. (b) Brownian motion of the sphere in the chamber when only the 
532nm LG propagates. (c) Brownian motion of the sphere in the chamber when both the 
532nm and the 785nm beams propagate. 

9(c)) and does not display a rotational motion. We notice that in this case the Fourier 
analysis of the experimental traces does not show the presence of the torque existing in the 
system. However, the behaviour of the ACF and CCF functions near 0tΔ =  (Fig. 10) 
unambiguously shows that the torque produced by the orbital angular momentum of the 
LG beam still affects the Brownian trajectories. Fitting these experimental functions to the 
theoretical ones and calculating the value of 2r  from the traces, we are able to measure the 
torque acting on the particle as 214.9 0.7 10 Nm−± ⋅ . 

8. Applications: non-conservative radiation forces in an optical trap 
Back in 1992, Ashkin already pointed out that, in principle, scattering forces in optical 
tweezers do not conserve mechanical energy, and that this could have some measurable 
consequences (Ashkin, 1992). In particular, this nonconservative force would produce a 
dependence of the axial equilibrium position of a trapped microsphere as a function of its 
transverse position in the trapping beam (Fig. 11(a) and Fig. 10(c) of Ref. (Ashkin, 1992)); 
such prediction was first confirmed by Merenda and colleagues (Merenda et al., 2006). 
Recently, Roichman and colleagues (Roichman et al., 2008) have directly investigated the 
non-conservative component and discussed the implications that this might have for 
optical-tweezers–based experiments making use of the thermal fluctuations in the 
calibration procedure. 
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Fig. 10. Experimental ACF and CCF. Experimental ACF and CCF functions in presence of 
the torque induced by a LG beam with 10l = + . The trap force constant k  is high enough to 
confine the sphere. The continuous lines show the mean values obtained using five series of 
data acquisition (acquisition time 60s , sampling rate 1sf kHz= ). The dotted lines show the 
fitting to the theoretical shape (the fitting was made on the central part of the curve for 

[ ]2 ,2t s sΔ = − ). In the insets: (a), time traces for the x  (black) and y  (grey) coordinates; (b), 
histogram of the x  coordinate and in black the fitting to a Gaussian distribution; and (c), 
vector force-field acting on the particle in the xy -plane. 
 

Using the PTM we have evaluated the relative weight of the non-conservative component of 
the optical forces (Pesce et al., 2009). We used the PTM to analyze various optically trapped 
particles in different trapping conditions. The main result is that the non-conservative effects 
are effectively negligible and do not affect the standard calibration procedure, unless for 
extremely low-power trapping, far away from the trapping regimes usually used in 
experiments. 
In Fig. 12, the ACFs and ( )CCFD tΔ  are presented for a 0.45 mμ  diameter particle held in an 
optical trap with an optical power at the sample of 6.0mW . In order to have a non-
vanishing ( )CCFD tΔ , which is the signature of a rotational component of the force-field, the 
optical power at the sample needed to be reduced down to a few milliwatts. Notice that for 
this experiment the ( )CCFD tΔ  is taken between the radial ( 2 2r x y= + ) and axial ( z ) 
coordinate. Furthermore, even under such low power a clearly non-vanishing ( )CCFD tΔ  was  
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Fig. 11. Non-conservative radiation forces. (a) Force-field generated by an optical trap in the 
presence of a rotational component and (b) the rotational part of the force-field in the rz-
plane. Note that for clarity of presentation the relative contribution of the non-conservative 
force-field has been exaggerated. 
 

 
Fig. 12. Quantifying non-conservative radiation forces. ACF and ( )CCFD tΔ  for a 0.45 mμ  
diameter colloidal particle optically trapped with a laser power of 6.0mW  at the sample. 
Inset: Closeup of the ( )CCFD tΔ . Dashed lines represent experimental data, while solid lines 
are the curves obtained from the fit. 
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only obtained when the acquisition time was increased up to 400s . It is an important 
remark the fact that, due to the extremely low value of the rotational contribution to the 
total force-field, it is not immediately evident from the traces of the particle motion. Indeed 
the particle undergoes a random movement in the  rz -plane, where it is not possible to 
distinguish the presence of a rotational component without the aid of a statistical analysis 
such as the one we propose. 

9. Conclusion 
The PTM technique can be applied to the detection of locally nonhomogeneous force-fields. 
This is achieved by analyzing the ACFs and CCFs of the probe position time series. We 
believe that this technique can help to gain new insights into microscale and molecular-scale 
phenomena. In these cases the presence of the Brownian motion is intrinsic and cannot be 
disregarded. Therefore this technique permits one to take advantage of the Brownian 
fluctuations of the probe in order to explore the force-field present in its surroundings. One 
of the most remarkable advantages of the technique we propose is that it can be 
implemented in all existing PFM setups and even on data acquired in the past. Indeed, it 
does not require changes to be made in the physical setup, but only to analyze the data in a 
new way. This method can even be applied to the study of the Brownian particle trajectories 
that can be obtained with techniques different from the PFM technique. 
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1. Introduction     
Single beam optical traps also known as optical tweezers, are versatile optical tools for 
controlling precisely the movement of optically-small particles. Single-beam trapping was 
first demonstrated with visible light (514 nm) in 1986 to capture and guide individual 
neutral (nonabsorbing) particles of various sizes (Ashkin et. al., 1986).  Optical traps were 
later used to orient and manipulate irregularly shaped microscopic objects such as viruses, 
cells, algae, organelles, and cytoplasmic filaments without apparent damage using an 
infrared light (1060 nm) beam (Ashkin, 1990). They were later deployed in a number of 
exciting investigations in microbiological systems such as chromosome manipulation (Liang 
et.al., 1993), sperm guidance in all optical in vitro fertilization (Clement-Sengewald 
et.al.,1996) and force measurements in molecular motors such single kinesin molecules 
(Svoboda and Block, 1994) and nucleic acid motor enzymes (Yim et.al., 1995).  More recently, 
optical tweezer has been used in single molecule diagnostics for DNA related experiments 
(Koch et.al., 2002). By impaling the beads onto the microscope slide and increasing the laser 
power, it was tested that the bead could be "spot-welded" to the slide, leaving the DNA in a 
stretched state- a technique was used in preparing long strands of DNA for examination via 
optical microscopy. 
Researchers continue to search for ways to the capability of optical traps to carry out multi-
dimensional manipulation of particles of various geometrical shapes and optical sizes 
(Grier, 2003; Neuman & Block, 2004). Efforts in optical beam engineering were pursued to 
generate trapping beams with intensity distributions other than the diffraction-limited beam 
spot e.g. doughnut beam (He et.al., 1995; Kuga et.al., 1997), helical beam (Friese et.al., 1998), 
Bessel beam (MacDonald et.al., 2002). Multiple beam traps and other complex forms of 
optical landscapes were produced from a single primary beam using computer generated 
holograms (Liesener et.al., 2000; Curtis et.al., 2002; Curtis et.al., 2003) and programmable 
spatial light modulators (Rodrigo et.al., 2005; Rodrigo et.al., 2005).  
Knowing the relationship between characteristics of the optical trapping force and the 
magnitude of optical nonlinearity is an interesting subject matter that has only been lightly 
investigated. A theory that accurately explains the influence of nonlinearity on the behavior 
of nonlinear particles in an optical trap would significantly broaden the applications of 
optical traps since most materials including many proteins and organic molecules, exhibit 
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considerable degrees of optical nonlinearity under appropriate excitation conditions (Lasky, 
1997; Clays et.al., 1993; Chemla & Zyss, 1987; Prasad & Williams, 1991; Nalwa & Miyata, 
1997). One possible reason for the apparent scarcity of published studies on the matter is the 
difficulty in finding a suitable strategy for computing the intensity-dependent refractive 
index of the particle under illumination by a focused optical beam. 
We have previously studied the dynamics of a particle in an optical trap that is produced by 
a single tightly focused continuous-wave (CW) Gaussian beam in the case when the 
refractive index n2 of the particle is dependent on the intensity I (Kerr effect) of the 
interacting linearly polarized beam according to: n2 = n2(0) + n2(1)E*E, where n2(0) and n2(1)I are 
the linear and nonlinear components of n2, respectively. We have calculated the (time-
averaged) optical trapping force that is exerted by a focused TEM00 beam of optical 
wavelength λ on a non-absorbing mechanically-rigid Kerr particle of radius a in three 
different value ranges of the size parameter α: (1) α = 2πa/λ >>100 geometric optics (Pobre 
& Saloma, 1997), (2)  α ≈ 100 Mie scattering (Pobre & Saloma, 2002), and (3) α << 100 
Rayleigh scattering regime  (Pobre & Saloma, 2006; Pobre & Saloma, 2008). 
Here we continue our effort to understand the characteristics of the (time-averaged) optical 
trapping force Ftrap that is exerted on a Kerr particle by a focused CW TEM00 beam in the 
case when a ≤  50λ/π. A nanometer-sized Kerr particle (bead) exhibits Brownian motion as a 
result of random collisions with the molecules in the surrounding liquid. The Brownian 
motion is no longer negligible and has to be into account in the trapping force analysis.  The 
characteristics of the trapping force are determined as a function of particle position in the 
propagating focused beam, beam power and focus spot size, ω0, a, and relative refractive 
index between the nanoparticle and its surrounding medium. The behavior of the optical 
trapping force is compared with that of a similarly-sized linear particle under the same 
illumination conditions.  
The incident focused beam polarizes the non-magnetic Kerr nanoparticle (a << λ) and the 
electromagnetic (EM) field exerts a Lorentz force on each charge of the induced electric 
dipole (Kerker, 1969). We derive an expression for Ftrap in terms of the intensity distribution 
and the nanoparticle polarizability α = α(n1, n2), where n2 and n1 are the refractive index of 
the Kerr nanoparticle and surrounding medium, respectively. Optical trapping force (Ftrap) 
has two components, one that accounts for the contribution of the field gradient and the 
other from the light that is scattered by the particle. The two-component approach for 
computing the magnitude and direction of Ftrap was previously used on linear dielectric 
nanoparticles in arbitrary electromagnetic fields (Rohrbach & Steltzer, 2001). We also 
mention that the calculation of the intensity distributions near Gaussian beam focus is 
corrected up to the fifth order (Barton & Alexander, 1989).  
In the next section, we will show the equation of the motion of a Kerr nanoparticle near the 
focus of a single beam optical trap in a Brownian environment. Simulation results will be 
presented and discussed in detail for other sections. 

2. Theoretical framework 
A linearly polarized Gaussian beam (TEM00 mode) of wavelength λ, is focused via an 
objective lens of numerical aperture NA and allowed to propagate along the optical z-axis in 
a linear medium of refractive index n1 (see Fig 1).  The beam radius ωo at the geometrical 
focus (x = y = z = 0) is: ωo = λ/(2NA).   
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Fig. 1. Nonlinear nanoparticle of radius a and refractive index n2 is located near the focal 
volume of a tightly-focused Gaussian beam of wavelength λ >> a and beam focus radius ωo. 
Gaussian beam propagates in a linear medium of index n1. Nanoparticle center is located at 
r(x, y, z) from the geometrical focus at r(0, 0, 0). Enlarged figure in the focal volume shows 
Kerr nanoparticle undergoing Brownian motion near the focus. 

The focused beam interacts with a Kerr particle of radius a ≤  50λ/π. The refractive index 
n2(r) of the Kerr particle is given by: n2(r) = n2(0) + n2(1) I(r), where I(r) = E*(r)E(r) is the beam 
intensity at particle center position r = r(x, y, z) from the geometrical focus at r = 0 which 
also serves as the origin of the Cartesian coordinate system. Throughout this paper, vector 
quantities represented in bold letters.     
The thermal fluctuations in the surrounding medium (assumed to be water in the present 
case) become relevant when the particle size approaches the nanometer range. We consider 
a Kerr nanoparticle that is located at r above the reference focal point in the center of the 
beam waist ω0 that is generated with a high NA oil-immersed objective lens of an inverted 
microscope – the focused beam propagates in the upward vertical direction (see inset Fig. 1).  
The dynamics of the Kerr nanoparticle as it undergoes thermal diffusion can be analyzed in 
the presence of three major forces: (1) Drag force, Fdrag(dr/dt) = Fdrag, that is experienced 
when the particle is in motion, (2) Trapping force Ftrap(r), which was derived in (Pobre & 
Saloma, 2006), and (3) time-dependent Brownian force Ffluct(t) = Ffluct, that arise from thermal 
motion of the molecules in the liquid. The Kerr nanoparticle experiences a net force Fnet(r, t) 
= Fnet, that can be expressed in terms of the Langevin equation as: 

 
             tflucttrapm

tflucttrapdragtnet
)()(

)()()(),(

FrFrr

FrFrFrF

++−=

++=

γ
 (1) 

where: Fdrag = -γ dr/dt, and γ is the drag coefficient of the surrounding liquid.  According to 
Stokes law, γ = 6πηa, where η is the liquid viscosity. While the optical trapping force or 
optical trapping force, Ftrap(r), on the Kerr nanoparticle was shown to be (Pobre & Saloma, 
2006): 
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Equation (2) reveals that Ftrap consists of two components. The first component represents 
the gradient force and depends on the gradient of I(r) and it is directed towards regions of 
increasing intensity values. The second component represents the contribution of the 
scattered light to Ftrap. The scattering force varies with I(r) and it is in the direction of the 
scattered field. Hence, the relative contribution of the scattering force to Ftrap is weak for a 
particle that scatters light in an isotropic manner.  
The Gaussian beam has a total beam power of P (Siegman, 1986) and its intensity 
distribution I(r) near the beam focus is calculated with corrections introduced up to the fifth-
order (Barton & Alexander, 1989). Focusing with a high NA objective produces a relatively 
high beam intensity at z = 0, which decreases rapidly with increasing |z| values. On the 
other hand, low NA objectives produce a slowly varying intensity distribution from z=0. 
The molecules of the surrounding fluid affect significantly on the mobility of the Kerr 
nanoparticle since their sizes are comparable. As a result, the Kerr nanoparticle moves in a 
random manner between the molecules and exhibits the characteristics of a Brownian 
motion. The associated force can be generated via a white-noise simulation since it mimics 
the behavior of the naturally occurring thermal fluctuations of a fluid. The assumption holds 
when both the liquid and the Kerr nanopartilcle are non-resonant with λ. Localized (non-
uniform) heating of the liquid is also minimized by keeping the average power of the 
focused beam low for example with a femtosecond laser source that is operated at high peak 
powers and relatively low repetition rate.  

3. Optical trapping potential  
As previously discussed, the Kerr nanoparticle of mass m and 2πa/λ ≤ 100 and a << λ, 
exhibits random (Brownian) motion in the liquid (Rohrbach & Steltzer, 2002; Singer et.al., 
2000). The thermal fluctuation probability increases with the temperature T of the liquid. To 
determine the dynamics of a Kerr nanoparticle near the focus of a single beam optical trap, 
we first determine the potential energy V(r) of the optical trap near the beam focus, which 
can be characterized in terms of Ftrap. The potential V(r) as a function of the optical trapping 
force from all axes (in this case along the x, y, and z axes) is given by: 
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where: Ftrap,x, Ftrap,y and Ftrap,z are the Cartesian components of Ftrap, and r0(x0, y0, z0; t0) = 
r0(t0) and rf(xf, yf, zf; tf) = rf(tf)  are the initial and final positions of the nanoparticle.  For a 
nanoparticle in the focal volume of a Gaussian beam, V(r) can be approximated as a 
harmonic potential since the magnitude of Fdrag is several orders larger than that of the 
inertial force. Equation (1) then describes an over-damped harmonic motion that is driven 
by time-dependent thermal fluctuations.   
A nanoparticle at location r(t) in the optical trap has a potential energy V(r) and a kinetic 
energy m|v|2/2 where v = v(t) is the nanoparticle velocity. The probability that the Kerr 
nanoparticle is found at position r(t), is described by a probability density function Π(r) = Π0 
exp[-V(r)/kBT], where Π0 is the initial probability density, T is the temperature of the 
surrounding medium, and kB is the Boltzmann constant.   
Figure 2 plots the potential energy (2a) of the optical trap and the corresponding time-
dependent displacement trajectory (2b) of the Kerr nanoparticle (initial z position = 0.4 μm) 
along the optical z-axis assuming a zero initial velocity and a room temperature condition of 
3.1 kbT background energy of the surrounding medium. The trajectory (in blue trace) can be 
ascribed as overdamped oscillations of the Kerr nanoparticle that arise from the complex 
interplay of three forces indicated in the Langevin’s differential equation. The oscillations  
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Fig. 2. (a) Potential energy and probability density function along the z-axis with trapping 
input parameters: zo=0, p=100mW, a=30nm, N.A.=1.2, λ =1.064μm, n1=1.33 , n2(0)=1.4, and 
n2(1)=1.8 x 10-12m2/W. (b) Thermal diffusion of the Kerr nanoparticle along the z-axis with 
zero initial velocity at 0.4 μm with a 3.1 kbT ambient energy (T=300K) of the surrounding 
water (in red dashed line). 
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are caused by random collisions between the Kerr nanoparticle and the relatively-large 
molecules. The narrower confinement of the Kerr nanoparticle indicates a stiffer potential 
trap that is contributed by the effects of the nonlinear interaction between the Kerr 
nanoparticle and the tightly focused Gaussian beam. 
Figure 3 presents the three-dimensional (3D) plots of the trapping potential that is created 
by a focused beam (NA = 1.2) in the presence of a linear and a Kerr particle. The potential 
wells are steeper along the x-axis than along the z-axis since a high NA objective lens 
produces a focal volume that is relatively longer along the z-axis. The potential well 
associated with a Kerr nanoparticle is deeper than that of a linear nanospshere.  
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Fig. 3. Three-dimensional plot of the trapping potential energy along the transverse plane 
for both linear and nonlinear nanosphere as the focused laser beam propagates from left to 
right of the z-axis with the following trapping parameters: zo=0, p=100mW, a=30nm, 
N.A.=1.2, λ =1.064um, n1=1.33 , n2(0)=1.4, and n2(1)=1.8 x 10-12m2/W.  

Under the same illumination conditions, a Kerr nanoparticle is captured more easily and 
held more stably in a single beam optical trap than a linear nanoparticle of the same size. A 
Kerr nanoparticle that is exhibiting Brownian motion is also confined within a much smaller 
volume of space around the beam focus as illustrated in 3D probability density of figure 4.  
The significant enhancement that is introduced by the Kerr nonlinearity could make the 
simpler single-beam optical trap into a viable alternative to multiple beam traps which are 
costly, less flexible and more difficult to operate. 
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Fig. 4. Probability density distributions of linear and nonlinear (Kerr) nanospheres in a 
single-beam optical trap at T = 300K where t = 100,000 iterations, P = 100mW, a = 5 nm, NA 
= 1.2, λ = 1.064 μm, and n1 = 1.33: a)  Location probability distribution of linear (n2 = n2(0)) 
and b) Kerr nanoparticle (n2(0) = 1.4, n2(1) = 1.8 x 10-12 m2/W).  Initially (t = 0), the nanoparticle 
is at rest at z = 0.5 μm. 

4. Parametric analysis of the optical trapping force between linear and 
nonlinear (Kerr) nanoparticle  
To better understand the underlying mechanism on how Kerr nonlinearity affects the 
trapping potential, let us perform a parametric analysis on how optical trapping force 
changes with typical trapping parameters on both linear and nonlinear (Kerr) nanoparticle. 
The optical trapping force Ftrap(r) that is described by Eq (2) was calculated using 
Mathematica Version 5.1 application program. Figure 5a presents the contour and 3D plots of 
Ftrap(r) at different locations of the linear nanoparticle (n2 = 1.4, a = 5 nm, λ = 1.062 μm, NA = 
1.2) while Figure 5b shows the contour and 3D plots of Ftrap(r) at different locations of the 
Kerr nanoparticle (n2(0) = 1.4,  n2(1) = 1.8 x 10-11 m2/W, a = 5 nm, λ = 1.062 μm, NA = 1.2). The 
n2(1) value is taken from published measurements done with photopolymers which are 
materials that exhibit one of the strongest electro-optic Kerr effects (Nalwa & Miyata, 1997). 
Also shown is the contour plot of Ftrap(r) for the case of a linear nanoparticle (n2(0) = 1.4, a = 5 
nm) of the same size. 
For values of z > 0, Ftrap is labeled negative (positive) when it pulls (pushes) the nanoparticle 
towards (away from) r = 0.  For z ≤ 0 the force is positive (negative) when it pushes (pulls) 
the nanoparticle towards (away from) the beam focus at r = 0.  For both linear and nonlinear 
nanoparticles, the force characteristics are symmetric about the optical z-axis but 
asymmetric about the z = 0 plane. The asymmetry of the force is revealed only after the fifth-
order correction is applied on the intensity distribution of the tightly focused Gaussian 
beam. The strongest force magnitude happens on the z-axis and it is 30% stronger in the case 
of the Kerr nanoparticle. 
The stiffness of the optical trap may be determined by taking derivative of Ftrap(r) with 
respect to r.  Figure 6b plots the stiffness at different locations of the Kerr nanoparticle. The 
stiffness distribution features a pair of minima at r = (x2 + y2)1/2 ≈ 0.1 micron with a value of 
-25 x 10-12 N/m. Also presented in Fig 6a is the force stiffness distribution for the case of a 
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Fig. 5. Optical trapping force at different locations of both linear and Kerr nanoparticle (n2(0) 

= 1.4,  n2(1) = 1.8 x 10-11 m2/W) where r = (x2 + y2)1/2.  Parameter values common to both 
nanoparticles:  P = 100 mW, a = 5 nm, NA = 1.2, λ = 1.064 microns, and n1 = 1.33.  The 
focused beam propagates from left to right direction. In all cases, Ftrap = 0 at r(x, y, z) = 0. 

linear nanoparticle exhibits a similar profile but a lower minimum value of -18 x 10-12 N/m 
at r ≈ 0.1 micron. The Kerr nanoparticle that is moving towards r = 0, experiences a trapping 
force that increases more rapidly than the one experienced by a linear nanoparticle of the 
same size. Once settled at r = 0, the Kerr nanoparticle is also more difficult to dislodge than 
its linear counterpart.     
Figure 7a plots the behavior of Ftrap at different axial locations of a linear nanoparticle (n2 = 
1.4) with a(nm) = 50, 70, 80, 90 and 100. In larger Kerr nanoparticles (a > 50 nm), the 
scattering force contribution becomes significant and the location of Ftrap(r) = 0 shifts away 
from z = 0 and towards z > 0. Our results are consistent with those previously reported with 
linear dielectric nanoparticles (Rohrback and Steltzer, 2001; Wright et.al., 1994). 
Figure 7b plots the behavior of Ftrap(r) at different axial locations of a bigger Kerr 
nanoparticle with a(nm) = 50, 70, 80, 90 and 100. The maximum strength of Ftrap(r) increases 
with a. For a < 50 nm, Ftrap(r) = 0 at z = 0 since Ftrap(r) is contributed primarily by the 
gradient force.  For larger Kerr nanoparticles, the relative contribution of the scattering force 
becomes more significant and the location where Ftrap(r) = 0 is shifted away from z = 0 and 
towards the direction of beam propagation. 
Figure 8a plots the behavior of Ftrap(r) as a function of the objective NA (0.4 ≤ NA ≤ 1.4) for a 
Kerr nanoparticle [n2(0) = 1.4,  n2(1) = 1.8 x 10-11 m2/W, P = 100 mW, a = 5 nm) that is located 
at r(0, 0, 0.5 micron). Also plotted is the behavior of Ftrap(r) with NA for a linear nanoparticle 
of the same size and initial beam location. Both the Kerr and the linear nanoparticle 
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Fig. 6. Optical trapping force stiffness of optical trap at different locations of both linear (n2(0) 

= 1.4) and Kerr nanoparticle (n2(0) = 1.4,  n2(1) = 1.8 x 10-12 m2/W) where r = (x2 + y2)1/2.  
Common parameter values:  P = 100 mW, a = 5 nm, NA = 1.2, λ = 1.064 microns, and n1 = 
1.33. 
 

 
Fig. 7. Optical trapping force at different axial locations of: a) linear (n2 = n2(0) = 1.4), and  
b) Kerr (n2(0) = 1.4,  n2(1) = 1.8 x 10-12 m2/W) nanoparticle of radius a(nm) = 50, 70, 80, 90 and 
100.  Common parameter values:  P = 100 mW, NA = 1.2, λ = 1.064 microns, and n1 = 1.33. 



 Recent Optical and Photonic Technologies 

 

444 

experience a trapping force that pulls them towards r = 0. The effect of the Kerr nonlinearity 
which is to increase the strength of Ftrap(r), becomes more significant at NA > 1.  At NA = 1.4, 
the force magnitude on the Kerr nanoparticle approximately twenty percent stronger than 
that experienced by the linear nanoparticle. The nonlinear effect is negligible in low NA 
focusing objectives (NA < 0.6).  For the Kerr nanoparticle, the dependence of the force 
strength with NA is accurately described by a fourth order polynomial. 
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Fig. 8. (a) Optical trapping force on Kerr nanoparticle (solid line; n2(0) = 1.4,  n2(1) = 1.8 x 10-12 
m2/W) as a function of objective NA. Also plotted is the corresponding force (dotted line) on 
a linear nanoparticle with n2 = n2(0) = 1.4.  Common parameter values: z = 0.5 micron, P = 100 
mW, a = 5 nm, λ = 1.064 microns, and n1 = 1.33.  For the Kerr nanoparticle the curve is 
accurately described by: Ftrap = 1311.65(NA)4 – 3959.965(NA)3 + 3656.265(NA)2 – 1388.114NA 
+ 188.105. (b) Optical trapping force on non-absorbing Kerr (solid line; n2(1) = 1.8 x 10-12 
m2/W) and linear (n2 = n2(0) = 1.4) nanoparticle versus n2(0), at λ = 1.064 microns. Also plotted 
(circles) is force difference (Fnl – Fl) as a function of n2(0).   

Figure 8b shows the behavior of Ftrap(r) as a function of n2(0) for a Kerr nanoparticle that is 
located at r(0, 0, 0.5 micron) in a surrounding medium with index n1 = 1.33. Also plotted is 
the behavior of Ftrap(r) with n2(0) for a linear nanoparticle (n2 = n2(0)) of the same size and 
initial beam location. The Ftrap(r) profiles are similar for both the Kerr and linear 
nanoparticles. At n2(0)  > 1.1, the Kerr nanoparticle experiences a negative (trapping) force 
that pulls it towards from r = 0. The trapping threshold is less than n2(0)  = 1.33 because of 
the additional contribution of the nonlinear (Kerr) term n2(1) I(r). For the linear nanoparticle, 
trapping is possible at a higher value of n2(0) > 1.33. Also plotted is the difference between 
the forces that are experienced by the two nanoparticles. The difference between the two 
trapping forces is highest near n2(0) = 1. The difference decreases with increasing n2(0) value 
since the contribution of the Kerr term which has been held constant, becomes relatively 
small. 
Figure 9 shows the dependence of Ftrap(r) with λ for a non-resonant Kerr nanoparticle at r(0, 
0, 0.5 micron) in the range: 400 ≤ λ(nm) ≤ 1000. Also presented is the behavior of Ftrap(r) for a 
linear nanoparticle of the same size and initial beam location. For a given P and NA value, 
the magnitude of Ftrap(r) increases nonlinearly with decreasing λ for both nanoparticles. 
However, the increase in the trapping force strength with λ is more rapid for the Kerr 
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nanoparticle. In practice, λ is selected to avoid absorption by the nanoparticle and the 
surrounding liquid. Absorption could significantly heat up the nanoparticle and change its 
optical and mechanical properties. It can also lead to rapid evaporation of the surrounding 
liquid.  In both cases, absorption reduces the efficiency of the optical trap. 
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Fig. 9. Optical trapping force on non-absorbing Kerr nanoparticle (solid line, n2(0) = 1.4, n2(1) = 
1.8 x 10-12 m2/W) as a function of wavelength λ. Also plotted (dotted line) is the force on a 
linear nanoparticle (n2 = n2(0) = 1.4).  Other parameter values: P = 100 mW, a = 5 nm, NA = 
1.2, z = 0.5 micron, and n1 = 1.33. 

Figure 10a plots the dependence of Ftrap(r) with beam power P for a Kerr nanoparticle at r(0, 
0, 0.5 micron). Also presented is the behavior of Ftrap(r) for a linear nanoparticle of the same 
size and initial beam location. For the linear nanoparticle, the trapping force strength is 
directly proportional to P.  For the Kerr nanoparticle, the trapping force strength increases 
more quickly (quadratically) with P for the Kerr nanoparticle. Figure 8b reveals that the 
force strength increases at a faster rate as the Kerr nanoparticle gets bigger.   
 

 
Fig. 10. (a) Optical trapping force on Kerr (filled circles; a = 5 nm) and linear nanoparticle 
(circles; a = 5 nm) as a function of beam power P, and (b) Force versus P for different radii of 
Kerr nanoparticle.  Common parameter values: NA = 1.2, z = 0.5 micron), n2 = n2(0) = 1.4, n2(1) 
= 1.8 x 10-12 m2/W, and n1 = 1.33. In (a) the force Ftrap acting on the Kerr nanoparticle is 
accurately described by: Ftrap =  0.006P2 –2.742P + 0.052. 
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Figure 11, plots the trapping potential V(r) at different axial locations of a nanoparticle (a = 5 
nm, λ = 1.064 microns, P = 100 mW) in the absence (n2 = n2(0)) and presence (n2(1) = 1.8 x 10-11 
m2/W) of Kerr nonlinearity. Compared to its linear counterpart, the Kerr nanoparticle is 
subjected to a V(r) that is significantly deeper and narrower. From the previous plots, Figure 
5a and 5b plot the movement of a linear and Kerr nanoparticle respectively, when they exhibit 
Browning motion in the single beam optical trap. The Kerr nanoparticle is released from rest at 
r(0, 0, 0.5 μm) and it is pulled towards r = 0 and confined to move within a region of about 0.2 
μm radius, that is centered at r = 0 (Fig 5b). A linear nanoparticle that is released at r(0, 0, 0.5 
μm) is constrained to move within a larger region of about 0.5 μm radius (Fig 5a). 
 

 
Fig. 11. Optical trapping potential in a single-beam optical trap at T = 300K where t = 
100,000 iterations, P = 100mW, a = 5 nm, NA = 1.2, λ = 1.064 μm, and n1 = 1.33: Kerr 
nanoparticle (n2(0) = 1.4, n2(1) = 1.8 x 10-12 m2/W).  Initially (t = 0), the nanoparticle is at rest at 
z = 0.5 μm.  

 
Fig. 12. Optical trapping potential at different axial locations of: a) linear (n2 = n2(0) = 1.4),  
and b) Kerr (n2(0) = 1.4,  n2(1) = 1.8 x 10-12 m2/W) nanoparticle of radius a(nm) = 50, 70, 80, 90 
and 100.  Common parameter values:  P = 100 mW, NA = 1.2, λ = 1.064 microns, and n1 = 
1.33. 

Figure 12a presents the V(z) profile at different z-locations of a linear nanoparticle with 
a(nm) = 50, 70, 80, 90 and 100. For comparison, Figure 12b shows the behavior of V(r) at 
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different z-locations of a Kerr nanoparticle (λ = 1.064 microns, P = 100 mW, n2(1) = 1.8 x 10-11 
m2/W) with radius a(nm) = 50, 70, 80, 90 and 100.  With respect to z = 0, the V(z) profile 
becomes asymmetric with increasing a for a > 50 nm. The distortion is caused by the 
increasing contribution of the scattering force to the net force Ftrap(r).  It shifts the location of 
potential minimum away for z = 0, as well as lowers the escape threshold of a trapped Kerr 
nanoparticle in the direction of beam propagation. Optical trapping potential trends are 
similar except for differences in strengths, the V(z) profiles evolve in a similar manner with 
increasing nanoparticle size for both linear and nonlinear case. 

5. Enhancement of single-beam optical trap due to Kerr nonlinearity 
Our simulation results indicate that the performance of the single-beam optical trap is 
enhanced by the Kerr effect.  For the same focused beam, a Kerr nanoparticle (n2(0) = 1.4,  n2(1) 
= 1.8 x 10-11 m2/W, P = 100 mW, NA = 1.2, λ = 1.064 microns, n1 = 1.33) is subjected to a 
stronger trapping force than a linear nanoparticle (n2 = 1.4,) of the same size (see Figs 7 - 10).  
The force magnitude increases rapidly as the nanoparticle approaches geometrical focus at r 
= 0 (Fig 8) especially along the optical z-axis. At the minimum of the trapping potential V(r), 
a Kerr nanoparticle encounters a higher escape threshold and therefore needs a greater 
amount of kinetic energy to escape from the optical trap (see Fig 11). Under the same 
illumination conditions, a Kerr nanoparticle that is exhibiting Brownian motion, is confined 
to move to within a much smaller region around r = 0, that a linear nanoparticle of the same 
size (see Fig 5).  
The optical trapping force Ftrap that is exerted on a Kerr nanoparticle with a ≤ 50 nm = λ/21.3, 
is contributed primarily by the gradient force component. In such cases, Ftrap = 0 at z = 0  
(see Figs 8) and V(z) is symmetric about z = 0 (Figs 12 – 13). At a = 5 nm, we found that the 
maximum strength of the gradient force is about three orders of magnitude larger than that 
of the scattering force. The axial location where Ftrap = 0 is shifted away from z = 0 and 
towards the general direction of the beam propagation, when the contribution of the 
scattering force component becomes comparable (see Fig 11). The corresponding V(z) profile 
becomes asymmetric with a lower escape barrier along the direction of beam propagation 
(see Fig 13).  Such instances occur with larger Kerr nanoparticles (a > λ/21.3).  
Except for differences in their relative magnitudes, the axial profiles of Ftrap exhibit the 
similar characteristics with increasing nanoparticle size for the both the nonlinear and linear 
case. Our results indicate that the index increase that is introduced by the Kerr effect, does 
not affect the ability of a small Kerr nanoparticle (a ≤ λ/21.3) to scatter light in an isotropic 
manner - the increase in n2 is uniform distributed in the nanoparticle. The gradient force 
contribution to Ftrap becomes significant when the non-absorbing nanoparticle scatters light 
in an anisotropic manner. 
Figure 8a illustrates that the enhancement that is gained from the Kerr effect in trapping a 
non-resonant nanoparticle, is realized only with high NA focusing objectives (NA > 0.6).   
The strength of Ftrap becomes stronger at shorter λ values (see Fig.10). The increase is faster 
for the Kerr nanoparticle due to the dependence of its refractive index with I(r) – the force 
strength increases quadratically with λ. We note that the strong dependence of Ftrap with λ is 
not observed in larger Kerr nanoparticles especially in the regime of α > 100 and a >> λ) 
(Pobre & Saloma, 1997; Pobre & Saloma, 2002).  
The optical trapping force increases rapidly with beam power P for the same NA and λ 
values (see Fig 10a). For a linear nanoparticle, the force strength is directly proportional to P.  
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For a Kerr nanoparticle, the relationship of the force strength with P is nonlinear - the Kerr 
effect permits the use of low power light sources that tend to be less costly to acquire and 
maintain. Trapping at low beam powers also minimizes the optical heating of the 
surrounding medium and even the nanoparticle itself. Reductions in unwanted thermal 
effects are vital in the manipulation and guidance of biological samples.  

6. Summary and future prospects 
We have analyzed the optical trapping force Ftrap that is exerted on a Kerr nanoparticle by a 
focused Gaussian beam when 2πa/λ ≤ 100 and a << λ. The optical trapping mechanism 
consists of two dominant optical forces representing the contribution of the field gradient 
and that of the EM field that is scattered by the nanoparticle. The contributions of the two 
force components become comparable for nanoparticles with a > λ/21.3. The gradient force 
contribution is more dominant with smaller non-absorbing nanoparticles such that Ftrap = 0 
at the beam focus r = 0. The Brownian motion of the Kerr nanoparticle has an over-damped 
harmonic motion enveloped by white noise function due to thermal fluctuations generated 
by moving molecules defined by the background energy of 3.1 kbT of the surrounding fluid. 
Confinement of the Kerr nanoparticle depends on the nonlinear refractive index of the 
nanoparticle as shown in the widths of the probability density of the Kerr nanoparticle. 
Under the same illumination conditions, a Kerr nanoparticle is captured more easily and 
held more stably in a single beam optical trap than a linear nanoparticle of the same size.  A 
Kerr nanoparticle that is exhibiting Brownian motion is also confined within a much smaller 
volume of space around the beam focus.  The significant enhancement that is introduced by 
the Kerr nonlinearity could make the simpler single-beam optical trap into a viable alternative 
to multiple beam traps which are costly, less flexible and more difficult to operate.   
Kerr nonlinearity enhances the performance of a single beam trap by increasing the 
magnitude of the trapping force.  Its permits the trapping of nonlinear nanoparticles with 
n2(0) values that are less than the index n1 of the surrounding liquid and at lower NA values 
and optical beam powers.  Low NA focusing objectives and low power laser sources are 
relatively inexpensive and are less likely to cause irreversible thermal damage on the sample 
and the surrounding medium.  
Localized (non-uniform) heating of the liquid is also minimized if the average power of the 
focused beam is kept low using a femtosecond laser source with high peak powers and 
relatively low repetition rate.  
Kerr nanoparticle can be an alternative probe handler when applied to photonic force 
microscope configuration for the imaging of hollow microbiological structures. 
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